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Initial Structure of this Short Course

Feb. 21 (T)

Part-l (Katagiri):
Introduction to OpenMP & MPI

Feb. 22 (W)

Feb. 23 (Th)

Part-ll (Nakajima):
Parallel FVM

Feb. 24 (F)
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New Structure of this Short Course

Part-lI-1 (Nakajima):
Introduction to FVM

Feb. 21 (T)

Part-l (Katagiri):

02 25 () Introduction to OpenMP & MPI

Feb. 23 (Th)

Part-11-2 (Nakajima):
Parallel FVM

FX10 Supercomputer is not available on
Feb.24

Feb. 24 (F)




Overview of the 2"d Part

« Target Application
— 3D Finite Volume Method (FVM)
— Poisson Equations
— Conjugate Gradient Iterative Method (CG)
— CRS (Compressed Row Storage) for Sparse Matrices

« Parallel Application
— OpenMP on a Single Node
— MPI, OpenMP/MPI Hybrid
— Parallel Data Structure for Distributed Computation

* (Very Rough) Schedule
— Tuesday: FVM (Part-1l 1)
— Thursday PM: OpenMP (Part-1l 2)
— Friday AM: MPI, Parallel Data Structure (Part-Il 3)
— Friday PM: OpenMP/MPI Hybrid (Part-4)



SMASH: Scientific Computing

Science

Modeling

Algorithm

Software

Target: Parallel FVM (Finite-
Volume Method) using
OpenMP/MPI

Science: 3D Poisson Equations
Modeling: FVM
Algorithm: lterative Solvers etc.

You have to know many
components to learn FVM,
although you have already learned
each of these in undergraduate
and high-school classes.




Introduction to Parallel
Programming for
Multicore/Manycore Clusters

Part lI-1: FVM Code

Kengo Nakajima
Information Technology Center
The University of Tokyo



Files on Your PC
Files on WEB:

http:-://nkl.cc.u-tokyo.ac.jp/files/fvm.tar

>$ cd <$CUR> : go to a certain directory
copy fvm.tar
>$ tar xvf fvm.tar

>$ cd fvm <$P-Fvm>

Please confirm that following directories are created:

>$ Is
src-c src-f run

PC Oakleaf-FX




« Background
— Finite Volume Method
— Preconditioned lterative Solvers

* CG Solver for Poisson Equations

— How to run
« Data Structure

— Program
* Initialization
» Coefficient Matrices
 CG




Target of this Part

« Material: CG solver for sparse matrices derived
from FVM applications (Finite Volume Method).

» Parallelization on a single node of Oakleaf-FX
(FX10) using OpenMP
« Keywords

— Finite Volume Method (FVM)
— Sparse Matrices
— CG Method



Target Application

3D Poisson Equations
az¢ 52¢ 0’¢
OX” ay2 oz’

Finite Volume Method (FVM)

— Arbitrary Shape Meshes, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers
— Conjugate Gradient + Preconditioner

+f=0
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Target Problem: Variables are defined
at cell-center’s

Poisson Equation

82 82 82
aﬁwﬁwﬁ”*
B.C.
° Volume Flux Flux of each cell
= dfloat(i+j+k) xVolume
— — 1,J.k)= icel, (1,2,
° (I)_O@Z_Zmax (i,3,k)=XYZ(icel,(1,2,3))

|24

X



11

3D Structured Mesh
Internal data structure is “unstructured”

[l L L L
[l L L

Z
N
AN

) A N NI AN
[>
N

NX



2 2 2
2g+af+a?+f:0
ox- oy~ oz

Volume Flux f
f =dfloat(i, + j, +k,)

I, = XYZ(icel,1), XYZ(icel, k) (k=1,2,3)

- : Index for location of finite-difference
Jo = XYZ(icel 2), mesh in X-/Y-/Z-axis.

ko = XYZ(icel ,3)

J O L L
A %
//
NZ ) AZ
¢ p—

NX
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij




Finite Difference Method (FDM)
(AIR) Z57%: BRI S

macroscopic differentiation

(%
dx

(%
dx

ji+1/2
ji+1/2

¢i+1 B ¢i

N/
"N/

AX

= lim

¢i+1 B ¢i

AX—0

AX

~
~
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~
SS
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\\\
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| i 1

i i+1/2 i+1
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Finite Difference Method (FDM)

Taylor Series Expansion
2"d-Order Central Difference

42 (I)i—l (I)i (I)i+1
e e—e—e

ax” ), AX AX

(dcﬁj _(dﬂ bo-b -4,
i(%} NP dX )i AX j AX
dxdx ). AX AX
_ G — 20+,

AX®
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij
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Comparison with 1D FDM (1/3)

Ah <
4h x 4h Square Mesh
d. | d d d, Surface Area: S,.= 4h
® - alf Tla e Mib § ™ bl__‘ ik
N ? " Volume: Vi = Ah?
iz Sio Distance (Ctr.-Suf): d;=4h/2

thickness: 1

Flux through this surface: Qs;,

Os, = ¢, — & S Fourier’s Law
ib — ib Flux through a surface
= - (gradient of potential)
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Comparison with 1D FDM (2/3)

Ah 1< .
4h x 4h Square Mesh
d. | d d d, Surface Area: S..= 4h
® - é“_________'@__‘_____lb ________ bl__‘ ik
N i " Volume: Vi = Ah?
Sia i Distance (Ctr.-Suf): d;=4h/2
thickness: 1

Sik _ Y
2g g Bh)HViQ=0

Divided by V:

1 Sik _ Y
Vg ag AA)rQ=0

considering this part
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Comparison with 1D FDM (3/3)

Ah d L
4h x 4h Square Mesh
O | G g iy | dy Surface Area: S;,= 4h
: ? : Volume: V; = 4h?
e S Distance (Ctr.-Suf): d;=4h/2
thickness: 1
1 S, TR Ah
Vi ; dy +dy (¢k ¢i)_ (Ah) kZab Ah Ah (¢k ¢I)
2 2
1 Ah 1 1
“ (o A A be=8)= 1507 2 Z 4 -4)- A 2 4)
2 2

(4 — )= 0,20, +d | fori-th cel

(AhY linear equations

1
- (Ah)2 (¢a - )+

1
Ah)’




in 3D

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

zy y_ NEIBcellicel][2]
/ NEIBcell[icel][4]

X

NEIBcell[icel][1]

%

¢neib[ice|][0] _ ¢icel AyAZ n ¢neib[icel][1] — Picel AyAZ n

AX AX

¢neib[ice|][2] o ¢icel AZAX + ¢neib[ice|][3] _ ¢ice| AZAX 4

Ay Ay
¢neib[icel][5] B ¢

¢neib[icel][4] _¢iCe| AXAy + icel AXAy + ficel
A7 AZ

AXAYAZ =0

20



Linear Equations

Preivriceiro) ~ Pice AYAZ + Previce 11 ~ P AYAZ +
¢neib[ice|][2] o ¢ice| AZAX + ¢neib[ice|][3] B ¢ice| AZAX +
Ay Ay

