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£k HRERE

e B ATER (Partial Differential Equations, PDE)
RUR DRSS
— @MHEEBZE/NEE (Avia, BER) 27875
« ENIA
- WMo FRBEEERAL
* TaylorERd
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TaylorBFHEZER
Finite Difference Method (FDM)




Finite Difference Method (FDM)
(AfR) 7% : BRI

macroscopic differentiation

(d_cﬂj _fAa— R
dX |+1/2 AX

O; )
(d_(ﬂj = lim B~ 4 l(pl-l-l
aX /iy, &0 AX .

Ax
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ZHE DM RE
B Tx 128133 T GERIM) 1EE - MO R (5

[i] &8 Ti+1] OHID)

0, O; i41/2 Q1 (%j :Wﬂ_q
o o——=© iy DX
Ax Ax , N
Ax-0: EDIEE (M2 ZRE0
®; io1/2 @, i41/2 Pii1
« RANICHTE_BEOWMAIFRE o — —-@
Ax Ax
2 (dﬂ _(dﬂ B8 _ 99,
M ~ X iy \OX )iy N AV,¢ AX :¢f+1_2(4+<4’—1
dx® ) AX AX AX°
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=7 — RITECE SRR
BRHMADEBEEAREXR

o EMRICKDRERIE

dx ) X - AX NG

¢ FERICHITHHMBARKIILUTDORILHIZESD

2 (dqﬂj _(dwj B~ R _B~ A
[dqoj ~ X iy \OX i A M _Ba—20+q,

dz ¢+1_§2+%‘1+BF0):0 (A<i<N)
%% BF=0—
dx®

1 2 1
ALl

A )x¢g,+A()xg +A(l) g, =BF() (<i<N)

o121
AW =15 Al =17 Al) =1

_@,+BF([)=0 (I<i<N)
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ENiEEBRERE

« ARERE
— Finite Element Method (FEM)

- fEakEATERIESN TR (weak form) | Z#E<
c MR AEXDEE (HHAE) ITx LT 55 (weak solution) |
— EAMNEREE ERE
— BHTIAR~DEH
s ENTLHLABEEDEMMRRIEIKRS Z EAAEE
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ENETEERKREHRDH

Handbook of Grid Generation
R IR

Physical Domain

Computational Domain

0,0,1) (1,0.1) X(EnL)
(0,1,0) (11,0)
9
(0,0,0) (1,0,0)
i y
14 X
FIGURE3.1 Transformation between computational and physical domains.
» ”’: x( g
11 LT
% THI —
1 1 ,/"’ /
1 ’/’/ ,”
¢ e ‘

FIGURE 3.2 Grids in computational and physical domains.
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3R THISHAERERE

Finite-Element Method (FEM)

e M AFEKXDEELELTLLAMLNTILVS
— elements (meshes, #E3) & nodes (vertices, Eim)

s UTODZRTEHICEREEZZ A S:

0°T 0T
/](axz +ay2]+Q:O 30—
/ 8 9
_ 1685, 9EXR (AR ()—G—a)—43
— —RRGEREER (\=1) 4 5 6
— —RRIGAEREE (Q=1) 6—G6)—7)—6)
- HR1ITEERBRE : T=0 1| 2 | 3

— B E W En 0O > B—1~0B



FEM-intro

B3R THhMSERERE
Galerkin FEM procedures

s RERIZTAT—FUE%EE

. FERT: T=(N
I[N] {/l(az-zr+az-£j+Q}dV:O [ td ‘
J o oy [N] : FeARBA%K (MERI %0

C EHAFERISHLT, HY 4 o oG

Z . ﬁsu_?/d)iiggﬁi : l./, 7 8 9
LD Tggfe] &< (9 —G)——1)—G
) ‘A[O[N]T o[N] +0[N]T a[N]]dV figh 4 5 6
Vo ox oy oy O—O—D—0
+[QIN]"dv =0 DD

J O 0—06—0
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3R THISHAERERE

Element Matrix : EE< FJ O X

s FERICEVLWTIHRAZENTL, EXT NIV RZE
S

T T 5—C
(e e A o g .

