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 Remedy for Data Dependency

 Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)
— Reordering and Convergence

* Implementation

« ICCG with Reordering




Parallelize ICCG Method

Dot Product: OK
DAXPY: OK
Matrix-Vector Multiply: OK

Preconditioning: Something special needed !
— Just inserting OpenMP directive is not enough



One Remedy for Data Dependency
= Coloring

« Parallel (concurrent) processing is possible
for independent meshes without dependency
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One Remedy for Data Dependency
= Coloring

« Parallel (concurrent) processing is possible
for independent meshes without dependency
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One Remedy for Data Dependency
= Coloring

* Applying same “color” to independent meshes
without dependency: Coloring

* Most simple case: Red-Black with 2 Colors
13 14 15 16
9 10 11 12
5 6 7 8
1 2 3 4

Numbering starts at 0 in the program, but
| would like to use this one starting at 1.
Please do not confuse !!




Red-Black (1/3)

#iprgma omp parallel for private (ip,i,k, VAL)

13 14 15 16 for (ip=0; ip<4; ip++) {
foréi?égEgé%i?]; lééggE¥Eip+1]; i++) {
|==
9 10 11 12 WAL = WIZITiT
o R
—= *k - ,
5 6 7 8 | . e
WIZI[i]l = WAL * W[DD][i];
1 2.3 4 }}l

#prgma omp parallel for private (ip, i, k, VAL)
for (ip=0; ip<4; ip++) {
for (i=INDEX[ip]: i<INDEX[ip+1]; i++) {
if (COLOR[i]|== “BLACK” ) {
WVAL = WLZI[i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

%[Z][i] = WVAL * W[DD][i];




Red-Black (2/3)

#prgma omp parallel for private (ip, i, k, VAL)
for (ip=0; ip<4; ip++) {
for (i=INDEX[ip]; i<INDEX[ip+1]; i++) {
if (COLOR[i]== “RED” ) {
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[ ] * W[Z][itemL[j]-1];

}
W[ZI[i] = WVAL * W[DD][i];

14 15 16
10 111 12

6 7 8
2 3 4 L

» During operations on “red” meshes, only
“black” meshes appear in RHS.
— “red”: writing, “black”: reading

» During operations on “red” meshes, values on
“black” meshes do not change.

« Data dependency is avoided.



Red-Black (3/3)

* During operations on “black” meshes,

only “red” meshes appear in RHS.
9 10 11 12 — “black”: writing, “red”: reading

AR © During operations on “black” meshes,
values on “red” meshes do not

change.

« Data dependency is avoided.

#prgma omp parallel for private (ip, i, k, VAL)
for (ip=0; ip<4; ip++) {
for (i=INDEX[ip]; i<INDEX[ip+1]; i++) {
if (COLOR[i]== “BLACK” ) {
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[ ] * W[Z][itemL[j]-1];

}
W[ZI[i] = WVAL * W[DD][i];

13 14 15 16

1 2 3 4
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Red-Black Ordering/Reordering

for (icol=0; icol<2; icol++) {
13 14 15 16 #pragma omp parallel for private (ip, i, j, VAL)

for(%p=%§ iﬁééﬁ[ipjf2[ 11, i<INDEX[ip+1][icol]l; i++) {
= , + , ++
9 10 11 12 or (i ip][icoll; i ip+1][icol]; i

5 6 7 8

WVAL = W[Z][i],;
for (j=indexL[i]: j<indexL[i+1]; j++) {
1 2 3 4 E

} WVAL —= AL[j] * W[Z][itemL[j1-11:
WLZI[i] = WVAL * W[DD][i];

INDEX[O][0]= 0 INDEX[0][1]= 8 RISN-BERERN/
INDEX[11[0]= 2 INDEX[1]1[1]= 10 [ NP
15 7 16 8 INDEX[2]1[0]= 4 INDEX[2][1]= 12
INDEX[31[0]= 6 INDEX[3][1]= 14 R
5 13 6 14 INDEX[4]1[0]= 8 INDEX[4]1[1]= 16 RN

A RR PR - Renumbering/reordering meshes
1 92 10 from “red” to “black”

« Simpler, more efficient
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 Remedy for Data Dependency

« Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)
— Reordering and Convergence

* Implementation
« ICCG with Reordering




Effect of Reordering

Extracting parallelism, removing dependency
Reducing

— fill-in’s, “bandwidth of matrix”, “profile”

Blocking

Related to “four color problem?”, “travelling
salesman problem” etc.

— applied to numerical analysis

12



Ordering/Reordering Method for
Parallel Computing

« Multicoloring (MC)

— Parallelism
— Red-Black with 2 colors

* CM (Cuthill-McKee), RCM (Reverse Cuthill-McKee)

— Reducing fill-in’s, matrix bandwidth, profiles
— Parallelism

13



Technical Terms for Matrix

B B. = k—iwhere maximum ID
number of non-zero column is k at i-
th row of the target matrix

Bandwidth: Maximum value of f,
Profile: Total sum of S

Bandwidth, Profile, Fill-in
— smaller is better

— Both of “Bandwidth” and “Profile” of matrices affect
convergence of preconditioned iterative solvers.

14
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15

10

11

Non-zero off-diagonals

15



Multicoloring (MC), Multicolor Ordering

* Meshes in same color are
independent, and renumbered
according to the color ID.

— Red-Black: MC with 2 colors
— More colors needed for complicated
geometries

ISEVARUER-N - Parallel operations are possible for

TEENGCERPE meshes in same color.

TRRRPPRVE ¢ A mesh anql its neighboring meshes
belong to different colors.

1 9 2 10

6



Fundamental Algorithm of MC Method

1) m= mesh# / color#

@ Color “m” independent meshes in ascending orders
according to initial mesh ID, then proceed to the next
“color”

@ Repeat @), until every mesh is colored

4 Renumber meshes in ascending orders according to
color ID. In each color, numbering 1s in ascending
orders according to initial mesh ID.




MC with 4 Colors

1311411516

9 |10 11]12




Modified MC Method

19

(1D ONE mesh with minimum value of “degree” is set to “NEW mesh
ID=17, “Color ID= 17, and *“‘counter for color number” is 1.




“Degree”: Number of vertices
adjacent to each vertex

NAVAVA NI AVAVAN
VAYAYSRRVAYAY,




Modified MC Method

21

» © ©

@ ©

ONE mesh with minimum value of “degree” is set to “NEW mesh
ID=17, “Color ID= 17, and *“‘counter for color number” is 1.
Define “ITEMcou= ICELTOT/NCOLORtor’, where ITEMcou 1s
maximum number of meshes 1n each color.

Color ITEMcou independent meshes 1n ascending order according
to 1nitial mesh ID.

It ITEMcou meshes are colored, or no more independent meshes
do not exist, add “1” to the “counter for color number”, and
proceed to the next color.

Repeat (@ and @), until all meshes have been colored.

“Final counter for color” 1s NCOLORtotF. Renumber meshes in
ascending orders according to color ID. In each color, numbering
1s in ascending orders according to initial mesh ID. In each color,
new numbering of meshes is continuous.




MC with 3 colors, finally 5 colors

13

14115| 16
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Ordering/Reordering Method for
Parallel Computing

* CM (Cuthill-McKee), RCM (Reverse Cuthill-McKee)

— Reducing fill-in’s, matrix bandwidth, profiles
— Parallelism

23



Fundamental Algorithm for CM
Method (Cuthill-McKee)

24

(1 ONE mesh with minimum value of “degree” is set to
“Level=1".

(@ Meshes adjacent to “Level=k-1" meshes are set to
“Level=k”.

@ Repeat (), until all meshes are flagged to “levels”

4 Renumber meshes in ascending orders according to
“Level” ID. In each level, numbering 1s in ascending
orders according to value of “degree” and 1nitial mesh
ID. In each level, new numbering of meshes 1s
continuous.
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Example of CM Method

/ Level=4

Level=1 Level=2 Level=3

Renumber meshes in
ascending orders according
to “Level” ID. In each level,
numbering is in ascending
orders according to value of
“degree” and initial mesh ID.

Level=1 Level=2 Level<3

—2

Level=1 Level=2

Level=1 Level=2 Level<3



RCM: Reverse Cuthill-McKee

* Do operations for “CM” method
— Calculate “degree” at each mesh
— Flag “level k (1,2,...)” to meshes
— Repeat processes, final renumbering

* Renumbering Again
— Renumber meshes reordered by CM method in reverse
order.
— Fill-in’s (for full LU factorization) are fewer than CM

26



CM: 16 fill-in’s

Level=1 Level=2 Level=3

RCM: 14 fill-in’s

\
\
\

*/ Level=1

Level=4 .Level=3 ! Level=2

27



13|14

15

10

11

Bandwidth
Profile

Fill-in

4
51
54

Initial Matrix

B Non-zero,

Fill-in
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Bandwidth
Profile
Fill-in

4
46
44

B Non-zero,

Fill-in

29



Bandwidth
Profile
Fill-in

4
46
44

B Non-zero,

Fill-in

30



CM, RCM: Hyperline (i+j=const.)

3D: Hyperplane (i+j+k=cons.)

13

14

15

10

11

I+]=5

31



Modified CM Method for Parallel
Computing

32

1) ONE mesh with minimum value of “degree” 1s set to
“Level=1".

(@ Meshes adjacent to “Level=k-1" meshes are set to
“Level=k”. In each level, meshes must be independent
(not directly connected). If a dependent pair 1s found 1n
same color, one mesh 1s removed (In current
implementation, a mesh found later 1s removed).

@ Repeat (), until all meshes are flagged to “levels”

4 Renumber meshes in ascending orders according to
“Level” ID. In each level, numbering 1s in ascending
orders according to initial mesh ID. In each level, new
numbering of meshes 1s continuous.
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In each level, meshes are
independent
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CM Method

Modified

Renumber meshes in
ascending orders according to
“Level” ID. In each level,
numbering is in ascending
orders according to initial
mesh ID.




Modified CM Method

16

13

14

15

16

12

8

9

11

12

8

4

16

12

131141516
9 11011 (12

Renumber meshes in
ascending orders according to
“Level” ID. In each level,
numbering is in ascending
orders according to initial
mesh ID.

35



MC and CM/RCM

* In CM/RCM, sequence of computations, and
dependency between levels (color) are also
considered.

w

15 7 16 8 15111 | 16 | 12 10| 1

15 |6

o 13/ 6 14 9 13|10 14 1214
1173 12 4 / 8 B S8 |11
1 9 2 10 5 6 4 | 7
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 Remedy for Data Dependency

« Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)
— Reordering and Convergence

* Implementation
« ICCG with Reordering




Incompatible Node #

Effect of Color Number on

Convergence of ICCG
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- ® 0 o
- ®
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1 10 100 1000
COLOR#

(203=8,000 meshe, EPSICCG=107%)
(M:ICCG(L1), ®:ICCG-MC, A:ICCG-CM, A :ICCG-RCM)
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Effect of Color Number on
Convergence of ICCG

« Number of Elements: 203

39

» Red-Black ~ 4-Colors < Initial Numbering ~ CM, RCM

Initial Numbering
Bandwidth 4
Profile 51
Fill-in 54

4-Colors
Bandwidth 10
Profile 57

Fill-in 46

Red-Black

Bandwidth
Profile
Fill-in

CM, RCM

Bandwidth
Profile
Fill-in

10
77
44

46
44



13|14

15

10

11

Bandwidth
Profile

Fill-in

4
51
54

Initial Matrix

B Non-zero,

Fill-in

40



Red-Black (2-Colors)

15 7 16 8
o 13/ 6 14

1 3 12 4
1 9 2 10

Bandwidth 10
Profile I

Fill-in 44

B Non-zero, " Fill-in

41



Bandwidth
Profile
Fill-in

10
o1
46

MC (4-Colors)

m

B Non-zero,

Fill-in

42



Bandwidth
Profile
Fill-in

4
46
44

B Non-zero,

Fill-in

43
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Color Number and Convergence

Incompatible Nodes

Doi, S. (NEC) et al. Propagation of effects
| in Forward Substitution

) — T
(G99 —— .
@G5 —
©—O—@—©—@® —

“Incompatible Nodes” not affected by other nodes.
ID of such node is smaller than those of adjacent
nodes. If we have smaller number of
“incompatible nodes”, convergence is faster.



CM (Cuthill-McKee)

™ o ©

LV
:\@\ 21
N
N\,




Red-Black

Higher parallelism, but many “incompatible nodes”
Slower convergence in ICCG, Gauss-Seidel etc.

D B DS ® *——o——0
QO D ———9

9 !
0 D 0

———0—
ceees LIIT]

e 6 06




4-Colors

Still many “incompatible nodes”
Slower convergence in ICCG, Gauss-Seidel etc.

6
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Generally speaking,
convergence of ICCG is better
for configurations with ...

« More Colors

« Smaller Bandwidth

« Smaller Profile

* Fewer Fill-in’s

* Fewer Incompatible Nodes

48



Generally speaking, convergence
of ICCG is better for
configurations with fewer fill-in’s

« ICCG (IC(0)-CQG) ignores fill-in’s
* More fill-in’s are ighored for configurations
(e.g. coloring) with more fill-in’s

— IC(0) for configurations with more fill-in’s may be
weaker than that with fewer fill-in’s

 Distribution of fill-in’s may affect the
convergence

— Initial Matrix
— Red-Black (MC with 2-Colors)

49



13|14

15

10

11

Bandwidth
Profile

Fill-in

4
51
54

Initial Matrix

B Non-zero,

Fill-in

50



Red-Black (2-Colors)

15 7 16 8
o 13/ 6 14

1 3 12 4
1 9 2 10

Bandwidth 10
Profile I

Fill-in 44

B Non-zero, " Fill-in

51



Effect of Reordering/Color #
on Convergence

» Other effects (e.g. B.C.) should be considered.

* It is difficult to provide very general remarks.

» e.9g. RCM provides slightly faster convergence
than CM, although parameters (Bandwidth,
profile, fill-in’s) are same.

52



Effect of Reordering

* Reordering changes sequence of matrix operations,
and sometimes improves convergence.

— Parallelism, Faster Convergence

« We need some kind of reordering for parallel ICCG
on such simple meshes described in examples.

* Notice
— Reordering may change results.

— We need deep insight and understanding on background
physics and mathematics.

53
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500 T

® MC A RCM —CM-RCM ¢ Odyssey
o 1-CMG/12-cores,
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Ilterations

55

Comparison of Reordering Methods
3D Linear Elastic Problems

« MC: Slow convergence, unstable for heterogeneous cases
(ill-conditioned problems).