Dreivficel (4] ~ Pice AXAY + Preiicetis) ~ Do AXAY + f, . AXAYAZ =0

Sical_
Z loel -k (¢ ¢|cel ) flceIV
d
k icel—k

— |:Z jicel—k :|¢ice| + |:Z d|ceI —k ¢ki| f.ce|V (icel _ 1’ N)

K icel—k K icel—k

Diagonal  Off-Diagonal

— [Aligj=1f}

21
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FEM

IXIN

Many “O!s”

[KH{®} = {F}

T O T T R T I T AR T S 1

Sparse Coef. Matr

LL L. LL L LL LL
[l
& e 8 8888 s s a =Y
—
X
> )
X X
X
X
X X
(A >
X
P
> X
> X
X X
(@) >
|
© (A £\
=) &/ &/ ©,
(e)]] | ™|
5 O—O—O
A AN
00| | oN|
< =)\ oo\ /.
=) S ©) row
N <t |




Coef. Matrices for FVM are sparse
Only neighboring cells are considered

Diffusion:
Interaction with Neighbors

. Qi T 0

o<

Q

Sm _ Y
D5 (B =4)+ViQ =0

Volume Flux

ij

- Volume
- Surface Area
- Distance between

Cell-Center &
Surface

- Volume Flux

23



Sparse Matrix for FVM

Sparse Matrix X
— Many “0™'s

Storing all components
(e.g. A(1,)) is not efficient
for sparse matrices

— A(l,)) is suitable for dense
matrices

Number of non-zero off-diagonal components is

D
X

X
X
X

X
D
X

X
X
X

X X
X

D X
X D
X

X X
X X
X

O(100) in FVM (only 6 in this case)

— If number of unknowns is 108 :
« A(i,)): O(10'%) words

X
X
X

O X

>

 Actual Non-zero Components: O(10!%) words

Only (really) non-zero off-diag. components should

be stored on memory

X X
X X

X
X
X

X
D
X

X
D

660606 P0LOLOEOLESE

iy i e e e i 3 s o 2 0 o e o 1 e 1 O 1 B

24
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Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

Diag (1)
Index(1)
Item(k)

(INT, k=1, index(N))
AMat (k)

Diagonal Components (REAL, i=1~N)
Number of Non-Zero Off-Diagonals at Each ROW (INT, i=0~N)
Off-Diagonal Components (Corresponding Column ID)

Off-Diagonal Components (Value)

( REAL, k=1, index(N) )

{Y}= [A]l{X}]

do i=1, N
Y(i)=Diag(i)*X(i)
do k= Index (i—-1)+1,

Index (i)

Y(i)= Y(i) + Amat (k) *X (Item(k))

enddo
enddo

><U‘

x X

O X

x X

<[0)
N

by Bat

by Bt

X XX xX O X
X X X X O X

< X

x X

xX X X X O X X X X

X X X X O X X X X

O X

xX X

x O

x X

< X

X X X X O X X XX
O X

X X X X O X X X X

x X

x X

x O
X O X X X X

x X

xX O X xX X X

1]
S monnomonmom m.on @J" Ly |

IU><




26

Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

{Q} =[A] {P}

for (i=0;i<N; i++) {
WIQI[i] = Diag[i] * W[PI[i];
for (k=Index[i];k<Index[i+1];k++) {
} WIQ][i] += AMat[kI*W[P][Item[k]];

}



Mat-Vec. Multiplication for Dense Matrix

all
A,

a'N -1,1
a'N 1

Very Easy, Straightforward

a12 a1,N—1 al,N 1 Xl \
a22 a2,N—1 aQ,N X2
J -
a'N—1,2 a'N—l,N—l a'N—I,N XN—I
aN,z a'N,N—l a'N,N | U XN J
{Y}= [A]{X]

for (j=0; j<N; i++) {

Y[il= 0.0;
for (i=0;i<N;i++) {
Y[jl+= ALj1Li1=X[il;

-

N

Yi
Y

Yn-i

\yNJ

27



Compressed Row Storage (CRS)
9060600 00 O
1.1 24 O 0 3.2 0 0 0
43 36 0 25 O 3.7 0 9.1
O 0 57 0 1.5 0 3.1 0
0O 41 0 98 25 27 0 0
3.1 95 104 0 115 O 4.3 0
0O 0 65 0 0 124 95 0

0 64 25 O 0 14 231 13.1
0O 95 13 9 0 31 0 51.3]

28



Compressed Row Storage (CRS): C

Numbering starts from 0 in program
00000060060
11| 24 3.2

©|D @
4.3 | 3.6 2.5 3.7 9.1
© | @ &) ® @
5.7 1.5 3.1
@ @ ®
4.1 9.8 | 2.5 | 2.7
@ @1® &
3.1 (9.5 [10.4 11.5 4.3
© @@ @ ®
6.5 12.4( 9.5
@ ® | ®
6.4 | 2.5 1.4 [23.1[13.1
O @ ®|1® |
9.5 1.3 | 9.6 3.1 51.3
ORRSERS) ® @

N= 8

Diagonal Components

Diag[O0]= 1.
Diag[l]= 3.
Diag[2]= 5.
Diag[3]= 9.
Diag[4]= 11.
Diag[5]= 12.
Diag[6]= 23.
Diag[7]= 51.

Wk, A~AOTOONO PR

29
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Compressed Row Storage (CRS)

s © s ©
50 |202e
“® 8O -0 5O
MG RGNS
20 20
SQ29/2682@
~© ¥9 a0 |e0a®
30 = O
C0|20|5020|c09a050=6
&




Compressed Row Storage (CRS)

(Index[i])*"~(Index[i+1]) -

# Non-Zero
Off-Diag.
‘:’ 11 | 2.4 | 3.2 5
©  ©® @
‘ﬂ’ 3.6 | 4.3 | 25| 3.7 | 9.1 4
ORECHECRECORRC
¢g' 57 | 1.5 | 31 5
@ | @ | ®
‘a’ 98 |41 | 25| 2.7 3
@ ® @ ®
‘n' 1.5 3.1 | 9.5 {104 | 4.3 4
ORECHEOREXREG
‘a' 12.4| 6.5 | 9.5 5
® | @ ®
1" 231/ 64| 25|14 131 4
® | ©®© 1 Q@ 6|0
‘a’ 51.3/ 9.5 1.3 | 9.6 | 3.1 4
@ ® Q@ |6

Index[O]= O
Index[1]= 2
Index[2]= 6
Index|[3]= 8

Index[4]= 11
Index[5]= 15
Index[6]= 17
Index[7]= 21

Index[8]= 25

Non-Zero Off-Diag. Components corresponding to i-th row.

NPLU= 25
(=Index[N])

31



Compressed Row Storage (CRS)

Index[O]= O
Index[1]= 2
Index|[2]= 6
Index[3]= 8

Index[4]= 11

(Index[i])*"~(Index[i+1]) -

# Non-Zero
Off-Diag.
‘:’ 11 | 24 | 3.2 5
© @O0 @1
'n’ 3.6 | 4.3 (25| 3.7 | 91 4
D 0,2/3,3|®,4 @5
e . . 2
© 3
‘n' 1.5 3.1 | 95 (104 4.3 4
@ ©,11(D,122,13/®),14
(‘a' 12.4| 6.5 | 9.5 5
® (2,15/6),16
‘E’ 231/ 64 | 25|14 (131 4
® ,172,18(5),19(?,20
'a’ 51.3|/ 9.5 1.3 | 9.6 | 3.1 4
@ ,21/2),22(3,23(5),24

Index[5]= 15
Index|[6]= 17
Index[7]= 21

Index|[8]= 25

Non-Zero Off-Diag. Components corresponding to i-th row.