+JQ[N]TdV:O “ ©

KON ={ )
1K©®  1® L ® @ ,@) [f @
Kaa Kag Kac Kao [|%4 fa
(e) (e) (e) (e) (e) (e)
—- Kea Keg ¢ Kep 4% | =, fg \
(e) (e) (e) (e) (e) f (e)
A B C p || & C
(e) (e) (e) (e) (e) (e)
koa Koe Koc koo [l ) o
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AREREDERE

« MERDBETEDF

& & L T1950%

17

. R—o

R RTF

Vo, 70 bUKRE (University of Washlngton)
DWEES (M.J.Turner, H.C.Martin) [Z& > TIRE

— {%.BZ : I8  straight Wing: Subsonic

—A Beam Theory for Calc. of Load
W C li‘TJ’B’C at the Base of VVings

3’73(,\

Boeing 747-100

~ Swept Wing: Transonic-Supersonic
Beam Theory cannot be applied
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AREREZDER

o BRRIENEFADILE

— JE#R T : T.J.0den

— BEAFLUNDHE . O.C.Zienkiewicz
« BRANYT—D

— NASTRAN

* NASAICK > THESN-ARERZEICLGBERTIOT S A
« KEMSC#tIZ &k > THEAIE

« BIEZICEWTESEREATLS

o PClEIZ& Y IEBRMICER
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& Xk (1/2)

o Fith TFREREMET GFEThk) 1, Y4 T U X+,
1999.

. ’r’rW B, FH (BXEEHE =im) [ETE S
¥ AREREDEE] m:ltul%b_z 2003.

o &y, KA e AREKXOBEL T2 L—3 Y
FE2hR1 , ERKHMr=, 2003.

- ENK, iﬁﬁ%ﬁ%iﬁt@tﬁﬁ

s B K< OHIMHARERZE] , —L3t, 2005.
— ANILLRILYARER

e XJIl, B EREFRXICKBABLH-2)—T -
MERENT , A4 TR, 1985, (G&Y))

« Segerlind, L. (JIIH#EER) TICHERZEREN E2
bRl . AE, 1992. (&Y
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& Xk (2/2)

e Fish, Belytschko (LLUH, 7k,

HR) THRZRZEI , AF
2008.

— [RZ T A First Course in Finite

-
Lo

A

""“""“"' i Elements |

— ABAQUS Student Editionh\[ft/E
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SEXE (K YEATZGZEFRIT)

- i, EE TARERCATLAM] , BREERE,
1986.

o I SERARERE] , fLE, 2007.
- B g MHFRERE] , BEE, 2004.

e Smith, I. {2 [Programming the Finite Element
Method (4th edition)] , Wiley.
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R AR DU LUARE

« BBV, RRYZHEITHUTOMIHEXZH#ES
CEEEZASH RFMEMEE)

L(u) = f

. MAHERORUBUTO & S B3y, TEEIC
RENDEDET D (—RES, B

M
u, = Za"w W MR, BRIZBWTEERIND, (LEEZ
— DHEEFIBI%K, B UM TH S TEH
(trial/test function) EFEIEN S, $ERZKEKIC
H(THEIE (basis) [CHHYT S

A FRBCEREB)