 Cyclic-Mulricoloring + RCM (CM-RCM) is effective

90

(o]
o

~
o

(<2}
o

50

§ Homogeneous g~

1

10

color #

100

1000

Iterations

280

260

240

220

§ Heterogeneous o

A O [
e O
O 0 Eg
1 10 100 1000
color# @ MC
O CM-RCM

3D Linear-Elastic Problems with 32,768 DOF

A No reordering
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 Remedy for Data Dependency

* Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)
— Reordering and Convergence

* Implementation
« ICCG with Reordering




. P

Implementation: L2-color (1/2)

rogram for Coloring

— MC, CM, RCM, and CM-RCM

v ¥ v n

&

You have
How many

cd multicore-c/L2/coloring/src

make

cd ../run

./L2-color

NX/NY/NZ ?
4 1 2D geometry with 16 meshes

16 elements.
colors do you need ?
#COLOR must be more than 2 and

#COLOR must not be more than 16
CM if #COLOR .eqg. O
RCM if #COLOR .eqg.-1
CMRCM if #COLOR .le.-2

=>

1314|1516
9 |10 11 12
5| 6|7 |8
112|134

57
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Results: L2-color

« 2 files are created
— color.log Table of OLD-to-NEW mesh ID
Information of the matrix
— color.inp Colors/levels of meshes (ParaView)

INPUT: 0 INPUT: 3 INPUT: 4
(CM, 7 levels) (MC, 5 colors) (MC, 4 colors)



INPUT=0: CM, 7-Levels

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134
10| 13 15-
619 1214
3| 5|8 11
2| 4|7

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

O© OO OC1 A~ W —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—_—
O WO JdIPhoOOOwWOoOIN —

—_— ot — — —
SOOI B~ =

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

~No oo oThd,PRAA DB OLOOLOLODNND—

59



INPUT=0: CM, 7-Levels

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134
10| 13 15-
619 1214
3| 5|8 11
2| 4|7

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

O© OO OC1 A~ W —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—_—
O WO JdIPhoOOOwWOoOIN —

—_— ot — — —
SOOI B~ =

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

~No oo oThd,PRAA DB OLOOLOLODNND—

60



INPUT=-1: RCM, 7-Levels

13114]15| 16
o |10 1112
56|78
112]3]4
7 42 E8
11185 |3
14/12] 9| 6
- REIRERE

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

—
S OO ~JdJo TR~ wWwnN —

—_— etk ) ) —t
SOk W =

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

16
15
12
14
11

8
13
10

— N OC1 OO © B~

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

~No oo oThd,PRAA DB OLOOLOLODNND—

61



INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

—
S OO ~JdJo TR~ wWwnN —

—_— etk ) ) —t
SOk W =

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

CIE BB WOWWNDNNNN /2 = —= = =
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INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

O© OO OC1 A~ W —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

CIE BB WOWWNDNNNN /2 = —= = =
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INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

—
S OO ~JdJo TR~ wWwnN —

—_— etk ) ) —t
SOk W =

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

CIE BB WOWWNDNNNN /2 = —= = =
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INPUT=3: MC, 5-Colors

#tinew 1 #old 1 color 1

13 14 15 16 #tnew 2 told 3 color 1
#tnew 3 fold 6 color 1

#tnew 4 fHold 8 color 1

9 10 11 12 #new 5 fold 9 color 1
#tinew 6 #old 2 color 2

#tinew 1 told 4 color 2

5 6 7 8 #tnew 8 t#old 5 color 2
#tnew 9 fold 1 color 2

#inew 10 #old 10 color 2

1 2 3 4 #inew 11 #old 11 color 3
#tnew 12  #old 13 color 3

#tnew 13 t#old 16 color 3

#tnew 14 #old 12 color 4

#tnew 15 #old 14 color 4

#tnew 16 #old 15 color 5

65

16/3=5= ITEMcou

Proceed to the next color, if
no more independent
meshes.




INPUT=3: MC, 5-Colors

#tinew 1 #old 1 color 1

13 14 15 16 #tnew 2 told 3 color 1
#tnew 3 fold 6 color 1

#tnew 4 fHold 8 color 1

9 10 11 12 #new 5 fold 9 color 1
#tinew 6 #old 2 color 2

#tinew 1 told 4 color 2

5 6 7 8 #tnew 8 t#old 5 color 2
#tnew 9 fold 1 color 2

#inew 10 #old 10 color 2

1 2 3 4 #inew 11 #old 11 color 3
#tnew 12  #old 13 color 3

#tnew 13 t#old 16 color 3

#tnew 14 #old 12 color 4

#tnew 15 #old 14 color 4

#tnew 16 #old 15 color 5

66

16/3=5= ITEMcou

Proceed to the next color, if
no more independent
meshes.




INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

O© OO OC1 A~ W —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

Finally, 5 colors are needed.

CIE BB WOWWNDNNNN /2 = —= = =
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INPUT=4: MC, 4-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

O© OO OC1 A~ W —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

O© JO1T A DNOOO LW —

—_— ek ) ) o ) —
SCITLWOWNOO A~ —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

AR PBRROCOLWLWDNDNDNDNDNNN /= = ——
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INPUT=3: MC, 5-Colors

color.log: matrix info.

### INITIAL connect|V|t5 _ I= 14 INL(i)= 2 INU (i) =
1 INU (i) = 2 IAL: 10 1
13 14 15 16 IALZ [AU: 15 _
IAU: 2 . . [= 15 INL(i)= 2 INU(i)=
I= 2 INLO): 1 INU(i)= 2 IAL: 1
IAL: 1 IAU: _ _
1 1 IAU: 3 6 . 16 L(i)= 2 INU(i)=
I= 3 INL (i)= 1 INU(i)= 2 IAL: 1
[AL: 2 [AU:
IAU: 4 1 .
I= 4 INL (i) = 1 INU(i)= 1
7 TR COLOR number 5
I= 5 INL (i)= 1 INU (i) = 2 #new 1 #old 1 color
IAL: 1 #new 2 #old 3 color
3 IAU: 6 9 , finew 3 #old 6 color
I= 6 INL(i)= 2 INU(i)= 2 #new 4 fold 8 color
[AL: 2 5 #new 5 told 9 color
IAU: 7 10 . #new 6 #old 2 color
[= 7 INL (i)= 2 INU(i)= 2 #new 1 #old 4 color
[AL: 3 6 #new 8 told 5 color
IAU: 8 11 . fnew 9 fold 1 color
I= 8 INL (i)= 2 INU (i) = 1 #new 10 #old 10 color
IAL: 4 7 #new 11 #old 11 color
IAU: 12 _ _ #new 12 fold 13 color
I= 9 INL (i)= 1 INU (i) = 2 #new 13  #old 16 color
IAL: 5 #new 14 #old 12 color
IAU: 10 13 . #new 15 #old 14 color
I= 10 INL (i)= 2 INU (i) = 2 #thew 16 #old 15 color
IAL: 6 9
IAU: 11 14
I= 11 INL (i)= 2 INU(i)= 2
IAL: 7 10
IAU: 12 15 .
I= 12 INL (i)= 2 INU(i)= 1
IAL: 8 11
IAU: 16 . .
I= 13 INL (i)= 1 INU(i)= 1
IAL: 9
IAU: 14

CIEPRWWWNINNPNN—=— —



INPUT=3: MC, 5-Colors

color.log: matrix info.

13114 15|16
9 |10 11 |12
56|78
112134

#it# FINAL connectivity
I= 1 INL (i) =

I

I

I

I

I

I

IAL
IAU:

AL
_IAU:

IAL:
_IAU:

AL
IAU:

AL
IAU:

AL
IAU:

IAL
IAU:

AL
IAU:

2

3

4

5

6

6

—_ —_ —_ —
G101 O — - N

—_—
-~

8
INL (i) =

19
INL(i)=

8 9
INL (i) =

0

0

0

0

10

INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=

INU (i) =

2

3

INUCi)= 0
INUCi)= 1
INUCi)= 0
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Source Files: L2-color

$ cd multicore-c/L2/coloring/src

$ 1ls
131141516
9 10| 11|12
5| 6|7 |8
1123 4

Target geometry to be colored

71



Main Program

#include <stdio.h> ...

int
main(int argc, char **argv)
FILE *fp21;
int 1, ic, k;
if (POINTER_INIT()) goto error;
if((fp21 = fopen(“color. log”, “w”)) == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
} return -1;
i f (POI_GEN (fp21)) goto error;
i f (QUTUCD ()) goto error;
fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic—1]+1; i<=COLORindex[ic]; i++) {
} fprintf (fp21, ” #new%8d #old%8d color%8d¥n”,
J
(...)
fclose (fp21) ;
return O;
error:

return -1;

NEWtoOLD[i-1]+1,

ic);
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Structure of L2-color

MAIN
main

INPUT

reading control info.
INPUT.DAT

POINTER_INIT

creating mesh
mesh.dat

MC
Multicoloring

POI_GEN
constructing matrices

CM
Cuthill-McKee

RCM
Reverse Cuthill-McKee

CMRCM
Cyclic-Multicoloring +
Reverse Cuthill-McKee
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Main Program

#include <stdio.h> ...

int
main(int argc, char **argv)
FILE *fp21;
int 1, ic, k;
if (POINTER_INIT()) goto error;
if((fp21 = fopen(“color. log”, “w”)) == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
} return -1;
i f (POI_GEN (fp21)) goto error;
i f (QUTUCD ()) goto error;
fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic—1]+1; i<=COLORindex[ic]; i++) {
} fprintf (fp21, ” #new%8d #old%8d color%8d¥n”,
J
(...)
fclose (fp21) ;
return O;
error:

return -1;

NEWtoOLD[i-1]+1,

ic);
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#ifndef _ H STRUCT
#tdefine __H STRUCT

#tinclude <omp.h>

int ICELTOT, ICELTOTp, N;
int NX, NY, NZ, NXP1, NYP1, NZP1,
int NXc, NYc, NZc;

double DX, DY, DZ, XAREA, YAREA, ZAREA;
double RDX, RDY, RDZ, RDX2, RDY2, RDZ2,
double *VOLCEL, *VOLNOD, #*RVC, *RVN;
int *xXYZ, **NEIBcell;
/maxCELtot;

*BC_INDEX, *BC _NOD;
*/maxCEL;

int
int
int

int *kIWKX;
double **FCV;

int my_rank, PETOT, PEsmpTOT;
#endif /* __H STRUCT */

struct.h

IBNODTOT;

R2DX, R2DY, R2DZ;
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ICELTOT:
Number of meshes (NX X NY X NZ)

N:

Number of modes

NX,NY,NZ:
Number of meshes in x/y/z directions

NXP1l,NYP1l,NZP1l:
Number of nodes in x/y/z directions

IBNODTOT:
= NXP1 X NYP1

XYZ[ICELTOT][3]:
Location of meshes

NEIBcell [ICELTOT] [6] :
Neighboring meshes




#ifndef __H PCG
#tdefine __H PCG

static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU,
NL;

int METHOD, ORDER_METHOD;

double EPSICCG;

double *D, *PHI, *BFORCE;
double *AL, *AU;

int *INL, *INU, *COLORindex;
int *indexL, *indexU;
int *OLDtoNEW, *NEWtoOLD;
int *xk[AL, **]AU;
int *itemL, *itemU;
int NPL, NPU;

#tendif /* __H PCG */

« Sparse Matrix

* Only non-zero off-diagonal
components (CRS)

» Diagonal/Lower/Upper
components are stored separately

pcg.h
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#ifndef _ H PCG

#tdefine _ H PCG ng . h

static int N2 = 256;
int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL;
int METHOD, ORDER_METHOD;

double EPSICCG: Auxiliary Arrays
double *D, *PHI, *BFORCE; Lower Part (Column ID)
double *AL, *AU; IAL[i] [icou] < i

int *xINL, *INU, *COLORindex;
int *xindexL, *indexU;

int *OLDtoNEW, *NEWtoOLD; Upper Part (Column ID)
int *k]AL, **x]AU; TAU[i] [icou] > i
int xitemL, *itemU;
int NPL, NPU;
#tendif /*x __H_PCG */

INL[ICELTOT] # Non-zero off-diag. components (lower)

IAL[ICELTOT] [NL] Col. ID: non-zero off-diag. comp. (lower)

INU[ICELTOT] # Non-zero off-diag. components (upper) U

IAU[ICELTOT] [NU] Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL[ICELTOT+1] # Non-zero off-diag. comp. (lower, CRS)

indexU[ICELTOT+1] # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL[NPL], itemU[NPU] Col. ID: non-zero off-diag. comp. (L/U, CRS)
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#ifndef __H PCG
#tdefine __H PCG
static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL:
int METHOD, ORDER_METHOD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AL, *AU;

int *INL, *INU, *COLORindex;
int *indexL, *indexU;
int *OLDtoNEW, *NEWtoOLD;
int #xIAL, *xIAU;
int *xitemL, *itemU;
int NPL, NPU;

ftendif /x _ H PCG */

INL[ICELTOT] # Non-zero off-diag. components (lower)

IAL[ICELTOT] [NL] Col. ID: non-zero off-diag. comp. (lower)

INU[ICELTOT] # Non-zero off-diag. components (upper) U
IAU[ICELTOT] [NU] Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL[ICELTOT+1] # Non-zero off-diag. comp. (lower, CRS)

indexU[ICELTOT+1] # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL[NPL], itemU [NPU] Col. ID: non-zero off-diag. comp. (L/U, CRS)

pcg.h 78

Auxiliary Arrays

Lower Part (Column ID)
IAL[i] [icou] < i
INL[i] : Number@each row

Upper Part (Column ID)
IAU[i] [icou] > 1
INU[i] : Number@each row




INPUT=3: MC, 5-Colors

color.log: matrix info.

### INITIAL connect|V|t5 _ I= 14 INL(i)= 2 INU (i) =
1 INU (i) = 2 IAL: 10 1
13 14 15 16 IALZ [AU: 15 _
IAU: 2 . . [= 15 INL(i)= 2 INU(i)=
I= 2 INLO): 1 INU(i)= 2 IAL: 1
IAL: 1 IAU: _ _
1 1 IAU: 3 6 . 16 L(i)= 2 INU(i)=
I= 3 INL (i)= 1 INU(i)= 2 IAL: 1
[AL: 2 [AU:
IAU: 4 1 .
I= 4 INL (i) = 1 INU(i)= 1
7 TR COLOR number 5
I= 5 INL (i)= 1 INU (i) = 2 #new 1 #old 1 color
IAL: 1 #new 2 #old 3 color
3 IAU: 6 9 , finew 3 #old 6 color
I= 6 INL(i)= 2 INU(i)= 2 #new 4 fold 8 color
[AL: 2 5 #new 5 told 9 color
IAU: 7 10 . #new 6 #old 2 color
[= 7 INL (i)= 2 INU(i)= 2 #new 1 #old 4 color
[AL: 3 6 #new 8 told 5 color
IAU: 8 11 . fnew 9 fold 1 color
I= 8 INL (i)= 2 INU (i) = 1 #new 10 #old 10 color
IAL: 4 7 #new 11 #old 11 color
IAU: 12 _ _ #new 12 fold 13 color
I= 9 INL (i)= 1 INU (i) = 2 #new 13  #old 16 color
IAL: 5 #new 14 #old 12 color
IAU: 10 13 . #new 15 #old 14 color
I= 10 INL (i)= 2 INU (i) = 2 #thew 16 #old 15 color
IAL: 6 9
IAU: 11 14
I= 11 INL (i)= 2 INU(i)= 2
IAL: 7 10
IAU: 12 15 .
I= 12 INL (i)= 2 INU(i)= 1
IAL: 8 11
IAU: 16 . .
I= 13 INL (i)= 1 INU(i)= 1
IAL: 9
IAU: 14

CIEPRWWWNINNPNN—=— —



INPUT=3: MC, 5-Colors

color.log: matrix info.