NPLU= 25
(=Index[N])

32



Compressed Row Storage (CRS)

9.1
@5

4.3
®,14

13.1
@,20

3.1
®),24

Item[ 6]= 4, AMat[ 6]
Item[18]= 2, AMat[18]

1.5
2.5

33
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Compressed Row Storage (CRS)

©

2.4
D,0

3.2
@,1

S

4.3
©,2

2.5
.3

3.7
©.4

9.1

@,5

® 3

1.5
@,6

3.1
®.7

@ &

4.1
OX:

2.5
@,9

2.7
®,10

-
N
)]

3.1
©,11

9.5
D,12

10.4
2,13

4.3

®,14

@i@-

6.5
2,15

9.5
®,16

N
w
@

6.4
®,17

2.5
2,18

1.4
®,19

13.1
@,20

(8}
-
@'oo

9.5
@®,21

1.3

2,22

9.6

3,23

3.1
®),24

Diag [1] Diagonal Components (REAL, i=0~N-1)
Index[1[ Number of Non-Zero Off-Diagonals at
Each ROW (INT, i=0~N)
Item[k] Off-Diagonal Components
(Corresponding Column ID)
(INT, k=0, index[N])
Amat[k] Off-Diagonal Components (Value)
( REAL, k=0, index[N] )

{Y}=[A] {X}

for (i=0;i<N; i++) {
Y[i] = Diagli] * X[i];
for (k=Index[i];k<Index[i+1];k++) {
Y[i]l += AMat[k]*X[Item[k]];
}



« Background
— Finite Volume Method
— Preconditioned lterative Solvers

* CG Solver for Poisson Equations

— How to run
« Data Structure

— Program
* Initialization
» Coefficient Matrices
 CG
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Large-Scale Linear Equations in
Scientific Applications

Solving large-scale linear equations Ax=b is the most
important and expensive part of various types of
scientific computing.

— for both linear and nonlinear applications

Various types of methods proposed & developed.

— for dense and sparse matrices

— classified into direct and iterative methods

ey

Dense Matrices:Z1715l: Globally Coupled Problems
— BEM, Spectral Methods, MO/MD (gas, liquid)

Sparse Matrices:ER4T31: Locally Defined Problems
— FEM, FDM, DEM, MD (solid), BEM w/FMM



Direct Method
BEiE

e Gaussian Elimination/LU Factorization
e compute AT directly.

Good

e Robust for wide range of applications.
e Good for both dense and sparse matrices

Bad

e More expensive than iterative methods (memory,
CPU)

not scalable

37



What is Iterative Method ?

Initial Solution
PRz

RiEE

Linear Equations

EIT—RAER

\
a; a, - Q| X bl XI(O)
Ay Ayttt Ay, | X, bz x.. (O
. . o . . — : X(O) = 2.
0
a,, a,, - a, \Xn ) bn ) Xn( :
A X b

Starting from a initial vector x(©), iterative method
obtains the final converged solutions by iterations

(1) (2)

X ,X ,...

38



lterative Method
R1E%

« Stationary Method

— Only x (solution vector) changes during iterations.
— SOR, Gauss-Seidel, Jacobi
— Generally slow, impractical

Ax =b =
x D = Mx ™ + Nb

* Non-Stationary Method
— With restriction/optimization conditions
— Krylov-Subspace
— CG: Conjugate Gradient
— BICGSTAB: Bi-Conjugate Gradient Stabilized
— GMRES: Generalized Minirfial Residual

39
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Iterative Method (cont.)
Good

e Less expensive than direct methods, especially in
memory.

e Suitable for parallel and vector computing.

Bad

e Convergence strongly depends on problems,
boundary conditions (condition number etc.)

e Preconditioning is required : Key Technology for
Parallel FEM




Non-Stationary/Krylov Subspace

Method (1/2)
EEFRE-V)ATER S ERIE
Ax:b:>X:b+(I—A)X
Compute x,, x,, X,, ..., X, by the following iterative procedures:
X, =b+ (I — A)xk_1
= (b - AX, )+ X,
=TI, +X,_, wherer, =b — Ax, : residual

k-1
X, =X+ ) T,
=0

r.=b—Ax, =b-A(r_, +x,,)
= (b - AX, )_ Ar,_ =r_ —Ar_ = (I - A)rk—l

41



Non-Stationary/Krylov Subspace

Method (2/2)
FEEEE-V)OIE 7S EMIE

k—1 k—2 k—1 :
X =X, + ) L =X,+r,+ > (I-A), =x,+r,+ > (I-A)T,
=0 =0 i=1

k—1

| k-1 |
S (I_A)'ro{n (I_A)'}O
[ =1
z, is a vector which belongs to k" Krylov Subspace (£JB72

ER4>ZE[) , approximate solution vector x, is derived by the
Krylov Subspace:

2 k-1
[rO,ArO,A y,...,A ro]

42
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Conjugate Gradient Method
RO EE

* Conjugate Gradient: CG
— Most popular “non-stationary” iterative method
« for Symmetric Positive Definite (SPD) Matrices
— XIFFIETE
— {X}T[A]{x}>0 for arbitrary {x}
— All of diagonal components, eigenvaules and leading
principal minors > 0 (F/MTHIRX - EEE1TSIZ)
— Matrices of Galerkin-based FEM: heat conduction, Poisson,

static linear elastic problems At B Al e - A
 Algorithm By BBy A
« ” T R

— “Steepest Descent Method 3 aa A a, S

_ x()= x(-1) + a, p0) az as ae ae a;

« x0:solution, p®:search direction, «;: coefficient
— Solution {x} minimizes {x-y}'[A]{x-y}, where {y} is exact
solution.



Procedures of Conjugate Gradient

Compute r®= p-[A]x©®
for 1=1, 2, .

@

z(-D= p@G-1)
if 1=1

pM= z©O

else

Bitlz Pi-_1/Pi-2

pO= zG-D + p. ., pl-D
endif
q®O= [A]p®
a; = pi—llp(i)q(i)
XM= x(G-1D + g.plD
rv= rG-1 _ Otiq(i)
check convergence |r]|

« Mat-Vec. Multiplication

* Dot Products

 DAXPY (Double
Precision: a{X} + {Y})

x( - Vector
a; - Scalar
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Procedures of Conjugate Gradient

Compute r@= p-[A]x©O C :
mpi: 1, 2, . Al « Mat-Vec. Multiplication

2(i-1D= p(i-1)
pi_= rd-n zG-n
if i=1

pM= 7z
else

Bi-1= Pi-1/Pi2 )
pM= zG-1) 4+ Bi_1 p-1

endif

q(l): [A]p(')_ _ X(i) - VeCtor
aj = pia/pg®
x(D= xG-D 4+ :p a; - Scalar
rv= rG-1 _ Otiq(i)

check convergence |r]|

D
)
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Procedures of Conjugate Gradient

Compute r®= p-[A]x©®
for 1= 1, 2, .
z(-D= p@G-1)
pi= ra-n zG-1
if i=1
pM= z©O
else
Bi-1= Pi-1/Pi2 _
pO= zG-D + p. ., pl-D
endif
q®= [A]p™
a;j = pia/pg®
XM= x(G-1D + g.plD
rd= rG-0 _ o.qd®
check convergence |r]|

D
)

Dot Products

x( - Vector
Scalar

S



Procedures of Conjugate Gradient

Compute r®= p-[A]x©®
for 1=1, 2, .