' T =T E

Method of Weighted Residual (MWR)

e LI FICRT5%RZE (residual) Rh\OTﬁJerld:
TH5 : R}

L N AN

N

R=L(u,)- f
’ ZEHBEHHw

o« BEAMETREATIIIRERIC
(Welghtlwelghtlng function) ZE&LC T, fEE=

EKTHESLEEINOIZLEDEHDHLEHZTEZRSD

IWR(UM)dV =0
PEIHIZEH L

« EATESTREZEE BRE-0DFHZ
IR ] =T UARETH S

T L
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ok (Ritzik)  (1/2)

e ZL DEAEICEWTIXABEZ (functional) 1(u)A®

FEL, BEBRUDIUZTBEICT S E (F

B2) Nl TV,

— NBEAMAIBEZEOI=OIZUNm T NSO ARER
=744 >5— (Euler) AR ELVS,

— ¥, EulerARERZ®EI=9=HIZIE, udI(u) =38
SETULNIERLY,

e BlZIE, BEAFOIXEEAERX (FHAE,
RELEDRE) LFMAAABKIE /DR
TUOVXILIRILETDEE (VDIFHIRILTE
INDGERI]) 1 TH S,

inn

25
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ik (Ritzix)  (2/2)

e UTODEBBORXZIWIZHRAL, Iy = 1(uy,)hH HE
BIZCIEAESI2TNIE, FREas KD bhu,hiR
ESND,

Uy = Zaiq',i
=)

o ERERIIRMSAEXOELFEEE LTIE, H
e, HMER, MENTERARFTHAELP
FTLDTHON, FMEESHEEERFOL D%
WMAARATENEBERATEAL
- ABRETREAMEREREERAT S
- BB, BARISEVLOEEZOND

26
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« FERITHLT,

AREFRE
. RUE@HVERICHEIL, FER

I LT T ORELEERT S ////% - ;

Uy = i a ¥ Wﬁ#
5%ﬁ§@%%,itﬁfA£
(&) Z@EAT 5,

é%@d%%ELAbﬁf fERAICIFEONSHE
—RAENZHES &l&of R 7AEN
@ﬁwﬁéﬁwé<3 THNHARERZE)

IImII

il i===='ii5'f'.’”#:
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EHFSREEOH (1/3)
. BMEEATER

0°T 0°T
A + +Q=0 infEizV
(ax2 6y2) 2 "
A BVREER (EEVT—HR), Q- R EL-YRHE
T=0 atiERS

o ITLIARE
T:Zajwj
 JRE

e 0°Y, 0°W.
R(a;, X, y) = AZa[ + ¥ ]+Q

28
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AT EREZDH (2/3)

« EHEAH W EZRLTHER
jvvi RdV =0

A W ANEDEGZLERTHL EITNIL,
EXENMEDEL—RAENXNELD
s FITEBDH=FAHENDH

L 0°W, 0°W. ~ .
> a,[w ot vV =-[wQadv (i=1..n)
=l v y Vv

limh
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AT EREZDH (3/3)
. FHIOBRTECEUTOLSI2HS
[Bf{a} ={Q}

i [aw+a;v]dv Q= ijdv

EREINEIFDLEDNS
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PRRIGEATEREE

EABEBDEZRDEANEL D

himl

#E 5% (Collocation Method)
&x/N_3&;% (Least Square Method)
5 —x% 2% (Galerkin Method)

31



FEM-intro 32

#Ehm3% (Collocation Method)

e TATIVYIDTILAEMETEARAE L TESN
— BIE=0D L EFEBEKR, TNLUANTIIODEZE L S
- fFEnd5&=1

3z)=c if z=0 i
d(z)=0 if zz0, f:d(z) dz=1 T
W =0(X—X,)  x:EEAYNL T

e TILABEMODMHEEZFIAL T, nfADZESR (collocation
point) THKRZE RMOICEDLDIZESD, nZiENH
B LIZEH>THEEEARTHKRE=0LTLS

J'Ra(x_xi)dv:Rlﬁxi 5zx—Xi;:ooatX:Xi
\%

O(X—X )=0at x#X
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/N _%i% (Least Square Method)
c EHEMELT, UTZEZRS

e UTDIEFZRME a ITDOLVTE&/MET S -
I(a) :j[R(a,x)_Z dv

OR(a,X)
0a

—[l (a)]= ZI{R(a X) }dV=0

'