13114 15|16
9 |10 11 |12
56|78
112134

#it# FINAL connectivity
I= 1 INL (i) =

I

I

I

I

I

I

IAL
IAU:

AL
_IAU:

IAL:
_IAU:

AL
IAU:

AL
IAU:

AL
IAU:

IAL
IAU:

AL
IAU:

2

3

4

5

6

6

—_ —_ —_ —
G101 O — - N

—_—
-~

8
INL (i) =

19
INL(i)=

8 9
INL (i) =

0

0

0

0

10

INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=

INU (i) =

2

3

INUCi)= 0
INUCi)= 1
INUCi)= 0
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Main Program

#include <stdio.h> ...

int
main(int argc, char **argv)
FILE *fp21;
int 1, ic, k;
if (POINTER_INIT()) goto error;
if((fp21 = fopen(“color. log”, “w”)) == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
} return -1;
if (POI_GEN(fp21)) goto error;
i f (OUTUCD()) goto error;
fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic—1]+1; i<=COLORindex[ic]; i++) {
} fprintf (fp21, ” #new%8d #old%8d color%8d¥n”,
J
(...)
fclose (fp21) ;
return O;
error:

return -1;

NEWtoOLD[i-1]+1,

ic);
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pointer_init (1/3)

<{stdio. h>
<stdlib. h>
<string. h>

<errno. h> -

#include
#include
#include
#include

#include “struct_ext.h” /1
#include “pcg_ext.h” NZ
#include “pointer_init. h”

#include “allocate. h” "////'
extern int - > NY

?OINTER_INIT(void)

ipe, i, J, k;

fprintf (stderr, “input NX NY NZ=>¥n");
fscanf (stdin, “%d%d%d”, &NX, &NY, &NZ);

int icel,

fprintf (stderr, “NX=%d NY=%d NZ=%d¥n”, NX, NY, NZ2);
/%

* INIT

*/

ICELTOT = NX = NY * NZ;

NXP1 = NX + 1

NYP1 = NY + 1

NZP1 = NZ + 1

NEIBcell =

(int *%x)allocate_matrix (sizeof (int), ICELTOT, 6) ;
XYZ =

(int *%x)allocate _matrix (sizeof (int), ICELTOT, 3) ;

NX,NY,NZ:
Number of meshes in x/y/z directions

NXP1l,NYP1l,NZP1:

Number of nodes in x/y/z directions
(for visualization)

ICELTOT:
Number of meshes (NX X NY X NZ)

XYZ[ICELTOT] [3]:
Location of meshes

NEIBcell [ICELTOT] [6]:
Neighboring meshesc




for (k=0; k<NZ; k++) {

for (J=0; J<NY; j++)
I KNX;

J
J

“icel” starts at 0 | “NEIBcell” starts at 1

for (i=0;
icel =k * NX %« NY + j * NX + i;

J

NEIBcell[icel][0]
NEIBcell[icel][1]
NEIBcel | [icel] [2]
NEIBcel | [icel] [3]
NEIBcel | [icel] [4]
NEIBcglIg;cel][5]
— gg(—n NE1Bcel I [icel]
— g;{—n NE1Bcel I [ice!]
if(k == NZ-1) NEIBcell[icel]

XYZ[icel][0]
XYZ[icel][1]
XYZ[icel][2]

i (i
i (i
i
it(J

i f(k

12113 14|15
81910 11
4 |5 |6 |7
0(1]2]3

pointer_

{

i++) |

icel - 1
icel + 1
icel — NX
icel + NX
icel — NX
icel + N
NEIBcel | [icel]

— e ) — — —

<=

T+ + 4+ + o+

*
*
]
]
%
NEIBcel | [icel] %

X
[
NEIBceII[iceI]E
[
[

SO OO O

0
1
2
3
4
5

— ) —

+ + +

i|
j
K

13|14 15|16
9 10|11 12
5|6 |78
11234

it (2/3)

NEIBcell[icel][5]

i= XYZ]icel][0]
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NEIBcell[icel][3]

NEIBcell[icel][1]

j= XYZ[icel][1], k= XYZ[icel][2]

icel= K*NX*NY + [*NX + i

NEIBcell[icel][0]= icel — 1
NEIBcell[icel][1]=icel + 1

NEIBcell[icel][2]= icel — NX
NEIBcell[icel][3]= icel + NX

+ 1
+ 1
+ 1
+ 1

NEIBcell[icel][4]= icel — NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




pointer_in

if(DX <= 0.0) {
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ = 1.0 / (double)NZ;

J

NXP1 = NX + 1

NYPT = NY + 1

NZP1 = NZ + 1

IBNODTOT = NXP1 * NYP1;
N = NXP1 * NYP1 * NZP1;

return 0;

(3/3)
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Main Program

#include <stdio.h> ...

int
main(int argc, char **argv)
FILE *fp21;
int 1, ic, k;
if (POINTER_INIT()) goto error;
i ((fp21 = fopen(“color. log”, “w”)) == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
} return -1;
i f (POI_GEN (fp21)) goto error;
i f (OUTUCD()) goto error;
fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic—1]+1; i<=COLORindex[ic]l; i++) {
} fprintf (fp21, ” #new%8d #old%8d color%8d¥n”,
J
(...)
fclose (fp21) ;
return O;
error:

return -1;

NEWtoOLD[i-1]+1,

ic);
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#include “allocate. h”
extern int
EOI_GEN(VOid)

int nn;

int 1c0, icN1, icN2, icN3, icN4, icN5, icN6;

int 1, Jj, k, ib, ic, ip, icel, icou, icol, icouG;
int i1, Jj, kk, nnl, num, nr, jO, j1;

double coef, VOLO, S1t, E1t;

int isL, ielL, isU, ieU;

NL=6; NU= 6;

IAL = (int *x)allocate matrix(sizeof (int), ICELTOT, NL) ;
IAU = (int *x)allocate matrix(sizeof (int), ICELTOT, NU) ;

INL = (int *)al locate_vector (sizeof (int), ICELTOT) ;
INU = (int *)al locate_vector (sizeof (int), ICELTOT) ;

for (i = 0; i <ICELTOT ; i++) {
BFORCE[i]=0.0;
D[i] =0.0; PHI[i
INLLi] = 0; INULI
for (j=0; j<6; j++) {
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poi_gen (1/4)

/ Kkskkakkskkskokkkokkokkkkokkokkkkkok

A 5 . | locate matri al locate. c
[ALLi] [J]_O [AULi][5]=0; **:**:::*:*E:*;Li*********/

] voidx* al locate_matrix(int size, int m, int n)

for (i = 0; i <=ICELTOT ; i++) { { void **aa;

indexL[i] = 0; indexU[i] = 0; int i;

f ( (aa=(void ** )malloc( m * sizeof (voidx) ) ) ==

NULL ) {

fprintf (stdout, “Error :Memory does not enough! aa in matrix ¥n”);

exit(1);

f ( (aal[0]=(void * )malloc( m * n * size ) ) ==

NULL ) {

fprintf (stdout, “Error :Memory does not enough! in matrix ¥n”);

exit(1);

for (i=1;i<m; i++) aalil=(charx)aali-1]+size*n;

return aa,



for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcell[icel][0];
icN2 = NEIBcel |l [icel][1];
icN3 = NEIBcel |l [icel][2];
icN4 = NEIBcel |l [icel][3];
icN5 = NEIBcel |l [icel][4];
icN6 = NEIBcel |l [icel][5];

if(icN5 1= 0) {
icou = INL[icel] + 1;
IAL[icel][icou-1]

if(icN3 1=0) {
icou = INL[icel] + 1;

IAL[icel]l[icou-1] = icN3;

} INL[icel] = icou;
if(icN1 1= 0) {
icou = INL[icel] + 1;
IAL[icel]l[icou-1] = icN3;
INL[icel] = icou;

}

= icNb;
INL[icel] = icou;
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poi_gen (2/4)

NEIBcell[icel][5]
NEIBcell[icel][3]

NEIBcell[icel][0] NEIBcell[icel][1]
T NEIBceII[iceI][Z]*
|4 NEIBcell[icel][4]

X

Lower Triangular Part
NEIBcell[icel][4]= icel = NX*NY + 1

NEIBcell[icel][2]= icel — NX +1
NEIBcell[icel][0]= icel — 1

“icel” starts at 0 @ “lIAL” starts at 1

12113
89 |10 11 9 11011 |12
4 15|67 5|6 |78

0O(1]2]3 11234




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcell[icel][0];
icN2 = NEIBcell[icel][1];
icN3 = NEIBcel |l [icel][2];
icN4 = NEIBcel |l [icel][3];
icN5 = NEIBcel |l [icel][4];
icN6 = NEIBcell[icel][5];

if(icN2 1= 0) {
icou = INU[icel] + 1;

IAU[icel][icou-1] = icN2;
| INU[icel] = icou;
if(icNd 1= 0) {

icou = INU[icel] + 1;

IAU[icel][icou-1] = icN4;
} INU[icel] = jicou;
if(icN6 1= 0) {

icou = INU[icel] + 1;

IAU[icel][icou-1] = icN6;

INU[icel] = jcou;

}
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poi_gen (3/4)

NEIBcell[icel][5]
NEIBcell[icel][3]

NEIBcell[icel][0] NEIBcell[icel][1]

Z) y NEIBceII[iceI][Z]*
Z, NEIBcell[icel][4]

X

Upper Triangular Part
NEIBcell[icel][1]= icel + 1 + 1

NEIBcell[icel][3]= icel + NX  + 1
NEIBcell[icel][5]= icel + NX*NY + 1

“icel” starts at 0 @ “IAU” starts at 1
14 | 15 13114 15| 16

12|13
89|10 11 9 11011 12
4 156 |7 5|6 |78

0123 112134




N111:

fprintf (stderr, “¥n¥nYou have%8d elements¥n”, ICELTOT) ;
fprintf (stderr, “How many colors do you need ?¥n”);
fprintf (stderr, © #COLOR must be more than 2 and¥n”);
fprintf (stderr, #COLOR must not be more than%8d¥n”,
fprintf (stderr, if #COLOR= 0 then CM ordering¥n”);
fprintf (stderr, if #COLOR=-1 then RCM ordering¥n”);
fprintf (stderr,
fprintf (stderr, “=>¥n");

fscanf (stdin, “%d”, &NCOLORtot);

i f (NCOLORtot == 1 && NCOLORtot > ICELTOT) goto N111;

OLDtoNEW = (int *)cal loc (ICELTOT, sizeof(int));
i f (OLDtoNEW == NULL) {

ICELTOT) ;

if #COLOR<-1 then CMRCM ordering¥n”);

fprintf (stderr, “Error: %s¥n”, strerror (errno));

return -1;

]
NEWtoOLD = (int *)calloc (ICELTOT, sizeof(int));
i f (NEWtoOLD == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;

]
COLORindex = (int *)calloc (ICELTOT+1, sizeof (int));
i f (COLORindex == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;

i f (NCOLORtot > 0) {
MC (ICELTOT, NL, NU, INL, TAL, INU, IAU,

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

} else if (NCOLORtot == 0) {
CM(ICELTOT, NL, NU, INL, IAL, INU, IAU,

} else if (NCOLORtot ==-1) {
RCM(ICELTOT, NL, NU, INL, IAL, INU, IAU,

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW);

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

} else if(NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

J

fprintf(§tderr, “¥n#t TOTAL COLOR number%8d¥n”, NCOLORtot) ;

return 0

89

POI_gen

(4/4)

Reading “initial” color
number



N111:

fprintf (stderr, “¥n¥nYou have%8d elements¥n”, ICELTOT) ;
fprintf (stderr, “How many colors do you need ?¥n”);
fprintf (stderr, © #COLOR must be more than 2 and¥n”);

ICELTOT) ;

fprintf (stderr, ” #COLOR must not be more than%8d¥n”,
fprintf (stderr, ” if #COLOR= 0 then CM ordering¥n”);
fprintf (stderr, “ if #COLOR=-1 then RCM ordering¥n”);
fprintf (stderr, ” if #COLOR<-1 then CMRCM ordering¥n”) ;

fprintf (stderr, "=>¥n");
fscanf (stdin, “%d”, &NCOLORtot) ;
i f (NCOLORtot == 1 && NCOLORtot > ICELTOT) goto N111;

OLDtoNEW = (int *)cal loc (ICELTOT, sizeof(int));
i f (OLDtoNEW == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;

}
NEWtoOLD = (int *)cal loc (ICELTOT, sizeof (int));
i f (NEWtoOLD == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;

}
COLORindex = (int *)calloc (ICELTOT+1, sizeof(int));
i f (COLORindex == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror (errno));

return -1;

}

i f (NCOLORtot > 0) {
MC (ICELTOT, NL, NU, INL, IAL, INU, IAU,

} else if (NCOLORtot == 0) {
CM(ICELTOT, NL, NU, INL, IAL, INU, IAU,

} else if (NCOLORtot ==-1) {
RCM(ICELTOT, NL, NU, INL, IAL, INU, IAU,

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW);

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

} else if(NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

J

fprintf(gtderr, “¥n#t TOTAL COLOR number%8d¥n”, NCOLORtot);

return 0

90

POI_gen
(4/4)

Allocate matrices
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i f (NCOLORtot > 0) {
MC (ICELTOT, NL, NU, INL, TAL, INU, IAU, pOI gen

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

} else if (NCOLORtot == 0) {
CM(ICELTOT, NL, NU, INL, IAL, INU, IAU, 4/4
&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW);
} else if (NCOLORtot ==-1) {
RCM(ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW);
} else if (NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

J

fprintf (stderr, “¥n# TOTAL COLOR number%8d¥n”, NCOLORtot) ;
return 0;

INL, INU, IAL, IAU Info. after renumbering

OLDtoNEW, NEWtoOLD Reference table before/after renumbring

NCOLORtot Final number of colors (g.e. initial number)

COLORindex [NCOLORtot+1] Meshes from COLORindex[ic] tO
COLORindex[ic+1]-1 are in (ic+1)-th color.
Meshes in same color are independent:
Parallel processing can be applied.

(ic)-th color: if color ID starts at 0
(ic+1)-th color: if color ID starts at 1
In the program, color ID starts at 1 !!




COLORindex [NCOLORtot+1] Meshes from COLORindex[ic] t0
COLORindex[ic+1]-1 are in (ic+1)-th color.
Meshes in same color are independent:
Parallel processing can be applied.

(ic)-th color: if color ID starts at 0
(ic+1)-th color: if color ID starts at 1
In the program, color ID starts at 1 !!

for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic-1]+1; i<=COLORindex[ic]; i++) {
fprintf (fp21, “#new%8d #old%8d color%8d¥n”,
i, NEWtoOLD[i-1]+1, ic);

} COLOR number 5
} #new 1 tfold 1 color 1
#tnew 2 told 3 color 1
#tnew 3 told 6 color 1
#tnew 4 #old 8 color 1
#tnew 5 t#old 9 color 1
#tinew 6 fold 2 color 2
ftnew 1 told 4 color 2
#tnew 8 f#old 5 color 2
#tinew 9 fold 1 color 2
- ftnew 10 #old 10 color 2
COLOR"‘]deX H#new 11 #old 11 color 3
#tnew 12  #old 13 color 3
ftnew 13  #old 16 color 3
#tnew 14  #old 12 color 4
#tnew 15 #old 14 color 4
92 #tnew 16 #old 15 color 5
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Modified MC Method

®» © ©

@ ©

ONE mesh with minimum value of “degree” is set to “NEW mesh
ID=17, “Color ID= 1", and *“‘counter for color number” is 1.

Define “ITEMcou= ICELTOT/NCOLORtot”’, where ITEMcou 18
maximum number of meshes 1n each color.

Color ITEMcou independent meshes 1n ascending order according
to initial mesh ID.

It ITEMcou meshes are colored, or no more independent meshes do
not exist, add “1” to the “counter for color number”, and proceed to
the next color.

Repeat (@ and @), until all meshes have been colored.

“Final counter for color” 1s NCOLORfotF. Renumber meshes in
ascending orders according to color ID. In each color, numbering is
in ascending orders according to initial mesh ID. In each color, new
numbering of meshes 1s continuous.