2(i-D= p(i-1)

pi = rG-D zG-D

if i=1 « DAXPY
p®= z©  Double
else
Bi_1= Pi-_1/Pi-2 ) * {y}= a{X} + {y}
p(D= 2G-D + . pG-D
endif _
qO= [Alp® x(M - Vector
o; = pi/ptIg®
x(D= XG4+ g p® o; - Scalar

rd= rG-0 _ g.qM»
check convergence |r]|

D
)



Procedures of Conjugate Gradient

Compute r®= p-[A]x©® () -
for i= 1, 2, . X - Vector
z(-D= >G-1) ai - Scalar
Pi_1= r@i-10 z(i-1)
if i=1
pD= 2O
else

Bi-1= Pi-1/Pi2 )
pM= zG-1) 4+ Bi_1 p-1
endif
qO= [A]p®
a; = py/POD
x(D= x(-D 4 g .p®
r= G- - ¢ q®

check convergence |r]|

D
)

48
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Derivation of CG Algorithm (1/5)

Solution x minimizes the following equation if y is the exact
solution (Ay=b)

(x=y)' [Alx=y)

(x—y) [Afx—y)=(x, Ax)-(y, Ax)—-(x, Ay)+(y, Ay)
= (x, Ax)=2(x, Ay)+ (y, Ay) = (x, Ax)-2(x,b) +(y.b) ©ONSt;

Therefore, the solution x minimizes the following f(x):

f(x):%(x, AX)—(x,b)

f(x+h)=f(x)+(h, AX_b)Jr%(h, an)  Arbitrary vector h



f(x):%(x, AX)~(x,b)

f(x+h)= f(x)+(h, Ax—b)+%(h, ah)  Arbitrary vector h
f(x+h):%(x+h,A(x+h))—(x+h,b)
— - (x+h, AX) = (x+h, AR (x.b)- (n.b)
+%(h,Ax) ;(x Ah)+ %(h AR)=(x,b)— (h,b)
x,b)+(h, Ax)—(h,b)+

E(h, Ah)

|l
—_
X
>
o
—
|
—

(x)+(h, Ax—b)+ 2(h Ah)



Derivation of CG Algorithm (2/5)

CG method minimizes f(x) at each iteration.
Assume that approximate solution: x©, and
search direction vector p® is defined at k-th iteration.

XD = x4 g p®

Minimization of f(x&*1) is done as follows:

f(x(k) ta, p(k))zéakz(p(k), Ap(k))—ak(p(k),b— Ax(k))+ f(x(k))

of X(k)Jr p(k) p(k),b—AX(k) p(k)’r(k)
( ao:k ):O:mk . (p™, Ap®) - (E)“%Ap(k?

] (1)

k k .
r' =p— Ax"™ residual vector
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Derivation of CG Algorithm (3/5)

Residual vector at (k+1)-th iteration: p«n _p_ axn poo Zp_ ax®

r&D o _ a, Ap(k) (2) r —r® = Ax%D - A = o, Ap™

Search direction vector p is defined by the following
recurrence formula:

(k+1) _ (o (ks1) K) ¢ (0) _ ()
P =rT+ fp L r =p (3)

It's lucky if we can get exact solution y at (k+1)-th iteration:

_ (k+D) (k+1)
y=x""+a.,p



Derivation of CG Algorithm (4/5)

BTW, we have the following (convenient) orthogonality relation:

(K) oy (k+D) )
(Ap Y — X ) 0
(Ap("), y— x“‘”)): (p(k), Ay - Ax“‘”))z (p(k),b _ Ax(k“))

_ (p(k),b _ A[x(") ta, p(k)D: (p("),b A0 g Ap("))
(p(k), ro g, Ap(k)): (p("), r(k))—ak (p(k), Ap(k)): 0

(p(k),r(k))
O = (p(k),Ap(k))

Thus, following relation is obtained:

(Ap(k), y— x(k“)): (Ap(k),akﬂ p("“)): 0— (p<k+l), Ap(")): 0
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Derivation of CG Algorithm (5/5)

(p(k“),Ap(k)): (r(k+1) s p(k),Ap(k)): (r(k“),Ap(k))+ ,Bk(p(k),Ap(k)):O

. r(k+1)’Ap(k)
= B = ((p("),Ap(k))) (4)

(p(k“), Ap(k))= 0 p® and p&+D are “conjugate (&£ 1&)” for matrix A

Compute p©@=r@®= b-[A]xO ( (1) (i—l))

for i=1, 2, . g =\ T
calc. o;_; i-1 (p(i—l) Ap(i—l))
x(M= x(i-1) 4 ai_lp(i—l) ’
r= rG-1 _ . [A]pG-D

_(r(i) Ap(“”)
check convergence |r]| ﬂi—l :( (-1 A (i—l))
(1T not converged) P » AP

calc. B;_;
p(l): ra + Bi_q p(l-l)

D
-
o
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Properties of CG Algorithm

Following “conjugate (#£1%)” relationship is obtained for
arbitrary (1,)):

(p(‘),Ap”)):O (i - j)

Following relationships are also obtained for p® and r®:
(r(‘), r(”): 0 (i o) j), (p(k),r(k’): (r(k), r(k))

In N-dimensional space, only N sets of orthogonal and linearly
independent residual vector r®. This means CG method
converges after N iterations if number of unknowns is N.
Actually, round-off error sometimes affects convergence.



Proof (1/3) (F,r9)=0(i = j)
Mathematical Induction O AnD )i
K R " Ap)=0011)

) (p(k),r(k))
(1) Oy = (p(k),Ap(k))
(2)  r%D =0 _g Ap®

(k+l) _ (kD) K) (0) _ (0
(3) p U =rrHLp I =p

—(r®, Ap®
(4) B, = ((p(k),Ap(k)))




PrOOf (2/3) (I‘(i),l‘(j))=O(l ] J)
Mathematical Induction <p(i),Ap(D) 0(i % j) (*)
SRR
(%) is satisfied for 1 <k, ] <k wherel # |
ifi <k (r(k“),r(”) (ra),r(kﬂ))(z)(r(i) r(k)—akAp(k))
L (r®, Ap® )@ (p© - g, p, Ap™)
=0 (p(i) Ap(k))"' akﬂi—l(p(i_l)a Ap(k)}ib

if i = (2)
if i =k (r<k+l> r(k)) r (0 r(k)) (r“‘) akAp(k))