I{R(a, X) aR(Z X)} dv =0
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15 —F ik (Galerkin Method)

« BEAREM=ITER

w =Y

« Galerkin, Boris Grigorievich

— 1871-1945

- AY7, BYEI FMEROIZEE, ¥
FHEICL THEMTAE

— 19064 ~ 19074 [C R BUK & L TR

FICHS—FVEDTATATEBR

OL\T: 15 l./ L\o
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Blea (1/2)
. XEAE

2

d—l21+u+x:0 (0=x<1])
dx

e S
u=0@x=0 EERFEHGE-BERENL
u=0@x=1 DirichletBIEE R LHIE L)

REEHDWABREMNEREFHELT
BZoN458%%FE _FEFE-[ENeumann!
ﬁ ﬁ:tu /5\)

« BEME FENDTHK)

_sinX

sinl
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0.08

~ sIn X

sinl

0.06

> 0.04

0.02

0.25

0.50

0.75

1.00
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R (2/2)
e TP ELTOLSIZIRET S
u=x1-x)(a +a,x)=x(1-x)a, +x’1-x)a, =a,¥, +a,¥,

W =x1-x), ¥,=x*(1-X)
St 1T R £k - u:O@X:O,ljéiﬁT:-d—

¢« REIFLUTDLSIZRENS
R(a,,a,,X) = X+ (—2+x—x%)a, +(2-6x+x° —x%)a,

e COMBIZEADEREEZNDEFEZEHLT
HED,
— R GTEH Ta, a,D2D2ENOT, (i
) BEHEEEH2DIZES
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#Em3% (Collocation Method)

38

* N=2THAHDT, x=V4, x=12%FERETDHE

1 1
R(al’aZ’Z) =0, R(al’aZ’E) =0

R(a,,a,,X) = X+ (-2+x—Xx)a, +(2-6x+Xx* - x")a,

e Lf=HA>oT:

29/16 -35/64](a,| [1/4 > .- 6
{7/4 718 H }_{1/2} TR

&,

=227 451 a0
217
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/N _%;% (Least Square Method)

« FEIZKY
1:%:-2+x—x2, 2:E:Z—Gx+x2—x3
0a, 0a,
R(a,,a,,X) = X+ (-2+Xx—-x")a, +(2-6x+x* - x%)a,
e Lf=HA>oT:

fR( x)a—Rdx—fR( X) (=24 X~ x2) dx =0
(@, 2 %) 5 = | R(a, 2, =

fR( x)a—Rdx—fR( X) (2= 6x+ %2 —x%) dx = 0
(@2 )5 o= | R(@y. 2, =

202 1017(a] [55 46161 41713
{707 1572}{%}_{399} »%_246137’ % = 246137

u=X2"%) 46161 41713
246137




FEM-intro

H5—Fx % (Galerkin Method)

« EEICTKY :
w, =W =x(1-x), w,=W, =x’(1-X)
R(a,,a,,X) = X+ (-2+Xx—-x%)a, +(2-6x+Xx* - x")a,

e LMo T:
jR(ai,az,x) W, dx = jR(al,az,x)(x—xz) dx =0

"R(a,a,, )W, dx= [R(a,a,,x) (¢ - x°) dx =0
JO J0

3/10 3/20 |(a] [1/12 P o - 71
{3/20 13/105}{%}_{1/20} %~ 369

u="47% 71,4 63y
369

v
41
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41

ATHIERDER

] Collocation | Collocation Least- ]

0.25 0.04401 0.04493 0.04462 0.04311 0.04408
0.50 0.06975 0.07143 0.07031 0.06807 0.06944
0.75 0.06006 0.06221 0.06084 0.05900 0.06009

+ NI—FUVENRLRENELLY,
— BB ABEICDINTIL, ERiEEAo—FUEIE
ZZMN—HT 5 (—4ih - FEE, K - BF)
« —TEDRATHE

° 9<®ﬁ1

OA—FTHT—FUVERZTERA,

¢« KiRETLSRANSI—FUEZHRD,

e BLA/)