#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <errno.h>

#include “mc. h”

int

MC(int N, int NL, int NU, int *INL, int **[AL, int =*INU,

int *NCOLORtot, int *COLORindex,

int NCOLORK;

int *IW, *INLw, *INUw;

int *x]ALw, s*x]AUw;

int INmin, NODmin, ITEMcou;

int i, Jj, k, icon, icou, icouk,

{

int *NEWtoOLD,

icoug, icol, ic,

int *x]AU,
int *0LDtoNEW)

ik, JL, ju;

mc (1/8)
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IW = (int *)calloc(N, sizeof(int));
if (IW == NULL) f{

fprintf (stderr, “Error: %s¥n”,

strerror (errno)) ;
return -1;

}
NCOLORk = *NCOLORtot;

for (i=0; i<N; i++) {
NEWtoOLD[i] = i;
OLDtoNEWLi] = i;

J

INmin = N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = INL[i] + INU[i];
if (icon < INmin) {
INmin = icon;
NODmin = i;
}
}

OLDtoNEW[NODmin]
NEWtoOLD[O ]

memset (IN, 0, sizeof (int)*N) ;
IWINODmin] = 1;

ITEMcou = N / NCOLORK;

1;
NODmin+1;

mc (2/8)

IW:
Work array

“Color ID” of each mesh
IW=0 at initial stage

NODmin:
ID of the mesh with minimum
value of “degree”

95
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}YFV(TW(iEtNﬁ)Lf?l I{oc (N, sizeof(int)); mC (2/8)

fprintf (stderr, “Error: %s¥n”,
strerror (errno)) ;
return -1;

J
NCOLORk = *NCOLORtot;

for (i=0; i<N; i++) {
NEWtoOLD[i] = i;
OLDtoNEWLi] = i;

J

INmin = N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = INL[i] + INULi];
if (icon < INmin) {
INmin = icon;

} NODmin = i New mesh ID of NODmin is setto 0
} Color ID of NODmin is set to 1

OLDtoNEW[NODmin] = 1;

memset (IW, 0, sizeof (int)*N); NEWtoOLD [ 0O]= NODmin+l
IWINODmin] = 1;

ITEMcou = N / NCOLORK; IW[NODmin]=1: Color ID



IW = (int %)calloc(N, sizeof(int));
if(IW == NULL) {

fprintf (stderr, “Error: %s¥n”,

strerror (errno)) ;
return -1;

J
NCOLORk = *NCOLORtot;

for (i=0; i<N; i++) {
NEWtoOLD[i] = i;
OLDtoNEWLi] = i;

J

INmin = N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = INL[i] + INULi];
if (icon < INmin) {
INmin = icon;
NODmin = i;
J
}

OLDtoNEW[NODmin]
NEWtoOLD[O ]

memset (IW, 0, sizeof (int)*N) ;
IWINODmin] = 1;

ITEMcou = N / NCOLORk;

1;
NODmin+1;

mc (2/8)

ITEMcou= N/NCOLORKk:

(Maximum) number of meshes in
each color

97



INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

—
S OO ~JdJo TR~ wWwnN —

—_— etk ) ) —t
SOk W =

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

Finally, 5 colors are needed.

Affected by

revaluation/devaluation

CIE BB WOWWNDNNNN /2 = —= = =
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icou = 1;

icouK = 1;

for (icol=0; icol<N; icol++) {
NCOLORk = icol + 1;
for (i=0; i<N; i++) |

ifC(IWLi] <= 0) IW[i] = 0:}

for (i=0; i<N; i++) {
/* already COLORED*/

if(IW[i] == icol+1) {
for (k=0; K<INL[il; k++) {

ik = IALLI.
i F(IWLik=1]

for (k=0; k<INU|
ik = IAULI]

[k]

(=
[i];
[k]

i T (IWLik-1.
J

/* not COLORED */
(Wi == 0) |

{=

icou++; icouK++;

IW[i] = icol +
for (k=0; k<INL]
ik = TAL[i]
i f(IW[ik-1_

}
for (k=0; k<INU

1;

],
[k]
<=

[i];

ik = TAU[i]

[k]

i F(IW[ik-1] <=

0) IW[ik-1]
_k++) {
0) IW[ik-1]

j; ko) |

0) IW[ik-1]
.k++) {
0) IW[ik-1]

}
if(icou == N) goto N200;
i f (icouK == [TEMcou) goto N100;

}
N100:
ilcouk = 0;

J
N200:

mc (3/8)

Initialization of Counters

icou : Global Counter
icouK: Intra-Color Counter



lcou = 1;
icouk = 1;

for (icol=0; icol<N; icol++) [ [NMeleJoNelgNM@Telle]g
NCOLORk = icol + 1;

for (i=0; i<N; i++) {
if(IW[i] <= 0) IW[i] = 0;}
for (i=0; i<N; i++) {
/* already COLORED*/
if(IW[i] == icol+1) {
for (k=0; k<INL[i]; k++) {

ik = TAL[i][k];
if(IW[ik-1] <= 0) IW[ik-1]

for (k=0; k<INU[il; k++) {
ik = TAULi][K]:
it (IW[ik-1] <= 0) IW[ik-1]

J

/* not COLORED */
if(IWLi] == 0) {
|cout+; icouK++;
IW[i] = icol + 1;
for (k=0; K<INL[i]; k++) {
ik = TAL[i][k];
i f(IW[ik-1] <= 0) IW[ik-1]

J
for (k=0; k<INU[il; k++) |
ik = TAULi][K]:
T (IW[ik-1]1 <= 0) IW[ik-1]

}
if(icou == N) goto N200;
i f (icouK == [ITEMcou) goto N100;

N100:
icouK = 0;

J
N200:

I
I
—

[
I
—

[
I
—

I
I
—

mc (3/8)

100



lcou = 1;

icouk = 1;

for (icol=0; icol<N; icol++) {
NCOLORk = icol + 1;
for (i=0; i<N; i++) {

if(IW[i] <= 0) IW[i]l = 0;}

for (i=0; i<N; i++) {
/* already COLORED*/

(T(INLiT == icol+1) {
for (k=0; k<INL[i1; k+o) |

ik = IAL[i][k]
if(IW[ik-1] <=

for (k=0; k<INU

[i];

ik = TAULi] [k]
i f(IW[ik-1] <=

J

/* not COLORED */
(Wi == 0) |

icou++; icouK++;

IW[i] = icol +
for (k=0; k<INL

1;

i f(IW[ik-1] <=

}
for (k=0; k<INU

[i];

ik = TAU[i] [k]
i f(IW[ik-1] <=

0) IW[ik-1]
_k++) {
0) IW[ik-1]

[il; k++) |
ik = TAL[i][k];

0) IW[ik-1]
.k++) {
0) IW[ik-1]

}
if(icou == N) goto N200;
if (icouK == [TEMcou) goto N100;

N100:
icouK = 0;

J
N200:

mc (3/8)

NCOLORk:
Current number of colors

IW[i]=0:
If i-th mesh (original numbering)
IS not colored.
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lcou = 1;
icouk = 1;
for (icol=0; icol<N; icol++) {
NCOLORKk = icol + 1;
for (i=0; i<N; i++) |
if (IN[i] <= 0) IW[i] = 0;}
for (i=0; i<N; i++) {
/* already COLORED*/
if(IW[i] == icol+1) {
for (k=0; k<INL[il; k++) {
ik = TALLi] [k];

if (IW[ik-1] <= 0) IW[ik-1] = -1;

for (k=0; k<INU[il; k++) |
ik = TAULi] [k];

if (IW[ik-1] <= 0) IW[ik-1] = -1;

}

/* not COLORED */
if(IW[i] == 0) {
lcou++; 1couK++;
IW[i] = icol + 1;
for (k=0; K<INL[i]; k++) {
ik = TAL[i][k];
if(IW[ik-1] <= 0) IW[ik-1]

J
for (k=0; k<INU[il; k++) |
ik = TAULi][K]:
(T (IW[ik-1]1 <= 0) IW[ik-1]

}
if(icou == N) goto N200;
if (icouK == [TEMcou) goto N100;

N100:
icouk = 0;

J
N200:

I
I
—

I
I
—
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mc (3/8)

Loop on Colors

If mesh is already assigned to
the “current color”, components
of IW array for adjacent meshes
are set to “-1”.

Remove meshes connected to
meshes assigned to the “current

color”, because they cannot be
Into the “current color”.




lcou = 1;
icouk = 1;
for (icol=0; icol<N; icol++) {
NCOLORk = icol + 1;
for (i=0; i<N; i++) |
if (IN[i] <= 0) IW[i] = 0;}
for (i=0; i<N; i++) {
/* already COLOREDx*/
iT(IW[i] == icol+1) {
for (k=0; k<INL[i]; k++) {
ik = TAL[i][k];
if(IW[ik-1] <= 0) IW[ik-1]

for (k=0; k<INU[il; k++) {
ik = TAULi][K]:
it (IW[ik-1] <= 0) IW[ik-1]

J
/* not COLORED */

if(IW[i] = 0) {
icout++; icouK++;
IW[i] = icol + 1;
for (k=0; k<INL[il; k++) {
ik = IAL[i][k];

if (IW[ik-1] <= 0) IW[ik-1] = -1;

for (k=0; k<INU[il; k++) {
ik = TIAULi][k];

if (IW[ik-1] <= 0) IW[ik-1] = -1;

}
if(icou == N) goto N200;
i f (icouK == [TEMcou) goto N100;

N100:
icouk = 0;

J
N200:

I
I
—

[
I
—
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mc (3/8)

if IW[i]=0:

eicou =icou+l
e icouK=icouK+1
eIW[i]=icol+l:

Color ID

eIW[ik]=-1 wWhere ik-th mesh
Is adjacent to i-th mesh



lcou = 1;

icouk = 1;

for (icol=0; icol<N; icol++) {
NCOLORk = icol + 1;
for (i=0; i<N; i++) {

for (i=0; i<N; i++) {

/* already COLORED*/

(FONLIT == icol+1) |
for (k=0; K<INL[T1; k++) |

ik = IALLI.
i F(IWLik=1]

for (k=0; k<INU[i

ik = TAU[i]

[k1; .
0) IW[ik-1]

, k++) {

i T (IWLik-1.
J

/* not COLORED */
if(IW[i] == 0) {
icou++;
IW[i] = icol +
for (k=0; k<INL]
ik = TAL[i]
i f(IW[ik-1_

}
for (k=0; k<INU

0) IW[ik-1]

| couK++;

1,

[i]; k++) {
[k1; .
<=0) IW[ik-1]

[i]; k++) |

ik = TAU[i]

[k]

if(IW[ik-11 <= 0) IW[ik-1]

}
if(icou == N) goto N200;
if (icouK == [TEMcou) goto N100;

icouK = 0;

J
N200:

mc (3/8)

icou : Global Counter
icouK: Intra-Color Counter

If icou=N (ICELTOT) :
*All meshes are colored
(completed).

If icouK=ITEMcou:
e jicouK=0
*Proceed to the next color.

If icouK<ITEMcou.and.i=N:
*‘No more independent meshes.
*Proceed to the next color.
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INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

O© OO OC1 A~ W —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

CIE BB WOWWNDNNNN /2 = —= = =
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INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

—
S OO ~JdJo TR~ wWwnN —

—_— etk ) ) —t
SOk W =

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

CIE BB WOWWNDNNNN /2 = —= = =
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INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

—
S OO ~JdJo TR~ wWwnN —

—_— etk ) ) —t
SOk W =

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

Proceed to the next color, if
no more independent
meshes.

CIE BB WOWWNDNNNN /2 = —= = =
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INPUT=3: MC, 5-Colors

1314|1516
9 |10 11 |12
5| 6|7 |8
112|134

#tnew
#tnew
#tnew
#tnew
#tinew
#tinew
#tinew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew
#tnew

—
S OO ~JdJo TR~ wWwnN —

—_— etk ) ) —t
SOk W =

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O JO1TPhADNDNOOOD W —

—_— etk ) ) )t —
CSIThAEA DN W —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

Proceed to the next color, if
no more independent
meshes.

CIE BB WOWWNDNNNN /2 = —= = =
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/ *kkkkskkokkokkokkkkkokkok

* Final Coloring *
sookokokkkokRRokF kK Fok oK /

*NCOLORtot = NCOLORK:

memset (COLORindex, 0, sizeof (int)*(N+1));

icoug = 0;
for (ic=1; ic<=(*NCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if (IW[i] == ic) {
NEWtoOLD[icoug] = i+1;
OLDtoNEW[i] = jcoug+l;

lcou++;
lcoug++;

}

}
} COLORindex[ic] = icou;

for (ic=1; ic<=(*NCOLORtot); ic++) {
} COLORindex[ic] += COLORindex[ic-1];

109

mc (5/8)

NCOLORtot= NCOLORKk:
Final number of colors.

NCOLORtot g.e. (Initial

number of colors provided by
user)



/ *kkkkskkokkokkokkkkkokkok

* Final Coloring *
sookokokkkokRRokF kK Fok oK /

*NCOLORtot = NCOLORKk;

memset (COLORindex, 0, sizeof (int)*(N+1));

icoug = 0;
for (ic=1; ic<=(*NCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if(IW[i] == ic) {
NEWtoOLD[icoug]
OLDtoNEWT[i]
icout+;
lcoug++;

i+1;
icoug+1;

J

}
} COLORindex[ic] = icou;

for (ic=1; ic<=(*NCOLORtot); ic++) {
} COLORindex[ic] += COLORindex[ic-1];

mc (5/8)

Renumber meshes in ascending
orders according to color ID.

OLDtoNEW[O1dID]= NewID+1
NEWtoOLD [NewID]= OldID+1

starting@”1”
COLODindex[ic]:
At this stage, number of meshes in
each color (ic+1) Is stored.
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/ *kkkkskkokkokkokkkkkokkok

* Final Coloring *
sookokokkkokRRokF kK Fok oK /

*NCOLORtot = NCOLORKk;

memset (COLORindex, 0, sizeof (int)*(N+1));

icoug = 0;
for (ic=1; ic<=(*NCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if (IW[i] == ic) {
NEWtoOLD [icoug]
OLDtoNEW[i]
| cou++;
lcoug++;

}
}
COLORindex[ic] = icou;

1+1;
icoug+1;

J

for (ic=1; ic<=(*NCOLORtot); ic++) {
} COLORindex[ic] += COLORindex[ic-1];

mc (6/8)

COLODindex[ic]:

Now it is 1D index.
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INLw = (int *)calloc(N, sizeof(int));
i (INLW == NULL) | mc 6/8
fprintf (stderr, “Error: %s¥n”, strerror (errno));

} return -1;

for (j=0; J<NL; j++) { Arrays for Work

for (i=0; i<N; i++) {
IW[i] = IALINEWtoOLD[il-11[j];

bor (1=0; ;i) * INLw (N)
;LGOI = WO e INUw (N)
} e IALw (NL, N)
for (j=0; j<NU; j++) { e IAUw (NU, N)

for (i=0;_i<N; i++) {
| WLIT = TAUINEoOLDLi1-1][J]:
For (i=0: i<N: i+4) { Lower/upper components

} TAULiTL51 = IWCi: (column ID) are reordered
} according to new numbering.

~ j=1~NL/NU

ID’s of column ID are by old
numbering.

i=1~N




for (i=0; i<N; i++) {
IW[i] = INL[NEWtoOLD[i]-1];

for (i=0; i<N; i++) {
INLw[i] = IW[il;

for (i=0; i<N; i++) {
IW[i] = INU[NEWtoOLD[i]-1];

#or(i:O; i<KN; i++) |
INUwli]l = IW[il;

for (j=0; j<NL; j++) {
for (i=0; i<N; i+ |
if (IALLi][j]1 = 0) {
IALw[i]l[j] = 0;
} else {

IALw[i][j] = OLDtoNEW[IAL[i]l[j]1-1];

J
J

for (j=0; j<NU; j++) {
for (i=0; i<N; i++) |
if(TAULII[]] = 0) {
IAUWLil[j] = 0;
} else

IAUwLi][j] = OLDtoNEW[IAULi][j]-1];
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mc (//8)

Information for number of
lower/upper components
based on new numbering is
stored into:

eINL —> INLw
eINU —> INUw
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p—— mc (7/8)

IW[i] = INL[NEWtoOLD[i]-1];

for (i=0; i<N; i++) { “Renumbered” lower/upper

INLw[i] = IWi];
b components (column ID) are
for (i=0; i<N; i++) {

} IW[i]l = INU[NEWtoOLD[i]1-1]; stored into:
for (i=0; i<N; i++) |
INUW[i] = IW[il; e TAI, —> IALw

eTAU —> IAUwW

for (j=0; j<NL; j++) {
for (i0; i<N; i++) {
if(IALLIT[j] = 0) {
IALw[i][j] = O;
] else {
IALWw[i]l[j] = OLDtoNEW[IALLi]L[j1-1];

J
}

for (j=0; j<NU; j++) {
for (i0; i<N; i++) {
if (IAULIT[j] == 0) {
IAUW[i][j] = O;
] else {
IAUWLi][j] = OLDtoNEW[IAULi]L[j1-1];



memset (INL, 0, sizeof (int)*N) ;
memset (INU, 0, sizeof (int)*N) ;
for (i=0; i<N; i++) {
memset(IAL[l] 0, sizeof (int)*NL) ;}
for (i=0; i<N; i++) {
memset (IAU[i], 0, sizeof (int)=*NU) ;}

for (i=0; i<N; i++) {
jL = 0;
ju = 0;
for (j=0, j<INLw[il: j++)
I F(IALw[i]l[j] > i+1)
IAULIT[jU] = TALw[il[j];
JU++;
} else {
IALLi][jL] = TALw[il[j];
} JL++;
}

for (j=0; j<INUw[il; j++) {
i f (TAUWLi][]j] | +1
IAULCI] [jU] = TAUWLil[j]1;
JU++;
} else {
IAL[i][jL]
JL++;

I\

IAUWLi]L[i];

jL;
jU;
free (IW) ;

free (INLw) ; free (INUw) ;
free (IALw) ; free (IAUw) ;

} J
INL[i]
INULi]

return 0;
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mc (8/8)

Operation for lower triangular
components (column ID) in the
original matrix. “Renumbered”
components (column ID) are
stored into:

eIALw —> IAL, IAU

for (i 0 |<N i++) |

for(J 0 JSINLWLil; j++) {

if(IALw[il[j] > i+1) |
IAULi][jU] = TALwlilLjl;
JU++;

} else |
IALLi][jL] = TALw[ill[jl;
JL++;

}

}

Because IALw[i] [j] could
be larger than i according to
new numbering.