(

3(r<k> r(k)) ( © _ g pkb akAp“‘))
(
(

| % |l

(k) r(k)
(1) = (S?k) Ap(k?) (%)

1
ro, (k)) ( (k) Ap("))(—)( (k) r“‘))—(p(k),r“‘))
(2) —a, Ap (_) r (0 r(k)) (:Bm (k1) 4 (o) r(k))

(3) p“ =r*"+ g, p" (2) \
_ (k=1) (k) (k=1) (k-1 (k=1)
( (k+1) Ap(k)) T _ﬂk—l( ’ r )_ _ﬁk—l( ’ r o ak—l Ap )

DA=Tom ap®] == {p% 0, r* )=, (p%, Apt )| Yo




Proof (3/3) (0 r ) =0 (i = j) ;
Mathematical Induction (p(.) Ap(,)) 0(i % j) (*)
HFERIIFNE

: . _ _ o ~(p®,r®
(%) is satisfied for i <k, j <k wherei # j (e = (E)“),Ap(k?)
- + i )3 + [ (2) ré =t _akAp(k)
—if | < k (p(k 1)’ Ap( ))(:)(r(k ) T ﬂk p(k)’ Ap( )) 3 (kt) — ksl (k)
(f)(r(kﬂ) A (i)) (3) P = PP
= » AP B —(r("”),Ap("))
1 _ (4)18k_ ( (k) A (k))
(2) (r(k+1) r _ I‘('_l)): 0 P, Ap
P
ifi=k (p(k+1),Ap(k))(g)(r(kﬂ),Ap(k))+ﬁk(p(k),Ap(k))

@
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(r(k“), r(k))
(r“‘“), r(k))

S

)
() r(k)) (r(k),akAp(k))

( (k) r(k)) (p(k) _ﬁk—lp(k_l)9akAp(k))
)( (k) r(k) ak(p(k),Ap("))(;)(r(k),r(k))—(p“‘),r(k)):O

1% Ilw IIcoll

(v 0 (k))_( (k) (k)) _ (p%,re)
. (I’ ’ r — p ’ I (1)05k - (p(k),Ap(k))

_(r(kﬂ), Ap("))
(p(k), Ap("))

(4) b =



o, P

Usually, we use simpler definitions of ¢,, 4, as follows:

0% b— Ax(k)) (p(k),r(k)) (r("),r(k))

L

(p(k), Ap(")) - (p(k), Ap(k))_ (p(k), Ap(k))
(p(k), r(k))= (r(k), r(k))
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Procedures of Conjugate Gradient

Compute r®= p-[A]x©® -
for i= 1, 2, . x( - Vector

z(-D= >G-1) ai - Scalar

Pi_1= r@i-10 z(i-1)

if i=1

pD= 7 o
else B = (e ) (=)
i1

Bi-1= Pi-1/Pi_2

endif . .

e i (i-1) a—n)

q= [A]p® 0 = (r L (: /Oi—l)
o = pya/pPOGD " (p®, Ap®)

x(M= x(i-1) 4 (xip(i)
rd= rG-0 _ o.qd®
check convergence |r]|

D
)
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Preconditioning for lterative Solvers

e Convergence rate of iterative solvers strongly depends
on the spectral properties (eigenvalue distribution) of
the coefficient matrix A.

e Eigenvalue distribution is small, eigenvalues are close to 1
e In “ill-conditioned” problems, “condition number” (ratio of
max/min eigenvalue if A is symmetric) is large (§4%k) .

e A preconditioner M (whose properties are similar to
those of A) transforms the linear system into one with
more favorable spectral properties (BIALIE)

M transforms Ax=Db into A'x=b' where A'=M-1A, b'=M-1b

If M~A, M-'A is close to identity matrix.

If M-'=A-1, this is the best preconditioner (Gaussian Elim.)

Generally, A'x'=b’ where A'=M,-"AM"", b'=M,-'b, xX’=Mgx

M, /Mg: Left/Right Preconditioning (% . A Ri4LEE)




Preconditioned CG Solver

Compute r®= b-[A]x©O
for i=1, 2, .
solve [M]zC(-D= rG-1
pi—]_: r(i—l) Z(i—l)
if i1=1
p(l): 7 (0
else
Pi-1= Pi-_1/pi_2 _
p(l): z@(-1) 4 Bi—l p(l_l)
endif
g(O= [A]p
a; = pi_/pMg®
XM= x(-1D + o.pd
r(i): r(i—l) _ Otiq(i)
check convergence |r|

D
-
o

[M]= [Mi1[M:]
[A*]x=b"
[A”1=IM 1 [ATIM ]
X7=[M]Ix, b=[M]'b

p*=>[Mx1p, r’=>[M1'r

p’(O= r7G-D + 7. p?G-D

[V1p®= [M]1rdD + B, [Mp]pC-D

p®= [M,]1[M,JrGD + B, pG-D

p®= [M]LrG-D + g, , pG-D

B”ii= (IMItrG-D rG-Dyy/
([M] —1r-(i—2) , r—(i—2))

o’ = (MIrG-D rG-13/
C pUD,[A]p¢-D)
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Preconditioned Conjugate Gradient
Method (PCG)

©= b- © . . .
compute reP= b-[Alx Solving the following equation:

for i= 1, 2, .
(i-1= p(i-1) _
N e zj=MI"r}
if i=1
I_liﬂllk z© “Approximate Inverse Matrix”
else - =
Bi1= Pi-1/Pi _ [M] '~ [A] 19 [M ]z [A]
p(D= pG-D + g, zG-D
SZ%C[A]D(D Ultimate Preconditioning:
o; = pyy/POGD Inverse Matrix
Ko v o MI" =[], [m]=[A]

check convergence |r| _ _ _
Diagonal Scaling: Simple but weak

M["=[D]". [M]=[D]

D
>



Diagonal Scaling, Point-Jacobi

M]=| ...

e solve [M]zCO-D= rG-1 js very easy.
* Provides fast convergence for simple problems.



ILU(0), I1C(0)

* Widely used Preconditioners for Sparse
Matrices
— Incomplete LU Factorization

— Incomplete Cholesky Factorization (for Symmetric
Matrices)

* Incomplete Direct Method

— Even if original matrix is sparse, inverse matrix is not
necessarily sparse.

— fill-in

— ILU(0)/IC(0) without fill-in have same non-zero pattern
with the original (sparse) matrices




Full LU Factorization 33

(or LU Decomposition) e

e Direct Method

o Alis calculated directly
e A'can be saved
e Fill-in’s

e LU factorization

67



Incomplete LU Factorization |33
(ILU)

e |LU factorization
Incomplete LU factorization

e Generation of fill-in’s is controlled
Preconditioning method

ncomplete Inverse Matrix, “Weaker” Direct Method
LU(O): NO fill-in’s
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ILU(0), I1C(0)

* |ncomplete Factorization without Fill-in’s
— Saving Memory, Smaller Computations

 If we solve equations by this incomplete
factorization, we can get “incomplete” solutions.
— But those are not far from accurate ones.