, X #iNavier-Stokes A7 &, wm/IMN=

FEEE,

ILTRELLT DEELH D
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(BH) 7% (Ritzix) (1/2)

« ZL DMREIZELTIFANE%L (functional) [(u)AY
FEL, BERUDIUWZBIEIZTSIZE (E
B) NElionTLd,

— NN BEZFD-OIZUNE T REMIFER
744 >— (Euler) A &LV,

— ¥, EulerARERZ®EI=9=HIZIE, udI(u) =38
SETULNIERLY,

e BlZIE, BEAFOIXEEAERX (FHAE,
RELEDRE) LFMAAABKIE /DR
TUOVXILIRILETDEE (VDIFHIRILTE
INDGERI]) 1 TH S,

inn
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(BH) 7% (Ritzix) (2/2)

e UTODEBBORXZIWIZHRAL, Iy = 1(uy,)hH HE
BIZCIEAESI2TNIE, FREas KD bhu,hiR
ESND,

Uy = Zaiq',i
=)

o BEREIIRESAEXNDOELEEEE L TIE, E
imE), RHFER, MEMNLTEENBETHEEZLL
FTLDTHAN, FHEESTHEZHEOE DL
MPAEXTENEERATSAL
- ABETREAFTERELLZERAT D
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EiEIZ K B LLEER (1/4)
o JJLEAZK 2
I(u);[{%(%j —%UZ_xu}dX

o IRHREH
u=0@x=0

u=0@x=1

e NE#I(UWZLEDERFHDE LIZERZR S SHU
K &
— X T A A T—ARRIILUTTHS (EATEREE
EEL)

%+u+x:0 (0< x<1) (B-1)
X
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&2 &K B LLEEH (2/4)

o 2B EHM O AIRERREARUIZ LT, nROKITE
ZUTDEDOICIRET 5 :

u, = x[1- x)[ﬁa1+a2x+a3x2 +-.-+anx”‘1) (B-2)

e FITRAHMDORBNZIENMSESZEIZLKY, U lXE
DFEUIZIEDLL 2 &ML, REFKIWEBIU)ZEDT
VTLLB[EET 3 4
— (u)WEZInE, I(WEEET S

o RIFZHa I LT, UTOERBEHZ®H-Ia%
KONITR LY -

ol (u ) _ . _
o, 0 (k=1~n) (B-3)
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)Y (Ritz) &

« X (B-3)lFa~a XKML T HEIL—RAEXRELD
¢« COEZTHAB-2)ITKATSHZEIZEKY, (u)=EHE
S5 (ThhbA A4 S5—ARBKB-1)ZTim=7 &

DELHR) ABSND
_SERRTIEH BN, SRR EMEIHEET

« COEOIC, BBUEAREDHITEBMDIIIZEEL,
TORICEASNARMERICL > TAERZFE

T OMERDLHTEZ) VY (Ritz) EER

"‘ -~
L S5
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ZaiRIZ K B Llggp (3/4)

o ) YiRER, n=2
u, = x[{1-x)ta, +a,x) = x[({L-x) &, +x* [{1-x) &,

(T ﬁ(l_x_xz)(l_smz)dx}al

0

=
—~
-
N
~—
[
o
1
—
0
N
X
=
N
><
(JO
X
S—
~—~
~—
%r—’
o
X
—
D



(3/4) DEE (1/3)
o 1) wWikiEMAH, n=2
u, = x[f1-x)da, +a,x) = x{l-x) @&, +x° [{l-x) &,

()= j{%[%j L xu}dx

2

:(1— 2x)a, + (2x—3x2)a2]2 —%[x - x) &, + x? [{L- x)@z]
< - X)a, + - X1,




(3/14) DEE (2/3)

(1-24)a, +(2x-3¢ ), - [l x)m, + ¢ - ), |
X2 [~ X) (3, + X (L~ aaz]