Why do we need these operations ?

Original 5 Color

INL[7-1]= 2 INL[9-1]= 3

IAL[6][0]= 3, IAL[6][1]= 6 [AL[8][0]= 2, IAL[8][1]= 3
[AL[8][2]= 4

INU[7-1]= 2

IAU[6] [0]= 8, IAU[6][1]=11 INU[9-1]= 1

[AU[8][0]=11

Magnitude correlation with adjacent meshes could
change after renumbering.
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memset (INL, 0, sizeof (int)*N) ;
memset (INU, 0, sizeof (int)*N) ;
for (i=0; i<N; i++) {

memset (IAL[i], 0, sizeof (int)*NL);}

for (i=0; i<N; i++)

{
memset (IAULi], 0, sizeof (int)*NU);}
{

for (i=0; i<N; i++)
jL = 0;
ju = 0;
for (j=0; j<INLw[il; j++) {
i f(TALw[i][j] > i+1)
IAULI] [ U] = TALwLil[j];
JU++;
} else {
IALLi][jL]
JL++;
}
}

for (j=0; j<INUw[il: j++)
I F(TAUWLi][j] > i+1)
IAULi][jU] = TAUwWLilLj1;
JU++;
} else {
IALLi]1[jL] = TAUWLil[j];
JL++;

IALw[i][jl;

}

{NL[i] jL;
INULi] = juU;
free (IW) ;

free (INLw) ; free (INUw) ;
free (IALw) ; free (IAUw) ;

return 0;
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mc (8/8)

Operation for upper triangular
components (column ID) in the
original matrix. “Renumbered”
components (column ID) are
stored into:

eTAUw -—> IAL, IAU




memset (INL, 0, sizeof (int)*N) ; 118

$em%¢téINUZNO,.si§e?f(int)*N);
=0; i<N; i++
o r:1emse1|:(IAL|[i], 0, sizeof (int)*NL) ;} mC (8/8)
for (i=0; i<N; i++) |
memset (IAULi], 0, sizeof (int)*NU);}
{

for (i=0; i<N; i++)
jL = 0;
ju = 0;
for (j=0; j<INLw[il; j++) {
i f(TALw[i][j] > i+1)
IAULI] [ U] = TALwLil[j];
JU++;
} else {
IALLi][jL]
JL++;
}
}

for (j=0; j<INUW[il; j+T) {

IALw[i][jl;

I f(TAUWLiILj] > i+
IAULITT 0T = TAUWLIT[T;
JU++;

} else {

IALLIT[L] = TAUWLiD[4]: _

} It “Final” number of upper/lower
oo components (column ID) in the
INLLi] = jL; :

| INULiT = jU; renumbered new matrix.
Free tinia free (INUW) |
froe (IALW) | Froe (IAUN) | *INL
e INU
return 0; -



Modified CM Method for Parallel
Computing

119

1) ONE mesh with minimum value of “degree” 1s set to
“Level=1".

(@ Meshes adjacent to “Level=k-1" meshes are set to
“Level=k”. In each level, meshes must be independent
(not directly connected). If a dependent pair 1s found 1n
same color, one mesh 1s removed (In current
implementation, a mesh found later 1s removed).

@ Repeat (), until all meshes are flagged to “levels”

4 Renumber meshes in ascending orders according to
“Level” ID. In each level, numbering 1s in ascending
orders according to initial mesh ID. In each level, new
numbering of meshes 1s continuous.
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Procedure of CM Method

e Meshes adjacent to “Level=k-1" meshes are set to
“Level=k” (Repeat until all meshes are tflagged into

“levels™)

— In each level, meshes must be independent (not directly
connected). If a dependent pair is found 1n same color, one mesh
1s removed (In current implementation, a mesh found later 1s
removed).

e Renumber meshes in ascending orders according to
“Level” ID.
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RCM: Reverse Cuthill-McKee

» Do operations for “CM” method
— Calculate “degree” at each mesh
— Flag “level k (1,2,...)” to meshes
— Repeat processes, final renumbering
* Renumbering Again
— Renumber meshes reordered by CM method in reverse

order.

— Fill-in’s are fewer than CM
10 13 15. 7|42
6 |9 |12 118 5|38
3| 5|8 11 141219 | 6
BR 2 « 7 1310
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cm (1/5)

#include <stdio.h>
#include <stdlib.h>
#include <string. h>
#include <errno.h>

#include “rcm. h”

extern int
CM(int N, int NL, int NU, int *INL, int *xIAL, int *INU, int *xIAU,
: int *NCOLORtot, int *COLORindex, int *NEWtoOLD, int *OLDtoNEW)

int *xIW;

int *INLw, *INUw;

int *x]ALw, s*x]AUw;

int KC, KCT, KGCTO, KMIN, KMAX;

int JC, JN;

int I1;

int i, j, k, ic, jL, jU;

int INmin, NODmin;

int icon, icol, icouG, icou, icou0, in, inG;



IW = (int **¥)calloc(2, sizeof (int %)) ;
if (IN == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror (errno));

return -1;

for (i=0; i<2; i++) |
IW[i] = (int *)calloc(N, sizeof (int)):

INmin N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = 0;
for (k=0; k<INLLi]; k++) {
con++;

}
for (k=0; k<INU[i1: k++) {
icon++;

if(icon < INmin) {
INmin = icon;
NODmin = i;

J
i f (NODmin == -1) NODmin = O;
IW[1][NODmin] = 1;

NEWtoOLD[0] = NODmin+1;
OLDtoNEW[NODmin] = 1;

icol = 0;

cm (2/5)

IW[O][i]:

Work array

IW[1][4i]:
“Level ID” of each mesh
starting at “1”
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}V]!(?W(igtNﬁt)Lgal{loc(Z, sizeof (int %)) ; Cm (2/5)

fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

for (i=0; i<2; i++) {
IW[i] = (int %)calloc(N, sizeof (int));

INmin N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = 0;
for (k=0; K<INL[i]; k++) {
icon++;

]
for (k=0; k<INULi1; k++) |
cont++,
if(icon < INmin)_{ NODmin:
LSS R ID of the mesh with minimum
value of “degree”

J
i f (NODmin == -1) NODmin = O;
IW[1][NODmin] = 1;

NEWtoOLD [0]
OLDtoNEW [NODmin]

$QDmin+1;

icol = 0;
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IW = (int *%)calloc(2, sizeof (int %)) ; 2/5
i T (IW == NULL) { CI I I (
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

for (i=0; i<2; i++) {
IW[i] = (int %)calloc(N, sizeof (int));

INmin = N;
NODmin = -1;
for (i=0; i<N; i++) |

icon = 0;

for (k=0; K<INLLil; k++) |

} |con++,

for (k=0; K<INULIT; k++) |

|con++,
if(icon < INmi
T i New mesh ID of NODmin
) = e is set to 0.

J Level ID of NODmin is set to 1
i T (NODmin == -1) NODmin = O;
IW[1] [NODmin] = 1: OLDtoNEW [NODmin]= 1
NEWtoOLD [0] NODmi n+1; NEWtoOLD [ 0]= NODmin+1

OLDtoNEW [NODmin] - 1
icol = 0; IW[1] [NODmin]=1: Level ID



icouG = 1;
for (icol=1; icol<N; icol++) {
icou =0;
icou0 = 0;
for (i=0; i<N; i++) {
|f(IW[1][| == icol) {
for (k=0; k<INL[i]; k++) {
in = IAL[i][k];
if(IW[1][in-1] == 0) {
IW[1] [in-1]
i cou++;
IW[O] [icou-1] = in;

#or(k:O; K<INULiT; k++)
in = [AULi] [k];
if(IW[1][in-1] == 0) {

IW[1][in-1] = =(icol + 1);

I cou++;
IW[O] [icou-1] =

J
}
J

if(icou == 0) {
for (i=0; i<N; i++) {
ifC(IW[11Li] = 0) {

| cou++;

IWL1] [ ] = -(icol + 1);
IN[O] [icou-1] = i + 1;
break;

= —(icol + 1);

cm (3/5)

icouG: Global Counter
icou : Intra-Level Counter

Loop on Levels

126



icouG = 1;

for (icol=1; icol<N; icol++) {
icou = 0;
icou0 = 0;

for (i=0; i<N; i++) {
ifC(IW[1][i] = icol) {
for (k=0; Kk<INL[il: k++) {

in = IAL[i][k];

if(IW[1][in-1] == 0) {
IW[1][in-1] = = (icol + 1);
| cou++; _
IW[0] [icou-1] = in;

}
for (k=0; k<INU[il; k++) {
in = [AULi][k];
if (IW[1][in-1] == 0) {
IW[1][in-1] = =(icol + 1);
i cou++;
IW[0] [icou-1] = in;

}
J
J

if(icou == 0) {
for (i=0; i<N; i++) {
if(IW[1ILi] == 0) {
i cou++;
IW[1] [ ] = -(icol + 1);
IWN[O] [icou-1] = i + 1;
break;
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cm (3/5)

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If (in—1) *®* mesh is adjacent to ith
mesh where IW[1] [i]=icol, and
level of (in—1) ** mesh is not
finalized, (in—-1) *® mesh could be a
candidate for meshes in (icol+1)tt

level.

eIW[1l] [in-1]= —(icol+1l)
ejcou= icou + 1

*IW[O0] [icou-1]= in: This array
Indicates “when” this mesh was
found, and nominated as a candidate.

mesh, color: starting from 0
IAL[:][:]: starting from 1



13114 15|16
9 11011 |12
09| 6|78
213 |4

icol+1l=4
IW[1][1i]= icol=3:

i=3,6,9
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What does it mean ?

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If (in—1) *®* mesh is adjacent to ith
mesh where IW[1] [i]=icol, and
level of (in—1) ** mesh is not
finalized, (in—-1) *® mesh could be a
candidate for meshes in (icol+1)tt

level.

eIW[1l] [in-1]= —(icol+1l)
ejcou= icou + 1

*IW[O0] [icou-1]= in: This array
Indicates “when” this mesh was
found, and nominated as a candidate.

mesh, color: starting from 0
IAL[:][:]: starting from 1



_\141516

10|11 |12
5 67|
Ao

icol+1l=4

IW[1][1i]= icol=3:

IW[1][ 3(= 4-1)]=
IW[1][ 6(= 7-1)1=
IW[1][ 9(=10-1)]=
IW[1] [12(=13-1)]=

IW[O] [O]=
IW[O] [1]=

4
7

IW[O] [2]= 10
IW[O] [3]= 13

i=3,6,9
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What does it mean ?

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If (in—1) *®* mesh is adjacent to ith
mesh where IW[1] [i]=icol, and
level of (in—1) ** mesh is not
finalized, (in—-1) *® mesh could be a
candidate for meshes in (icol+1)tt
level.

eIW[1l] [in-1]= —(icol+1l)
ejcou= icou + 1

*IW[O0] [icou-1]= in: This array
Indicates “when” this mesh was
found, and nominated as a candidate.

mesh, color: starting from 0
IAL[:][:]: starting from 1



icouG = 1;
for (icol=1; icol<N; icol++) {
ilcou = 0;
icou0 = 0;
for (i=0; i<N; i++) {
|f(IW[1][| == jcol) {
for (k=0; k<INL[i]; k++) {
in = IAL[i][k];
if(IW[1][in-1] == 0) {

IW[1][in-1] = =(Cicol + 1);

icou++;
IW[O] [icou-1] = in;

#or(k:O; k<INU[i]; k++) {
in = [AULi] [k];
if(IW[1][in-1] == 0) {

IW[1][in-1] = =(icol + 1);

I cou++;
IW[O] [icou-1] = in;

J
}
J

if(icou == 0) {
for (i=0; i<N; i++) {
if(IWOILi] = 0) {
icou++;
IW[1] [ ] = -(icol + 1);
IW[O] [icou-1] =i + 1;
break;
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cm (3/5)

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If icou=0, a mesh, which satisfies
the following conditions, is the
candidate (usually, this does not
happen):

Level of this mesh is not finalized.
*Mesh ID according to the initial
numbering is the smallest.



for (icol=1; icol<N; icol++) {

for (ic=0; ic<icou; ict+) |
inC = IW[0][ic];
if(IW[11[inC-1] '= 0) |
for (k=0; k<INL[inC-1]; k++) {
in = IAL[inC-1][K];
if(IW[1][in-1] <= 0) |
IW[1][in-1] = O;

]
for (k=0; k<INU[inC-11; k++) {
in = IAU[inC-1] [k];
if(IW[1][in-1] <= 0) {
IW[1][in-1] = 0;

J
J
J

for (ic=0; ic<icou; ic++) |
inC = IW[0][ic];
F(NCT LinG-1] 1= 0)
| couG++;
IN[1][inC-1] = icol + 1,

}
ff(icouG == N) break;
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cm (4/5)

Candidates for icoltt level are
stored in:

eIW[O0] [ic], ic= O~icou

Remove such meshes that are
adjacent to other candidates,
because neighboring meshes cannot
belong to same level.

If we have such removed mesh in-1,
apply the following operations:

eIW[1l] [in-1]= O



e.g.
Mesh (1) belongs to (icol)t®t

level
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What does is mean ?

Candidates for (icol+1) t® |level are
stored in:

eIW[O0] [ic], ic= O~icou

Remove such meshes that are
adjacent to other candidates,
because neighboring meshes cannot
belong to same level.

If we have such removed mesh in-1,
apply the following operations:

eIW[1l] [in-1]= O



(2),(4) and (5) are candidates for
(icol+l) R |evel

IW[1] [2-1]= - (icol+1l)
IW[1] [4-1]= - (icol+1l)
IW[1] [5-1]= - (icol+1l)

IW[1] [O]
IW[1][1]
IW[1l] [2]

&N
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What does is mean ?

Candidates for (icol+1) t® |level are
stored in:

eIW[O0] [ic], ic= O~icou

Remove such meshes that are
adjacent to other candidates,
because neighboring meshes cannot
belong to same level.

If we have such removed mesh in-1,
apply the following operations:

eIW[1l] [in-1]= O



Considering dependency:

IW[1] [2-1]= —(icol+1l)
IW[1l] [4-1]= —(icol;1)
IW[1][5-1]= O

IW[1] [O]
IW[1][1]
IW[1l] [2]

nn
o DN
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What does is mean ?

Candidates for (icol+1) t® |level are
stored in:

eIW[O0] [ic], ic= O~icou

Remove such meshes that are
adjacent to other candidates,
because neighboring meshes cannot
belong to same level.