— “Accuracy”/”Inaccuracy” depends on property of
matrices
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Classification of Preconditioning
Methods: Trade-off

Strong

ﬁ

Point Jacobi

Diagonal
Blocking

ILU(0)

» Simple
 Easy to be Parallelized
* Cheap

ILU(1)

ILU(2)

Gaussian
Elimination

» Complicated
» Global Dependency
* Expensive




« Background
— Finite Volume Method
— Preconditioned lterative Solvers

 CG Solver for Poisson Equations

— How to run
 Data Structure

— Program
* Initialization
» Coefficient Matrices
 CG




Target Application

3D Poisson Equations

2 2 2
8?+8f+gg+f:0
ox~ oy~ 0z
Finite Volume Method (FVM)
— Arbitrary Shape Elements, Cell-Centered

— “Direct” Finite Difference Method

Boundary Conditions
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers

— Conjugate Gradient + Preconditioner (Diagonal
Scaling/Point Jacobi)

72



73

3D Structured Mesh
Internal data structure is “unstructured”

[l L L L
[l L L

Z
N
AN

) A N NI AN
[>
N

NX
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Target Problem: Variables are defined
at cell-center

Poisson Equation

82 52 82
axf+ayf+azf+f=0
B.C.
° Volume Flux Flux of each cell
= dfloat(i+j+k) xVolume
— — 1,J.k)= icel, (1,2,
° (I)_O@Z_Zmax (i,3,k)=XYZ(icel,(1,2,3))

|24

X
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij




Running the Program: <$P-fvm>/run

mg
mesh generator

'

— T
—

mesh.dat
mesh file

\_//

NO explicit mesh file
inactual computation.

sol0

Poisson Solver
FVM

}

INPUT.DAT
Control File

J

i

—
-

test.inp
ParaView File

p/
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$>
$>

$>
$>
$>

cd

Running the Program

<$P-L1>/run

Compiling

gfortran -0 mg.f¥ -o mg (or cc -0 mg.c —o0 mg)

Is

cd

mg
mg

_../Ssrc-c

make

Is

_./run/sol0
solO

Mesh Generator: mg

Poisson Solver (FVM): L1-sol
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Running the Program
Mesh Generation

$> cd ../run
$> ./mg

NX, NY, NZ
4 3 2
$> Is mesh.dat
mesh.dat
/
NZ
- v NY
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4 3 2
24

1 0 2 0 5 0 13 1
2 1 3 0 6 0 14 2
3 2 4 0 7 0 15 3
4 3 0 0 8 0 16 4
5 0 6 1 9 0 17 1
6 5 7 2 10 0 18 2
/I 6 8 3 11 0 19 3
8§ /7 0 4 12 0 20 4
9 0 10 5 0 0 21 1
M0 9 11 6 0 0 22 2
1M 10 12 7 0 0 23 3
12 11 0 8 0 0 24 4
13 0 14 0 17 1 0 1
14 13 15 0 18 2 0 2
15 14 16 0 19 3 0 3
16 15 0 0 20 4 0 4
17 0 18 13 21 5 0 1
18 17 19 14 22 6 0 2
19 18 20 15 23 7 0 3
20 199 0 16 24 8 0 4
21 0 22 117 0 9 0 1
22 21 23 18 0 10 O 2
23 22 24 19 0 11 0 3
24 23 0 20 0 12 0 4

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT

LWWWWNOINNDN === —=WWwWww DN — = ——

NN NNMNOOMNODNDMNMNDMNDN A A e e e

mesh.dat (1/5)

read (21, “(10i10)" ) ii, (NEIBcell(i, k), k=1, 6), (XYZ(i, j), j=1, 3)

enddo
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IR mesh.dat (2/5)
{ 0 2 0 5 013 1 1 f

2 1 3 0 6 014 2 1 1

3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 017 1 2 1

6 5 7 2 10 0 18 2 2 1

7 6 8 311 019 3 2 1 NZ

§ 7 0 4 12 02 4 2 1

9 01 5 0 0 21 1 3 1

10 9 11 6 0 0 22 2 3 1 NY
11 10 12 7 0 0 23 3 3 1 - .

2 11 0 8 0 0 24 4 3 1 NX

3 014 017 1 0 1 1 2

EEEE R

6 15 0 0 20 4 0 4 1 2 Number of meshes
17 018 13 21 5 0 1 2 2 in X/Y/Z directions
18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

20 02217 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 2419 0 11 0 3 3 2

24 23 0 2 012 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)” ) ii, (NEIBcell (i, k), k=1, 6), (XYZ(i,j), j=1, 3)
enddo



4 3 2
24
1 0 2 0 5 0 13 1
2 1 3 0 6 0 14 2
3 2 4 0 7 0 15 3
4 3 0 0 8 0 16 4
5 0 6 1 9 0 17 1
6 5 7 2 10 0 18 2
/I 6 8 3 11 0 19 3
8 7 0 4 12 0 20 4
9 0 10 5 0 0 21 1
M0 9 11 6 0 0 22 2
11 10 12 7 0 0 23 3
12 11 0 8 0 0 24 4
13 014 0 17 1 0 1
14 13 156 0 18 2 0 2
15 14 16 0 19 3 0 3
16 15 0 0 20 4 0 4
17 0 18 13 21 5 0 1
18 17 19 14 22 6 0 2
19 18 20 15 23 7 0 3
20 19 0 16 24 8 0 4
21 0 22 17 0 9 0 1
22 21 23 18 0 10 0 2
23 22 24 19 0 11 0 3
24 23 0 20 0 12 0 4

read (21, (10i10)") NX , NY , NZ
read (21,’ (10i10)') ICELTOT

do i= 1, ICELTOT

LWWWWNOINNDN === —=WWwWww DN — = ——

NN NNMNOOMNODNDMNMNDMNDN A A e e e

mesh.dat (3/5)

Number of Meshes (Cells)
= NX x NY x NZ

read (21, “(10i10)" ) ii, (NEIBcell(i, k), k=1, 6), (XYZ(i, j), j=1, 3)

enddo
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PR mesh.dat (4/95)
1 0 2 0 5 0 13 1 1 1

2 1.3 0 6 0 14 2 1 1 Neighboring Cells: NEIBceli(i,k)
3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 0 17 1 2 1 [ L L L
7% 8 511 015 3 2 1

8 7 0 4 12 0 2 4 2 1 13|14 16 //
9 010 5 0 0 21 1 3 1 y4

10 9 11 6 0 0 22 2 3 1 y 1234//
1110 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2 X

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

2100 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ

read (21, (10i10)") ICELTOT
_ 1st Col.: Global ID of the Cell
do i= 1, ICELTOT

read (21, “(10i10)" ) _ii, (NEIBcell(i, k), k=1, 6), (XYZ(i, j), j=1, 3)
enddo




NEIBcell: ID of Neighboring Mesh/Cell

=0: for Boundary Surface

NEIBcell[icel][3]

NEIBcell[icel][5] *

NEIBcell[icel][0] < =g NEI|Bcell[icel][1]

/ i= XYZ[icel][0]

j= XYZ[icel][1], k= XYZ[icel][2]
NEIBcell[icel][2] * icel= K*NX*NY + j*NX + i

NEIBcell[icel][4] ST | (V) BN TE-TE

NEIBcell[icel][1]= icel + 1
NEIBcell[icel][2]= icel — NX
NEIBcell[icel][3]= icel + NX
NEIBcell[icel][4]= icel — NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