H{l 2x) )Z}dX}al
H{l 2x)(2x - 3x%) - x 3[Q1—X)2}d><}a2—jx2 f1-x)dx =0

0



(3/14) DEE (3/3)

(1-24)a, +(2x-3¢ ), - [l x)m, + ¢ - X,
X2 [~ X) (3, + X [fL- X aaz]

{(1— 2x)(2x-3x%) - x* ffiL- x)z}dx_ a,

1

1

" H{(Z -3¢ Xt~ X)Z}dx}az - [x*ffL-x)dx=0

0
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LiEICK DI LUfEE (4/4)
« CNEEBIHEUTDLIIZES
3/10 3/20 1/12 7
{3/20 13/105}{&12} {1/20} —p -, - _% a1

u=24"% 714 g3x)
369

o« COWBRIIAT—FUEE—HTS
— R L TEATIEAZL

IL

52



FEM-intro

H5—Fx % (Galerkin Method)

e EEIZKY : HFEH: v=0@x=01%#H=T
w, =W =x(1-x), w,=W, =x’(1-X)
R(a,,a,,X) = X+ (-2+Xx—-x%)a, +(2-6x+Xx* - x")a,

e LMo T:
jR(ai,az,x) W, dx = jR(al,az,x)(x—xz) dx =0

jR(al, 2, X)W, dx= jR(ai, a,,%) (X2 = x%) dx =0

3/10 3/20 |(a] [1/12 P .- 17
{3/20 13/105}{%} ) {1/20} % T369' 241
X(1—X)

u= (71+63X)
369
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)y iRENS—F & (1/4)
u, = x[([1-x)i(a, +a,x) = aw +a,w,
e s

% —Uz}:@ = (a,w, +a,w, )y

ol (u,) _
aa_i =0= %xuz]:xga#:xﬁw

law ) dwd 1

_([ {(ﬂxlj a, + dle c\lllz ‘([ {(wa, +w,a,)+xtdx | =0
ol (u,)

:[{dwl M, o +(sz jzaz}dx - H w,{(wa, +w,a, )+ x}dx} -0
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)ik T—F %k (2/4)

ol (UZ) =0=
%
I aw )’ dw dw, IRk
! {(d_xlj a + Xm dX2 a, rdx | = _C[Wl{(wla1+w2a2)+x}dx =0

0 ( dw; dw aw; d’w;
L+w,
b dx dx dx dx?

( j aw, dw d’w,
dx dx M dx?
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- Gauss’s Theorem

] dv = [ (Un, +Vvn, +wn,)ds
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HHXDEE - Gauss’s Theorem
B 7ZLEEEA (1/3)
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j v =[[dyaz[ " _dx \V
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HHZXDEE - Gauss’s Theorem

EEZREEEA (2/3)

« ARARESHOYIY ERSHEIREZASE
ERCY

dydz=+ndS (if n,=0)

dydz=-n dS (if n,<0)
e« LT=MoT:

j dv = ”d dzj —dx

—”U(xz,y,z) dydz—”U(xl,y,z) dy dz
= jU n, dS+ IU n, dS

n=(n,n,.n,)

x1 'y iz
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R E7ZLEEEA (3/3)

¢« INZEEMREICHERT D&

jau dV = ju ds 5

) ox —
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U= Aa—B, V = Aa—B, W = Aa—B
0X oy 0z

« UTHEIMNS

ouU oV oW _(8°B 0°B 0°B) (0AdB 0AOB 0AOB

+ 0+ = + + + + +

ox 0y 0z ox> ody> 0z X 0x 0y oy 0z 0z
¢« NFEANLTHIVADTEEZERAT HSLEUTH

TFond

J‘ GB GB GB dV+J aAaB_l_aAGB_l_BAOB ny

OX 0X 0y 0y 0z 0z

jUn +Vn, +Wh, ) dS = IA{ aB ?‘E )dS
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