If we have such removed mesh in-1,
apply the following operations:

eIW[1l] [in-1]= O



for (icol=1; icol<N; icol++) {

for (ic=0; ic<icou; ic++) {
inC = IW[0] [ic];
if(IW[1]1[inC-1] '=0) {

for (k=0; k<INL[inC-1]; k++)

in = TAL[inC-1] [k];
if(IW[1][in-1] <= 0) {
IW[1][in-1] = 0;

J
for (k=0; k<INU[inC-1]; k++)

in = TAULinC-1] [k];
iT(IW[1][in-1] <= 0) {
IW[1][in-1] = 0;

J
J
J

for (ic=0; ic<icou; ic++) |
inGC = IW[0][ic];
if (IW[1][inC-1] 1= 0) {
i couG++;
IW[1][inC-1] = icol + 1;

}
ff(icouG == N) break;
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cm (4/5)

icouG: Global Counter
icou : Intra-Level Counter

Finally, meshes which satisfies
IW[1] [inC-1]=—(icol+l),
belong t0 (icol+1) tk level.

For such meshes, apply
IW[1][inC-1]= icol + 1.

Finally, icouG= icouG + 1
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What does is mean ?

Finally, meshes which satisfies
IW[1] [inC-1]=—(icol+l),
belong t0 (icol+1) &k level.

For such meshes, apply
IW[1] [inC-1]= icol + 1.

Considering dependency: Finally, icouG= icouG + 1
IW[1] [2-1]= - (icol+1l)
IW[1] [4-1]= - (icol+1l)
IW[1] [5-1]= O
IW[1][0]= 2
IW[1][1]= 4
IW[1][2]= 5

Finally:
IW[1][2-1]= icol+l
IW[1][4-1]= icol+l
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for (icol=1: icoldN: icol++) | cm (4/5)

for(ichi }WE&?%U;]!C++) {
F NI LinG1] 1= 0) | icouG: Global Counter

for (k=0; k<INLLinC-11; k++) | i : ;
0. ke LinG 1+ icou : Intra-Level Counter

if(IW[1][in-1] <= 0) {
IW[1][in-1] = O;

}
for (k=0; k<INU[inC-1]; k++) {
in = TAULinC-1] [k];
iT(IW[1][in-1] <= 0) {
IW[1][in-1] = 0;

J
J
J

for (ic=0; ic<icou; ic++) |

If icouG=N (ICELTOT) :

inC = IN[01[ic]: All meshes are colored
i inC— =
IW[1I[inC-1] = icol + 1;
} Otherwise, proceed to the next

}if(icouG == N) break; level.



/xxkkokkskkokokkkokokokkkok /

/* FINAL COLORING */

/xxkkokkskkokokkkokokokkokok /

*NCOLORtot = icol + 1;
icouG = 0;

for (ic=1;, ic<=(*NCOLORtot):; ic++) {

icou = 0;
for (i=0; i<N; i++) {

(T[] = i) [

NEWtoOLD[icouG]
OLDtoNEW[ i ]
icout++;
| couG++;

]
} COLORindex[ic] = icou;

COLORindex[0] = 0;
for (ic=1; ic<=(*NCOLORtot) ;

i+1;
icouG+1;

ictt) |
COLORindex[ic] = COLORindex[ic-1] +

COLORindex[ic];

J

/ skkekkekkokkokkkkkokkokkkk

* MATRIX transfer *
sokokoksfoksdokoksdokFokFokkokok /
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cm (5/5)

NCOLORtot= NCOLORKk:
Final number of colors.

NCOLORtot g.e. (Initial

number of colors provided by
user)

Renumber meshes in ascending
orders according to level ID.

OLDtoNEW[O1dID]= NewID+1l
NEWtoOLD [NewID]= OldID+1

COLODindex[ic]:

At this stage, number of meshes
In each level (ic+1) is stored.




/xxkkokkskkokokkkokokokkkok /

/* FINAL COLORING */

/xxkkokkskkokokkkokokokkokok /

*NCOLORtot = icol + 1;
ilcouG = 0;

for (ic=1; ic<=(*NCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if(IW[1][i] == ic)
NEWtoOLD [ i couG]
OLDtoNEW( i ]
| cou++;
IcouG++;

1+1;
icouG+1;

I —

}

}
} COLORindex[ic] = icou;

COLORindex[0] = 0;

for (ic=1; ic<=(xNCOLORtot): ic++) {
COLORindex[ic] = COLORindex[ic-1] +
! COLORindex[ic];

/ skkekkekkokkokkkekkokkokkkk

* MATRIX transfer *
sokokoksfoksdokoksdokFokFokkokok /

cm (5/5)

COLODindex[ic]:

Now it is 1D index.
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Features of MC & CM/RCM
.« MC

— Good parallel performance & load balancing

— More Colors -> Better Convergence
« Smaller number of meshes per color, and per thread
« Small Granularity (FI), Larger Synchronization Overhead
 Finally, lower parallel performance

« CM/RCM

— Faster convergence than MC.

— Generally, many levels (and number is
unknown before computation)
« Same problems on parallel efficiency as MC 12

« Number of meshes in each level is random
— At the 1sYLast Level: Only One Mesh/Level

« Convenient method needed
— Fast convergence
— Low overhead with smaller number of colors
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More Colors: Synch. Overhead

for (ic=0; ic<NCOLORtot; ic++) {
#ipragma omp parallel for private (i, WAL)
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) |
WVAL -= AL[j] * W[Z][itemL[j]-11;
}

WEZI[il = WYAL = W[DD][i];
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Remedy: CM-RCM

 RCM + Cyclic Mulricoloring [Doi, Osoda, Washio]

» Procedures
— Apply RCM
— Define “Nc¢” (Color number of Cyclic Multicoloring (CM))
« 1st-Color in CM-RCM: 1st, (Nc+1)t, (2Nc+1)t ... levels in RCM
« 2nd-Color in CM-RCM: 2nd, (Nc+2)th, (2Nc+2) ... levels in RCM

« kth-Color in CM-RCM: ki, (Nc+k)th, (2Nc+k) ™ ... levels in RCM
« Each level of RCM is colored in cyclic manner (cycle=Nc).

— If “k” reaches “Nc”, and all levels of RCM are colored, it's
completed.
« Renumber meshes in ascending orders according to “Color” ID.

— |f dependency between levels in same color, start from the
beginning of the cyclic multicoloring with Nc=Nc+1.



RCM: 1st/Last Level: Only 1 Mesh/Level

SROOHOOD:
HORBDDOG:
B R B ) 0 ()
SROOROGS:
B B,
N

NGO
OB -

e OO0y

D) 8




Nc=4, k=1, Level: 1,5,9,13
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CM-RCM(Nc=4): Renumbering

060060603
FEESHE4
+26+ 9+@*@*2 2+ 5*@
44 27+1 o*@*@ 23+ 6
1 4*@*@*2&* 1*@*@*24

i6 31*15*@*@*29 12 @*
16 @’32 16*@’@’3&*@
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CM-RCM

« How to run
— "NCOLORtot=-Nc” in INPUT.DAT

— Already implemented in L2

e cmrcm.f, cmrcm.c
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Iterations
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Comparison of Reordering Methods
3D Linear Elastic Problems

« MC: Slow convergence, unstable for heterogeneous cases
(ill-conditioned problems).

 Cyclic-Mulricoloring + RCM (CM-RCM) is effective

90

(o]
o

~
o

(<2}
o

50

§ Homogeneous g~

1

10

color #

100

1000

Iterations

280

260

240

220

§ Heterogeneous o

A O [
e O
O 0 Eg
1 10 100 1000
color# @ MC
O CM-RCM

3D Linear-Elastic Problems with 32,768 DOF

A No reordering
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 Remedy for Data Dependency

* Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)
— Reordering and Convergence

* Implementation
« ICCG with Reordering
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Implementation of Reordering to ICCG

Apply “L2-color” to “L1-sol”

Calling “mc”, “ecm”, “rcm” and “cmrcm” after

computation of “INU, INL, IAL, IAU” in “poi_gen”.

Computing “D,AL,AU” by new numbering.
B.C., and RHS are applied by new numbering.
Calling “ICCG”

Renumbering components of “PHI (results)” into
initial numbering.

OUPUT_UCD (UCD file)



L1-s0|

MAIN
main

INPUT

control info.

POINTER_INIT

mesh info.

BOUNDARY_CELL
boundary meshes

CELIL_METRICS
area/volume

POI_GEN
matrix

SOLVER_ICCG

ICCG: METH=1

SOLVER_ICCG2
ICCG: METH=2

SOLVER_PCG
PCG: METH=3
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Minv{rl={z} (1/2)
orxazd substicution ((NOIROR (0 A0

for (i=0; i<N; i++) {
WVAL = W[Z] [i];
for (j=indexL[i]; Jj<indexL[i+1]; Jj++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];
}
W[Z] [1i] = WVAL * W[DD] [1];
}
Data Dependenc
(DENek=1eh N 25peme oo

of LHS and RHS.

for (i=N-1; i>=0; i-—-) {
SW = 0.0;
for (j=indexU[i]; j<indexU[i+l1l]; Jj++)
SW += AU[J] * W[Z][itemU[Jj]-1];

}
W[z] [i]= W[Z] [i] - W[DD][i] * SW;

Reordering may
eliminate this data
dependency.
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Minv{r}={z} (2/2)
Forward Substitution [VAIGIERGN (= (P04l

for (icol=0; icol<NCOLORtot; icol++) {
for (i=COLORindex[icol]; i<COLORindex[icol+1l]; i++) {
WVAL = W[z] [1i];
for (j=indexL[i]; j<indexL[i+1l]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];
}
W[Zz] [1i] = WVAL * W[DD] [1];

“Z” components in RHS do not belong to
“icol-th” color.

Meshes in same color are independent.
(No Data Dependency)
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Minv{r}={z} (2/2)
Forward Substitution [VAIGIERGN (= (P04l

for (icol=0; icol<NCOLORtot; icol++) {
for (1=COLORindex[icol]; i<COLORindex[icol+1l],; i++) {
WVAL = W[Z] [1i];
for (j=indexL[i]; j<indexL[i+1l]; j++) {
WVAL -= AL[j] * W[Z] [itemL[j]-1];
}
W[z] [1] = WVAL * W[DD] [1];

Parallel processing can be applied to
these loops.
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Files

$> cd multicore—c/L2/solver/src

S> make
S$S> 1ls ../run/L2-sol
L2-sol



Running the Program
<$P-L2>/solver/run

L2-sol
Poisson Solver
FVM

l

)

INPUT.DAT
Control File

J

—
—

test.inp

ParaView File
w
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Running the Program
Control Data: <$P-L2>/solver/run/INPUT.DAT

32 32 32 NX/NY/NZ
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e—-08 EPSICCG
e NX, NY, NZ

— Number of meshes

in X/Y/Z dir. e

. DX, DY, DZ - | .

— Size of meshes A
. EPSICCG i 7y Ax

NX
— Convergence X

Criteria for ICCG
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Running the Program
<$P-L2>/solver/run/

S cd <$P-1L2>/solver/run
S ./L2-sol

You have 8000 elements.
How many colors do you need ?
#COLOR must be more than 2 and
#COLOR must not be more than 8000
CM if #COLOR .eg. O
RCM if #COLOR .eq.-1
CMRCM if #COLOR .le.-2

=> XXX

$ 1ls test.inp
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Target Problem: Variables are defined
at cell-center

Poisson Equation

az¢ 0°¢ az¢+f 0

AT
Boundary Conditions
(BC) etC Flux of each cell
= dfloat (i+j+k) XVolume
° Volume FIUX (i,3,k)=XYZ (icel, (1,2, 3))

* 0=0@z=2Z__, ZM

X



Main Program

#include <stdio.h> ...

int

main()

error:

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, ic0, i;
double xN, xL, xU; Stime, Etime;

ifEINPUT()) oto error;

i f (POINTER_INIT()) goto error;
i f (BOUNDARY _CELL ()) goto error;
!fECELL_METRICS()) goto error;
if (POI_GEN()) goto error;

ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

if (WK == NULL) { 5

fprintf (stderr, “Error: %s¥n”, strerror(errno));

~_ goto error;} _ _ _ _

i f (solve_ICCG_mc (ICELTOT, NL, NU, indexL, itemL, indexU, itemU,
D, BFORCE, PHI, AL, AU, NCOLORtot, COLORindex,
EPSICCG, &ITR, &IER)) goto error;

for (ic0=0; icO<ICELTOT; icO++) { - D[
icel = NEWtoOLD[icO]: Renumbering of “PHI

WKLicel-1] = PHI[icO]; to original numbering

for (icel=0; icel<ICELTOT; icel++) {
PHI[icel] = WK[icel];

i f (OUTUGD ()) goto error;
return 0;

return -1;
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MAIN
main

INPUT

reading control info.
INPUT .DAT

POINTER_INIT

creating mesh
mesh.dat

Structure of L2-sol

MC
Multicoloring

BOUNDARY_CELL
boundary meshes

CM
Cuthill-McKee

CELL_METRICS

surface area/volume
of meshes

RCM
Reverse Cuthill-McKee

POI_GEN
constructing matrices

CMRCM
Cyclic-Multicoloring +
Reverse Cuthill-McKee

SOLVE_ICCG_mc
ICCG solver
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Variables/Arrays for Matrix (1/2)

163

Name Type Content
D[N] R | Diagonal components of the matrix (N= ICELTOT)
BFORCE [N] R | RHS vector
PHI [N] R | Unknown vector
indexL [N+1] I |# of L/U non-zero off-diag. comp. (CRS)
indexU[N+1]
NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
itemL [NPL] I | Column ID of L/U non-zero off-diag. comp. (CRS)
itemU[NPU]
AL[NPL] R | L/U non-zero off-diag. comp. (CRS)
AU [NPU]

Name Type Content
NL, NU I | MAX. # of L/U non-zero off-diag. comp. for each mesh (=6)
INL[N] I | # of L/U non-zero off-diag. comp.
INU[N]
IAL[N] [NL] I | Column ID of L/U non-zero off-diag. comp.