PR mesh.dat (5/5)
1 0 2 0 5 013 1 1 1

2 1.3 0 6 014 2 1 1 Location in X,Y,Z-directions: XYZ(i,j)
3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 017 1 2 1

6 5 7 210 0 18 2 2 1

i 9 0 412 02 4 2 1

9 010 5 0 0 21 1 3 1 e
11012 7 0 03 5 3 1 %
A R A ; Bdithd '° 0¥ g
14 13 15 0 18 2 0 2 1 2 y 1234//
15 14 16 0 19 3 0 3 1 2

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2 X

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

93 22 24 19 0 11 0 3 3 2

294 923 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)" ) ii, (NEIBcell (i, k), k=1, 6), XYZ(i,j), j=1, 3)
enddo



NEIBcell: ID of Neighboring Mesh/Cell

=0: for Boundary Surface

NEIBcell[icel][3]

NEIBcell[icel][5] *

NEIBcell[icel][0] < =g NEI|Bcell[icel][1]

/ i= XYZ[icel][0]

j= XYZ[icel][1], k= XYZ[icel][2]
NEIBcell[icel][2] * icel= K*NX*NY + j*NX + i

NEIBcell[icel][4] ST | (V) BN TE-TE

NEIBcell[icel][1]= icel + 1
Z y NEIBcell[icel][2]= icel — NX
i NEIBcell[icel][3]= icel + NX
NEIBcell[icel][4]= icel — NX*NY + 1
X NEIBcell[icel][5]= icel + NX*NY + 1
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Running the Program
Control Data: <$E-L1>/run/INPUT.DAT

32 32 32 NX/NY/NZ
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG

« NX, NY, NZ
— Number of meshes in
X/Y/Z dir.

. DX, DY, DZ l
NZ

AZ

— Size of meshes

« EPSICCG ZM pa— AX

— Convergence Criteria X
for ICCG




Running the Program

Running, Post Processing by ParaView
http://nkl.cc.u-tokyo.ac.jp/class/HowtouseParaViewE.pdf

$> cd <$P-fvm>/run
$> ./sol0

$> Is test.inp
test.inp
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BEXDIELE
=

R
=Ak
AR
Y E A
y:ki:d
=Ak
JNE{R
—REFR
2
=AR2
U £ 2.2
DY {2
A2
=HHE2
JNEA2

UCD Format (1/2)
Unstructured Cell Data

:¥_'7_F &

- o]

. mEH 2
pt 0 0 1 0
line

=&k =Ak2
tri 0 0
w AN
tet ! 2 1 4 2

AEE NE 2
3 1 3
pyr o 0 10
Mo £ fiz mAR 2 2 2
prism 0 3 o7 3
16 8
hex 4 6 7
4 4 ‘
! 2 s 2 6 12 é

line2 _ﬁﬁz = _ﬁﬁz
tri2

quad?

tet2

pyr2

prism2

hex2

88
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UCD Format (2/2)

 Originally for AVS, microAVS
« Extension of the UCD file is “inp”

« There are two types of formats. Only old type can
be read by ParaView.
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« Background
— Finite Volume Method
— Preconditioned lterative Solvers

 CG Solver for Poisson Equations

— How to run
« Data Structure

— Program
* Initialization
» Coefficient Matrices
« CG




Structure of the Program

#include <stdio. h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

MAIN

Main Program

91

#include “struct.h”
#include “pcg. h”
#include “input.h “ ...

Int
main ()

double *WK;
int NPLU; ISET, ITR, IER; icel, ic0, i;
double xN, xL, xU; Stime, Etime;

if (INPUT()) goto error;

if (POINTER_INIT()) goto error;

i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;

if (POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*[CELTOT) ;
ISET = 0;

WK = (double *)mal loc (sizeof (double)*ICELTOT) ;

if(solve_PCG(...)) goto error;

if (OUTUCD()) goto error;
return 0;

error:

return -1;

INPUT

Read Cntl. File
INPUT _.DAT

POINTER_INIT

Mesh Generation

BOUNDARY_CELL
Searching ¢=0 Boundary

CELL_METRICS

Surface, Volume

POl _GEN

Matrix Assembly,
Boundary Conditions

SOLVER_PCG
PCG Solver




struct.h

#ifndef __H_STRUCT
#define __H_STRUCT

#include <omp.h>

int ICELTOT, ICELTOTp, N;

int NX, NY, NZ, NXP1, NYP1, NZP1, IBNODTOT;
int NXc, NYc, NZc;

double DX, DY, DZ, XAREA, YAREA, ZAREA;
double RDX, RDY, RDZ, RDX2, RDY2, RDZ2, R2DX, R2DY, R2DZ;
double *VOLCEL, *VOLNOD, #*RVC, *RVN;

int *kXYZ, *xNEIBcell;

int ZmaxCELtot;

int *BC_INDEX, *BC_NOD;

int *ZmaxGEL;

int #x]WKX;
double *xFCV;

int my_rank, PETOT, PEsmpTOT;
#tendif /* _H STRUCT */

ICELTOT:

Number of meshes (NX x NY x NZ)

N:

Number of modes

NX,NY,NZ:

Number of meshes in x/y/z directions

NXP1,NYP1,NZP1:

Number of nodes in x/y/z directions

IBNODTOT :
= NXP1 x NYP1

XYZ[ICELTOT][3]:

Location of meshes

NEIBcellJICELTOT][6]1:

Neighboring meshes
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pcg.h (1/5)

#ifndef _ H PCG

ftdefine _ H PCG
static int N2 = 256;
int NLUmax, NCOLORtot, NCOLORk, NLU;
int METHOD, ORDER _METHOD;

double EPSICCG;

double *D, *PHI, *BFORCE;
double *AMAT;

int *INLU, *COLORindex, *indexLU;
int *OLDtoNEW, *NEWtoOLD;

int *xIALU, *itemLU, NPLU;
ftendif /* __H_PCG */

o Sparse Matrix

* Only non-zero off-diagonal
components (CRS)

« Diagonal/Off-Diagonal
components are stored separately
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pcg.h (2/5)

#ifndef _ H PCG i

#define _ H PCG Auxiliary Arrays
static int N2 = 256; _
int NLUmax, NCOLORtot, NCOLORk, NLU; Off-Diagonal Components
int METHOD, ORDER_METHOD; (Column ID)

double EPSICCG; IALU[i][icou]

double *D, *PHI, *BFORCE;
double *AMAT;

int *INLU, *COLORindex, *indexLU;

int *OLDtoNEW, *NEWtoOLD;

int *kIALU, *itemLU, NPLU;
ftendif /* _H PCG */

INLU[ICELTOT] # Non-zero off-diag. components
IALU[ICELTOT][NLU] Col. ID: non-zero off-diag. comp.
NLU Max # of L/U non-zero off-diag. comp.s (=6)

IndexLU[ICELTOT+1] # Non-zero off-diag. comp. (CRS)

NPLU Total # of L/U non-zero off-diag. comp.
1temLU[NPLU] Col. ID: non-zero off-diag. comp. (CRS)
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pcg.h (3/5)

#ifndef _ H PCG
ftdefine _ H PCG
static int N2 = 256;
int NLUmax, NCOLORtot, NCOLORk, NLU;
int METHOD, ORDER _METHOD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AMAT;

int *[NLU, *COLORindex, *indexLU;
int *0LDtoNEW, *NEWtoOLD;
int *x[ALU, *itemLU, NPLU;

ftendif /* __H PCG */

INLU[ICELTOT] # Non-zero off-diag. components

IALU[LICELTOT]NLU] Col. ID: non-zero off-diag. comp.