IAU[N] [NU]




Variables/Arrays for Matrix (2/2)
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Name Type Content
NCOLORtot I |Input:
reordering method + initial number of colors/levels
=2: MC, =0: CM, =-1: RCM, -2=: CMRCM
Output:
Final number of colors/levels
COLORindex I | Number of meshes at each color/level
[NCOLORtot+1] 1D compressed array
Meshes in icol®® color/level are stored in this array
from COLORindex[icol]
t0O COLORindex[icol+1l]-1
NEWtoOLD [N] I | Reference array from New to Old numbering
OLDtoNEW [N] I | Reference array from Old to New numbering




NEIBcell: ID of Neighboring Mesh/Cell

=0: for Boundary Surface

NEIBcell[icel][5]
* NEIBcell[icel][3]

NEIBcell[icel][0] < =l N E|Bcell[icel][1]

/ i= XYZ[icel][0]

j= XYZ[icel][1], k= XYZ[icel][2]
NEIBcell[icel][2] * icel= K*NX*NY + j*NX + i
NEIBcell[icel][4] NEIBcell[icel][0]= icel — 1 + 1
NEIBcell[icel][1]=icel + 1 + 1

NEIBcell[icel][2]= icel — NX + 1
NEIBcell[icel][3]= icel + NX + 1
NEIBcell[icel][4]= icel = NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




Main Program

#include <stdio.h> ...

int
main()

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, ic0, i;
double xN, xL, xU; Stime, Etime;

ifEINPUT()) goto error;

i f (POINTER_INIT()) goto error;
i f (BOUNDARY _CELL ()) goto error;
!fECELL_METRICS()) goto error;
if(POI_GEN() goto error;

ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

if (WK == NULL) { B
fprintf (stderr, “Error: %s¥n”, strerror(errno));
goto error;}

i f (solve_ICCG_mc (ICELTOT, NL, NU, indexL, itemlL, indexU, i
D, BFORCE, PHI, AL, AU, NCOLORtot, COLORindex,

EPSICCG, &ITR, &IER)) goto error;

for (ic0=0; icO<ICELTOT,; icO++) {
icel = NEWtoOLD[icO];
WK[icel-1] = PHI[icO0];

for (icel=0; icel<ICELTOT; icel++) {
PHI[icel] = WK[icel];

i f (OUTUCD()) goto error;
return 0;

error:
return -1;
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#include “allocate. h”
extern Int
POI_GEN (void)
{ int nn;
int icO, icN1, icN2, icN3, icN4, icN5, icNG6;
int 1, Jj, k, ib, ic, ip, icel, icou, icol, icouG;
int 11, jJ, kk, nnl, num, nr, jO, j1;
double coef, VOLO, Si1t, E1t;
int isL, ielL, isU, ieU;
NL=6; NU= 6;
IAL = (int *x)allocate matrix(sizeof (int), ICELTOT, NL) ;

IAU = (int *x)allocate matrix(sizeof (int), ICELTOT, NU) ;
BFORCE

D
PHI

INL = (int *)al locate_vector (sizeof (int), ICELTOT) ;
INU = (int *)al locate_vector (sizeof (int), ICELTOT) ;

for (i = 0; i <ICELTOT ; i++) {
BFORCE[i]=0.0;
D[i] =0.0; PHI[i]=0.0;

(double *)al locate _vector (sizeof (double), ICELTOT) ;
(double *)al locate_vector (sizeof (double), ICELTOT) ;
(double *)al locate vector (sizeof (double), ICELTOT) ;
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poi_gen (1/8)

INL[i] = 0; INU[i] = O;
for (j=0; j<6; j++) |

IAL[i1[j]=0; TAULi1[j]=0;

for (i = 0; i <=ICELTOT ; i++) {

indexL[i] = 0; indexU[i] = 0;

/ skkskskokskokskokskskokskeokskokokokokkkk ko ko

al locate matrix
$kdokrkkokkokkkokkokkokdokokkokk /

void#x al locate_matrix(int size, int m, int n)

al locate. ¢

void **aa;

int i;

if ( (aa=(void ** )malloc( m * sizeof (void*) ) ) == NULL ) {
fprintf (stdout, “Error :Memory does not enough! aa in matrix ¥n”);

exit(1);
if ( ( aa[0]=(void * )malloc( m * n * size ) ) = NULL ) {
fprintf (stdout, “Error :Memory does not enough! in matrix ¥n”);

exit(1);

for (i=1;i<m;i++) aalil=(char*)aali-1]+size*n;
return aa;

}
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for (icel=0; icel<ICELTOT; icel++) {

% = Netbeel 1 fiee B} poi_gen (2/8)
icN3 = NEIBcel I [icel][2]; —

icN4 = NEIBcel |l [icel][3];

N5 = NEIBcel | [icel] [4]: NEIBoellicelll5] .
icN6 = NEIBcell[icel][5]; NEIBcell[icel][3]
if(icN5 1=0) {
icou = INL[icel] + 1; _
IAL[icel][icou-1] = icNb; NEIBcellficel][0] NEIBcell[icel][1]
| INL[icel] = jcou;
if(icN3 1= 0) { zy y  NEIBeelllicel][2] *
icou = INL[icel] + 1;
IAL[icel][icou-1] = icN3; |4 NEIBcell[icel][4]
INLLicel] = icou; X
} Lower Triangular Part
if(icN1 1= 0) | NEIBcell[icel][4]= icel - NX*NY + 1
icou = INL[icel] + 1; NEIBcell[icel][2]= icel — NX +1
[AL[icel][icou-1] = icN3; NEIBcell[icel][0]= icel — 1
} INL[icel] = jcou;
“icel” starts at 0 j “IAL” starts at 1
1213
819 (10 11 9 110111 (12
4 | 516 |7 5| 6|78

0O(1]2]3 11234




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcell[icel][0];
icN2 = NEIBcell[icel][1];
icN3 = NEIBcel |l [icel][2];
icN4 = NEIBcel |l [icel][3];
icN5 = NEIBcel |l [icel][4];
icN6 = NEIBcell[icel][5];

if(icN2 1= 0) {
icou = INU[icel] + 1;

IAU[icel][icou-1] = icN2;
| INU[icel] = icou;
if(icNd 1= 0) {

icou = INU[icel] + 1;

IAU[icel][icou-1] = icN4;
} INU[icel] = jicou;
if(icN6 1= 0) {

icou = INU[icel] + 1;

IAU[icel][icou-1] = icN6;

INU[icel] = jcou;

}
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poi_gen (3/8)

NEIBcell[icel][5]
NEIBcell[icel][3]

NEIBcell[icel][0] NEIBcell[icel][1]
T NEIBceII[iceI][Z]*
|4 NEIBcell[icel][4]

X

Upper Triangular Part
NEIBcell[icel][1]= icel + 1 + 1

NEIBcell[icel][3]= icel + NX  + 1
NEIBcell[icel][5]= icel + NX*NY + 1

“icel” starts at 0 @ “IAU” starts at 1
14 | 15 13114 15| 16

12|13
89|10 11 9 11011 12
4 156 |7 5|6 |78

0123 112134




POI_gen
(4/8)

N111:

fprintf (stderr, “¥n¥nYou have%8d elements¥n”, ICELTOT) ;
fprintf (stderr, “How many colors do you need 7¥n”);
fprintf (stderr, © #COLOR must be more than 2 and¥n”);

ICELTOT) ;

fprintf (stderr, ” #COLOR must not be more than%8d¥n”,
fprintf (stderr, ” if #COLOR= 0 then CM ordering¥n”);
fprintf (stderr, “ if #COLOR=-1 then RCM ordering¥n”);
fprintf (stderr, ” if #COLOR<-1 then CMRCM ordering¥n”) ;

fprintf (stderr, "=>¥n");
fscanf (stdin, “%d”, &NCOLORtot) ;
i f (NCOLORtot == 1 && NCOLORtot > ICELTOT) goto N111;

OLDtoNEW = (int *)calloc (ICELTOT, sizeof (int));
i f (OLDtoNEW == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;

}
NEWtoOLD = (int *)calloc (ICELTOT, sizeof(int));
i f (NEWtoOLD == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror (errno));

return -1;

]
COLORindex = (int *)calloc (ICELTOT+1, sizeof (int));
i f (COLORindex == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;
i f (NCOLORtot > 0) {
MG (ICELTOT, NL, NU, INL, IAL, INU, IAU,

} else if(NCOLORtot == 0) {
CM(ICELTOT, NL, NU, INL, IAL, INU, IAU,

} else if (NCOLORtot ==-1) {
RCM (ICELTOT, NL NU, INL, IAL, INU, IAU,

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW);

} else if (NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

J

fprintf(§tderr, “¥n#t TOTAL COLOR number%8d¥n”, NCOLORtot);

return 0
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indexL =

(int *)allocate_vector (sizeof (int), ICELTOT+1) ;
indexU =

(int *)al locate_vector (sizeof (int), ICELTOT+1) ;

for (i=0; i<ICELTOT; i++) {
indexL[i+1]=indexL[i]+INL[i];
indexU[i+1]=indexU[i]+INU[i];

}
NPL = indexL[ICELTOT];
NPU = indexU[ICELTOT];

itemL = (int *)allocate_vector (sizeof (int), NPL) ;
itemU = (int *)allocate_vector (sizeof (int), NPU) ;

AL = (double *)al locate_vector (sizeof (double), NPL) ;
AU = (double *)allocate _vector (sizeof (double), NPU) ;

memset (itemL, 0, sizeof (int)*NPL);
memset (itemU, 0, sizeof (int)*NPU);
memset (AL, 0.0, sizeof (double)*NPL) ;
memset (AU, 0.0, sizeof (double)*NPU) ;

for (i=0; i<ICELTOT; i++) {

for (k=0;K<INL[i];k++) {

kk= k + indexL[i];
itemL[kk]l= IAL[i][k];

]

for (k=0;k<INULi]:k++) {
kk= k + indexU[i];

} itemU[kk]= TAULi][k];

start at 1
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poi_gen (5/8)

New numbering is

applied after this point

J

free (INL) ; free(INU);

free (IAL) ; free(IAU) ; 9 /10|11 112
5/6 |78
112134

Name Type Content
D[N] R | Diagonal components of the matrix (N= ICELTOT)
BFORCE [N] R | RHS vector
PHI [N] R | Unknown vector
indexL[N+1] I | # of L/U non-zero off-diag. comp. (CRS)
indexU[N+1]
NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
itemL[NPL] I | Column ID of L/U non-zero off-diag. comp. (CRS)
itemU[NPU]
AL[NPL] R | L/U non-zero off-diag. comp. (CRS)
AU[NPU]

for (i=0; i<N; i++) {

“itemL” /"itemU”

qlil= D[] * plil;

for (j=indexL][i]; j<indexL[i+1]; j++) {
qli] +=AL[j] * plitemL[j]-1];

}

for (j=indexU[i]; j<indexU[i+1]; j++) {
qli] += AU[]] * plitemU[j]-1];




icel<N; icel++) {

icO NEWtoOLD[icel];

for (icel=0;
icN1 = NEIBcel I [icO-1][0];
icN2 = NEIBcel I [icO-1][1];
icN3 = NEIBcel I [icO-1][2];
icN4 = NEIBcel | [icO-1][3];
icN5 = NEIBcel [ [icO-1][4];

icN6 = NEIBcell[ic0-1][5];
VOLO = VOLCEL[icO];

isL =indexL[icel 1];
isU =indexU[icel 1];

if(icN5 1= 0) |
icN5 = OLDtoNEW[icN5-1];
coef = RDZ * ZAREA;
Dlicel] —= coef;

if(icN5-1 < icel) |
for (j=isL; j<ielL; j++) {
if(itemL[j] == icN5) {

AL[j] = coef;
break;
}
J
} else {
for (j=isU; j<ieU; j++) {
if(itemU[j] == icNb) {
AULj] = coef;
break;
}
}
J
}

ieL =indexL[icel+1];
ieU =indexU[icel+1];

poi_gen (6/8)

Calculation of Coefficients

N

o ’D ®
e C'm e

w DX r D

Y DY
e o

S
9?E'__'¢% Z&)7'F ¢%V'__'¢% 1337'F

Ax Ax

9?A7-_'¢% Ax + ¢?s"'¢% Ax = ]iyébf[&y

Ay

Ay
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New Numbering

9 |10 11 12

. Coloring by MC/CM/RCM/CM-RCM

 Renumber meshes in ascending orders according
to “Level/Color” ID.
— 1st-Color: 1,2,3,4,5 (Original: 1,3,6,8,9)
— 2nd-Color: 6,7,8,9,10 (2,4,5,7,10)
— 39-Color: 11,12,13 (11,13,16)
— 4th-Color: 14,15 (12,14), 5t-Color: 16 (15)



New Numbering (cont.)

13114 15|16
9 |10 11 12
5| 6|78
112|134
NCOLORtot= 5
COLORindex[0]=

 NEWtoOLD, OLDtoNEW

O, COLORindex|[1l]=
COLORindex[3]= 13, COLORindex[4]= 15, COLORindex[5]= 16

5, COLORindex[2]= 10

— OLDtoNEW[6-1]=3, NEWtoOLD[3-1]=6

174
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for (icel=0; icel<N; icel++) |

o < NEoDicel ] poi_gen (6/8)

icN2 = NEIBcel | [icO-11[1]" |
icN3 = NEIBcel I [ic0-1][2]; NEIBcellioello] ,
icN4 = NEIBcel I [ic0-1][3]; NEIBcellficel][3]
icN5 = NEIBcel | [ic0-1][4];
icN6 = NEIBceI![icQ—1][5];
VOLO = VOLCEL[ic0]: NEIBcellficel][0] NEIBcell[icel][1]
isL =indexL[icel 1]; ieL =indexL[icel+1];
isU =indexU[icel 1; ieU =indexU[icel+1];
if(icN5 1= 0) { NEIBcell[icel][2]
icN5 = OLDtoNEW[icN5-1]; .
D[lGel] i G?ef' ¢neib[icel][0] _¢icel AyAZ+
iT(icN5-1 < icel) {
for (j=isL; j<ielL; j++) {
|f(|tem|_[J:| == |CN5) { ¢neib[icel][1]_¢icel A A +
ALLj] = coef; Ax Yoz
break;
| } ¢neib[icel][2] _¢icel AzAx +
} else { Ay
for (j=isU; j<ieU; j++) { & —¢
if(itemU[j] == jcNb) { neib[icel][3] icel AzAx +
AU[j] = coef; Ay
} break;
} ¢neib[icel][4] _¢icel AXAy‘l'
} Az
} ¢neib[icel][5] _ ¢icel .
AxAy + f,.,AxAyAz =0

M cel



for (icel=0; icel<N; icel++) {
icO0 = NEWtoOLD[icel];

icN1 = NEIBcel I [icO-1][0];
icN2 = NEIBcel I [icO-1][1];
icN3 = NEIBcel I [ic0-1][2];
icN4 = NEIBcel | [icO-1][3];
icN5 = NEIBcel I [icO-1][4];
icN6 = NEIBcel | [icO-1][5];

VOLO = VOLCEL[icO0];

isL =indexL[icel 1]; ieL =indexL[icel+1];
isU =indexU[icel 1; ieU =indexU[icel+1];
if(icN5 1=0) {

icN5 = OLDtoNEW[icN5-1];
coef = RDZ * ZAREA;
D[icel] —= coef;

if(icN5-1 < icel) |
for (j=isL; j<ieL; j++) |
if(itemL[j] == icNb) {
AL[j] = coef; )
break; icN5 < icel

] } Lower Part

} else {
for (j=isU; j<ieU; j++) {

if(itemU[j] == icNb) {
AULj] = coef;
break;

}

}
J
}
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poi_gen (6/8)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0] NEIBcellficel][1]

NEIBcell[icel][2]

NEIBcell[icel][4]

¢neib[icel][0] _¢icel AyAZ 4+
Ax

¢%amﬂmnu]"¢z
Ax

¢%amwduz]_12
Ay

“l AyAz +

“l AzAx+

neiblicel][3] icel AZA)C
Ay

_|_

¢neib[icel][4] ¢icel AXAy'l'
Az

¢neib[iC€E ¢"C€l AxAy + ficez

AxAyAz =0



for (icel=0; icel<N; icel++) {
icO0 = NEWtoOLD[icel];

icN1 = NEIBcel | [ic0-1] [0] ;
icN2 = NEIBcel | [icO-1] [1];
icN3 = NEIBcel | [ic0-1] [2];
icN4 = NEIBcel | [ic0-1] [3];
icN5 = NEIBcel | [ic0-1] [4];

icN6 = NEIBcel | [ic0-1][5];
VOLO = VOLCEL[icO0];

isL =indexL[icel 1]; ieL =indexL[icel+1];
isU =indexU[icel 1; ieU =indexU[icel+1];
if(icN5 1=0) {

icN5 = OLDtoNEW[icN5-1];
coef = RDZ * ZAREA;
D[icel] —= coef;

if(icN5-1 < icel) |
for (j=isL; j<ieL; j++) |
if(itemL[j] == icNb) {
AL[j] = coef;
break;

}

} else |
for (j=isU; j<ieU; j++) {
if(itemU[j] == icNb) {
AULj] = coef;

, Preak icN5 > icel

} } Upper Part
}
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poi_gen (6/8)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0] NEIBcellficel][1]

NEIBcell[icel][2]

NEIBcell[icel][4]

¢neib[icel][0] _¢icel AyAZ 4+

¢%amﬂmnu]"¢z

cel
AyAz +
A Y
¢neib[icel][2] _¢icel AZAX‘I‘
Ay

neiblicel][3] icel AZAX
Ay

_|_

¢neib[icel][4] ¢icel A)CAy'l'
Az

¢neib[iC€E ¢icel AXAy + f;'cel

AxAyAz =0



if(icN6 1= 0)
icN6 = OLDtoNEW[icN6-1];
coef = RDZ * ZAREA;
D[icel] —= coef;

if(icN6-1 < icel) |
for (j=isL; j<ielL; j++) {
if(itemL[j] == icN6) {
AL[j] = coef;
break;
}
}

} else {
for (j=isU; j<ieU; j++) {

if(itemU[j] == icN6) {
AULj] = coef;
break;

}

}
}

} BFORCE

= e using original
JJ = 1c0—- :
kk = XYZ[ic0-11[2]; mesh ID

BFORCE[icel]= —(double) (ii+jj+kk) * VOLO;

poi_gen (7/8)

¢neib[icel][0] o ¢icel AyAZ +
Ax

¢neib[icez][1] _ ¢icel Ay Az +

Ax

¢neib[icel][2] o ¢icel AZAX"‘

Ay
¢neib[icel][3] _ ¢icel MAX"‘

Ay

¢neib[icel][4] o ¢icel AxA

+
Az Y

¢neib[icel][5] B ¢icel AxAy + ][l
Az

cel

AxAyAz =0
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for (ib=0: ib<ZmaxCELtot; ib++ '

s It i) | poi_gen (8/8)
coef = 2.0 *x RDZ * ZAREA;
icel = OLDtoNEW[icO]; Calculation of Coefficients

Dlicel-1] —= coef;
on Boundary Surface @ Z=Z_.,

return 0;

| 0=0, E
+ Z=Zmax
DZ
® o ®
0=0,
® o [ _
® ® ®

18t Order Approximation:

Mirror Image according to Z=Z,, surface.
d=-0¢, at the center of the (virtual) mesh
O=0@Z=Z,., surface




Main Program

#include <stdio.h> ...

int
main ()
double *WK;
int NPL, NPU; ISET, ITR, IER; icel, ic0, i;
double XN, xL xU; Stime, Etime;
if (INPUT()) goto error;
i f (POINTER_INIT()) goto error;
L BRNDIRTR RS ) gooto error:
| goto error; :
1+ (POLGEN Q) “goto srror: Matrlx,_RHS are calculatec]
S = G according to new numbering
WK = (double x)mal loc (sizeof (double)*ICELTOT) ;
iT (WK == NULL) {
fprlntf(stderr “Error: %s¥n”, strerror (errno));
goto error;}
|f(solve ICCG_mc (ICELTOT, NL, NU, indexL, itemL, indexU, itemU,
D, BFORCE, PHI, AL, AU, NCOLORtot COLOR i ndex.
EPSICCG, &ITR, &IER)) goto error;
for (ic0=0; icO<ICELTOT; icO++) {
icel = NEWtoOLD[icO];
WKLicel-1] = PHI[icO];
for (icel=0; icel<ICELTOT; icel++) {
| PHI[icel] = WK[icel];
i f (OUTUCD()) goto error;
return 0;
error:

return -1;
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solve ICCG_mc (1/7)

#include <stdio.h>
#include <stdlib. h>
#include <string.h>
#include <errno.h>
#include <math. h> etc.

#include “solver_ICCG. h”

extern int
solve ICCG _mc(int N, int NL, int NU, int *indexL, int *itemL, int *indexU,
int *itemU,
double *D, double *B, double *X, double *AL, double *AU,
: int NCOLORtot, int *COLORindex, double EPS, int *ITR, int *IER)
double *xW;

double VAL, BNRM2, WVAL, SW, RHO, BETA, RHO1, G1, DNRM2, ALPHA, ERR;
int i, j, ic, ip, L, ipl;

int R = 0;
int Z=1,;
int @ =1,
int P = 2;
int DD = 3;
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solve ICCG_mc (2/7)

W = (double *x)malloc(sizeof (double *)*4); Compute r(%= b-[A]x(?
£ == NULL) | Pt
fprintf (stderr, “Error: %s¥n”, strerror(errno)); for 1=1, 2,
i'eturn -1; solve [M]z@G D= r@E-1
for (i=0; i<4; i++) { f% 1
W[i] = (double *)malloc (sizeof (double)*N) ; L 1=
if(WLi] == NULL) { pl= z(0
fprintf (stderr, “Error: %s¥n”,
strerror (errno)) ; return -1; else
] } Bi—l= Pi1/Pis
o pil= zGD 4 B, pG-D
=
i] =0. ()= [A]p (1)
eIl N 'ncomplete Tk
W[3][i] = 0.0; Modified” Cholesky o = pifl/p q
! Factorization xM= x0-1 + o,p™®
r= pl-1) _ o g
for (ic=0; ic<NCOLORtot; ic++) | heck *
for (1=COLORindex[ie]; i<COLORindex[ic+11; i++) { check convergence |r|

VAL = D[i];
for(j:inéle[i]: j<indexL[i+1]; j++) {
VAL-= AL[j]*AL[j]+W[DD] [itemL[j] - 11;

3V[DD][i] =1.0 / VAL;

0]
3
Q.
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solve ICCG_mc (2/7)

W = (double **)malloc(sizeof (double *)*4) ;
if W == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror (errno));
return -1; , -1

2 -1
for (i=0; i<4; i++) | d,=\a,— > l,”-d, | =I,
WLi] = (double *)malloc (sizeof (double)*N) ;
if W[i] == NULL) | k=1

fprintf (stderr, “Error: %s¥n”,
strerror (errno)) ; return -1; *

’ Incomplete d =|a,— a.k2 -d, | = 1.
0.0; “Modified” Cholesky =1
! Factorization

for (ic=0; ic<NCOLORtot; ic++) { W[DD][i]: d.
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) { D/l
VAL = D[i]; [1]:
for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL—= AL[j]*AL[jI+W[DD] [itemL[j] - 11;

\}N[DD] [i]=1.0/ VAL itemL{j]: k

AL[j]: ay
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Incomplete “Modified” Cholesky
Factorization

for (i=0; i<N; i++) {
VAL = D[i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL-= AL[j]*AL[j]1+W[DD] [itemL[j] - 1];

%[DD][i] = 1.0 / VAL;

Mesh “i” and “itemL(k)” in RHS
belong to different “colors”.

NO data dependency.

for (ic=0; ic<NCOLORtot; ic++) |
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++){
VAL = D[i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL-= AL[jI*AL[j1#W[DD] [itemL[j] - 1];

}
W[DD] [i] = 1.0 / VAL;



solve ICCG_mc (3/7)

for (i=0; i<N; i++) {

J

VAL = D[i] * X[i];

for (j=indexL[i]; j<indexL[i+1]; j++)

} VAL += AL[j] * X[itemL[j]-1];

for (j=indexUL[i]; j<indexU[i+1]; j++)

| VAL += AU[j] * X[itemU[j]-1];
WIRI[i] = B[i] - VAL;

BNRM2 = 0.0;
for (i=0; i<N; i++) {

J

BNRM2 += B[i]*B[i];

{

{

Compute r(®= b-[A]x(®
for i= 1, 2,

xW= xE-D 4 g.p@
ri= rd-bH — g g
check convergence |r]|

0]
3
Q.
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*[TR = N;
for (L=0;

for (i=0,

186

solve |ICCG_mc (4/7)

L<GKITR) 5 L++) |

i<N; i++) |

WLZI[i]l = WIRILil;

for (ic=0;
for (i

icKNCOLORtot; ic++) {

=COLORindex[ic]; i<COLORindex[ic+1];

WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++)

WVAL —= AL[j] = W[Z][itemL[j]-1];

J
W[Z][i] = WVAL = W[DD][i];

}

for (ic=NCOLORtot-1; ic>=0; ic—) {

for (i=COLORindex[ic];

SW=20.0;

{

i<COLORindex[ic+1];

| ++)

| ++)

for (j=indexU[i]; j<indexU[i+1]; j++) {

} SW += AULj] * W[Z][itemU[j]-1];
WLZITil= W[ZI[i] - WIDDJL[i] * SW;

{

{

Compute r®= b-[A]x ()
for i= 1, 2,
solve [M]z(@ 1= r@(-1)

check convergence |r|

0]
o]
0.
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i 00fel=or Y=}

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[i]; j<indexL[i+1]; j++) { o
O AL = AL WOZ) EitemL £ 11 ; Forward Substitution

}
WIZITi] = WAL % WIDDILil: (W Y
} (Lhz}=1r}

for (ic=NCOLORtot-1; ic>=0; ic—) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
SW=20.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] = W[Z][itemU[j]-1]1;

J
WCZ1Lil= WLZILil - WIDD][i] * SW;
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i 00fel=or Y=}

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[i]; j<indexL[i+1]; j++) { o
O AL = AL WOZ) EitemL £ 11 ; Forward Substitution

}
WIZITi1 = WAL * WIDDITiT: (7 W, ¥
} (Lhzj=1r}

for (ic=NCOLORtot-1; ic>=0; ic—) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
SW=20.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] = W[Z][itemU[j]-1]1;

J
WCZ1Lil= WLZILil - WIDD][i] * SW;
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i 00fel=or Y=}

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[i]; j<indexL[i+1]; j++) { o
O AL = AL WOZ) EitemL £ 11 ; Forward Substitution

}
WIZITi] = WAL % WIDDILil: (W Y
} (Lhz}=1r}

for (ic=NCOLORtot-1; ic>=0; ic—) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
SW=20.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] = W[Z][itemU[j]-1]1;

J
WCZ1Lil= WLZILil - WIDD][i] * SW;
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i 00fel=or Y=}

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[i]; j<indexL[i+1]; j++) { o
O AL = AL WOZ) EitemL £ 11 ; Forward Substitution

}
WIZITi1 = WAL * WIDDITiT: (7 W, ¥
} (Lhzj=1r}

for (ic=NCOLORtot-1; ic>=0; ic—) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
SW=20.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] = W[Z][itemU[j]-1]1;

J
WCZ1Lil= WLZILil - WIDD][i] * SW;
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solve |ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i 00l or Y=}

for (ic=0; ic<NCOLORtot; ic++) { . .
for (i=COLORindex[ic]; i<COLORindex[ic+1]: i++) | Forward Substitution
WVAL = WZITi1;
for (j=indexL[i]: j<indexL[i+11; j++) {
WVAL —= ALTJ1 * WIZ] [itemL[jI-1]:

b .
} W[Z][i] = WVAL * W[DD][i]; (L){Z}= {I"}
for (ic=NCOLORtot-1; ic>=0; ic—) | .
o %gr(éWGOLgﬁ(i)r_ldex'[?c]; <COLORindex[ic+11: i+ | Backward Substitution
for (j=indexULil; i<indexULi+11; j++) {
SN += AULJ] * WLZ] [itemU[j1-11:

J
WLZ1[il= W[ZI[il - WIDD][i]l * SW;

- (DL fz}={z}
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i 00l or Y=}

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindexTicl; i<COLORindex[ic+1]; i++) {

If order of computations in same

color is changed: NO effect deﬁ ; { Forward Substitution
i= COLORIic], COLOR(ic+1) (LXz}={r}

i= COLOR][ic+1], COLOR]ic], -1

for (ic=NCOLORtot-1; ic)>=0; ic—) {
for(é\T’CQLgR(i)r_ldex[ic]: i<COLORindex[ic+1]; i++) { Backward Substitution

for (j=indexU[i]; j<indexU[i+1]; j++ { m

} SW += AU[j] = W[Z][itemU[j]-1];
WLZI[il= W[Z]1[il - WIDDI[i] = SW;

- (D1 Yz}={}
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Forward/Backward Substitution
BIERIBXA

for (i=0; i<N; i++) { for (ic=0; ic<NCOLORtot; ic++) {
WVAL = W[Z][i]; for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
for (j=indexL[i]; j<indexL[i+1]; j++) { WVAL = W[Z][i];
WVAL —= AL[j] * W[Z][itemL[j]-171; for (j=indexL[i]; j<indexL[i+1]; j++) {

WVAL —= AL[j] = W[Z][itemL[j]-1];

J
W[Z][i] = WVAL = W[DD][i]; }
W[Z][i] = WVAL = W[DD][i];

for(éﬁN—16 6}=O: i—) | }
for?j=]n&exU[i]; j<indexU[i+1]; j++) { for (ic=NCOLORtot-1; ic>=0; ic—) {
} SW += AU[j] = W[ZI[itemU[j1-17; for(éwCQLgRéndex[ic]: i<COLORindex[ic+1]; i++) {
WLZILil= W[ZI[i]l] - W[IDD][i] = SW; forzj=}naexU[i]; j<indexU[i+1]; j++) {
} SW += AU[j] * W[Z][itemU[jI-11;
WCZIL[il= W[Z]I[i] - WIDD][i] * SW;
—

}
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solve |ICCG_mc (5/7)

/****************

* RHO = {r} {z} *
sokkkkRRRRR KRR KAk

RHO = 0.0;
for (i=0; i<N; i++) {
RHO += WLRILil * W[ZI[il;

/********************************
* {p} = {z} if ITER=0  =*
* BETA = RHO / RHO1 otherwise *

********************************/

if(L ==0) {
for (i=0; i<N; i++) |
WIPIL[i]l = W[Z]Li]l;
} else {

BETA = RHO / RHO1;
for (i=0; i<N; i++) {

WLPILil = WLZIL[il + BETA * W[P]L[i];

Compute r(®= b-[A]x()
for 1= 1, 2,
solve [M]z@ D= r(-1)
P, ,= ri-1 zGE-1)
if i=1
pM= z(0
else
B:i1= Pi-1/Pis
pil= zG1 4 B pG-D
endif
qP'= [Alp™
a, = p;,/pHg
x(= x(1 4 o,p)
= G- — o g
check convergence |r|



solve |ICCG_mc (6/7)

/FkkokskkskkokdokFkKokok (0)= p— (0)
% {a} = [A]{p] * Comptllte r b-[A]x
****************/ m 1= 1 ’ 2 ’
(i-1)= 4~ (i-1)

for (i=0; i<N; i++) [ solve [M]z™" "= r

VAL = DLil * W[PI[i]: | p, = ri1 zE-D

for (j=indexL[i]; j<indexL[i+1]; j++) { T

VAL += AL[j] * W[PI[itemL[j1-11; if i1i=1

} o _ , p M= 7(0)

for (j=indexU[i]; j<indexU[i+1]; j++) {

} VAL += AU[j] * W[P][itemU[j]-1]; else

WIQILi] = VAL; Bii= Pia/Pis
} pi= zG-D 4 B pE-D

x (= xG-1 4 g p
= pl-1 — g g
check convergence |r|

0]
3
0.
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solve ICCG_mc (7/7)

/************************
* ALPHA = RHO / {p} {q} *
************************/
C1 =0.0;
for (i=0; i<N; i++) {

Cl1 += W[PI[i]l = W[QI[i];

J
ALPHA = RHO / C1;

/***************************
* {x} = {x} + ALPHA * {p} *
* {r} = {r} - ALPHA * {qg} =*
***************************/
for (i=0; i<N; i++) {
X[i] += ALPHA * W[P][i];
WIRI[i] -= ALPHA * W[Q][i];

DNRM2 = 0.0;
for (i=0; i<N; i++) {
DNRM2 += W[R] [iJ+W[RI[i]:

ERR = sqrt (DNRM2/BNRM2) ;
if((L+1)%100 ==1) {

fprintf (stderr, “%5d%16. 6e¥n”, L+1, ERR);

J
if (ERR < EPS) {
*[ER = 0; goto N90O;

} else {
RHO1 = RHO;

J
*[ER = 1;

Compute r(®= b-[A]x(9)

for

0]
3
0.

solve [M]zG& D= G-l
p,_,= ri1b zG-1)
.
if i=1
pM= 70

check convergence |r|
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Incompatible Node #
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Effect of Color Number on
Convergence of ICCG
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 Remedy for Data Dependency

* Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)
— Reordering and Convergence

* Implementation
« ICCG with Reordering

« ICCG with Reordering on Multicores
— Just apply OpenMP to L2-sol
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