NLU Max # of L/U non-zero off-diag. comp.s (=6)

IndexLU[ICELTOT+1] # Non-zero off-diag. comp. (CRS)

NPLU Total # of L/U non-zero off-diag. comp.
1temLU[NPLU] Col. ID: non-zero off-diag. comp. (CRS)

Auxiliary Arrays

Off-Diagonal Components
(Column ID)

IALU[1][1cou]

INLU[1]: Number@each row
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pcg.h (4/5)

#ifndef _ H PCG
ftdefine _ H PCG
static int N2 = 256;
int NLUmax, NCOLORtot, NCOLORk, NLU;
int METHOD, ORDER _METHOD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AMAT;

int *xINLU, *COLORindex, *indexLU;

int *0LDtoNEW, *NEWtoOLD;

int *kIALU, *itemLU, NPLU;
ftendif /* __H PCG */

INLU[ICELTOT] # Non-zero off-diag. components
IALU[LICELTOT]NLU] Col. ID: non-zero off-diag. comp.

NLU Max # of L/U non-zero off-diag. comp.s (=6)

IndexLU[ICELTOT+1] # Non-zero off-diag. comp. (CRS)
NPLU Total # of L/U non-zero off-diag. comp.
1temLU[NPLU] Col. ID: non-zero off-diag. comp. (CRS)

Auxiliary Arrays

Off-Diagonal Components
(Column ID)

IALU[1][1cou]

INLU[1]: Number@each row




pcg.h (5/5)

#ifndef __H PCG
#tdefine _ H PCG
static int N2 = 256;
int NLUmax, NCOLORtot, NCOLORk, NLU;
int METHOD, ORDER_METHOD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AMAT;

int *xINLU, *COLORindex, *indexLU;
int *0LDtoNEW, *NEWtoOLD;
int *x[ALU, *itemLU, NPLU;

ftendif /* __H PCG */

EPSICCG Convergence criteria for ICCG

D [ICELTOT] Diagonal components of the matrix
PHI [ICLETOT] Unknown vector
BFORCE[ICELTOT] RHS vector

AMAT[NPLU] Non-zero off-diagonal L/U components of
the matrix (CRS)
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Variables/Arrays for Matrix
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Name Type Content
DIN] R Diagonal components of the matrix (N= ICELTOT)
BFORCE[N] R RHS vector
PHI[N] R Unknown vector
indexLU[N+1] | Number of L/U non-zero off-diag. comp. (CRS)
NPLU | Total number of L/U non-zero off-diag. comp. (CRS)
1temLU[NPLU] | Column ID of L/U non-zero off-diag. comp. (CRS)
AMAT[NPLU] R L/U non-zero off-diag. comp. (CRS)




Variables/Arrays for Matrix

Auxiliary Arrays
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Name Type Content
NLU | MAX. number of Lower/Upper non-zero off-diag. comp.
for each mesh/row (=6 in this case)
INLU[N] | Number of L/U non-zero off-diag. comp.
IALU[N][NLU] I Column ID of L/Unon-zero off-diag. comp.

Why Auxiliary Arrays ?

@ NPLU is unknown before computation.
@ CRS is not suitable for reordering.
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Mat-Vec Multiplication: {q}=[A{p}

for (i=0; i<N; i++) {
qli]= D[] * plil;
for (j=indexLU[i]; j<indexLU[i+1]; j++) {
q[i] += AMATIj] * p[itemLU[j]-1];
}

In this program numbering in itemLU starts from “1” (not 0)
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Structure of the Program

#include <stdio. h>
#include <string.h> _ Read Cntl. File
#include <errno. h> Main Program INPUT . DAT
#include “struct. h”
#include “pcg. h”
#include “input.h “ ... POINTER_INIT
int Mesh Generation
main ()
double *WK;
int NPLU; ISET, ITR, IER; icel, ic0, i: BOUNDARY_CELL
double xN, xL, xU; Stime, Etime; Searching ¢$=0 Boundary
if (INPUT()) goto error;
£ (BOUNDARY.CELL'G) Socro b vor
i _ goto error; CELL METRICS
i f (CELL_METRICS()) goto error; Surface. Vol
if (POI_GEN()) goto error; urtace, volume
memset (PHI, 0.0, sizeof (double)*[CELTOT) ;
\II\IEEI :do;bl | | i zeof (double) *ICELTOT) ; POI_GEN
= (double *)mal loc (sizeof (double) * ) Matrix Assembly,
if(solve_PCG(...)) goto error; Boundary Conditions
if(OUTUCD()) goto error;
return 0. SOLVER_PCG
}




input: reading “INPUT.DAT"

#include <stdio. h>; <stdl|b h>; <str|ng h>; <errno.h>
#include “struct_ext.h “; “pcg ext.h “; “input. h”

extern int
INPUT (void)

{

#tdefine BUF_SIZE 1024
char |ine[BUF SIZE];
char CNTFIL[81];
double OMEGA;
FILE *fpl1;

if ((fp11 = fopen (“INPUT.DAT”, “r”)) == NULL) {
fprlntf(stderr “Error: %s¥n”, strerror(errno)):

} return —
fgets(line, BUF_SIZE, fp11); sscanf(line, "%d%d%d”, &NX, &NY, &NZ);
fgets(line, BUF_SIZE, fp11); sscanf(line, "%le%le%le”, &DX, &DY, &DZ);
fgets(line, BUF_SIZE, fp11); sscanf(line, “%le”, &EPSICCG) ;
fgets(line, BUF_SIZE, fpll);
fclose (fpl11) ;

| return 0;

32 32 32 NX/NY/NZ

1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ

1.0e-08 EPSICCG
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pointer_init (1/3): "mesh.dat”

#include <stdio. h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

#include “struct_ext.h”
#include “pcg_ext.h”
#include “pointer_init. h”
#include “allocate. h”

extern int
POINTER_INIT (void)

{
int icel, ipe, i, j, k;

ICELTOT = NX * NY =* NZ,

NXPT = NX
NYP1 = NY
VA

1)5
15
NZP1 = N 1)5

+ + +

NEIBcel | =
(int **)al locate_matrix(sizeof (int), ICELTOT, 6) ;

XYZ =
(int *x)al locate_matrix(sizeof (int), ICELTOT, 3) ;

NX,NY,NZ:

Number of meshes in x/y/z directions

NXP1,NYP1 ,NZP1:

Number of nodes in x/y/z directions
(for visualization)

ICELTOT:

Number of meshes (NX x NY x NZ)

XYZ[ICELTOT][3]:

Location of meshes

NEIBcell[ICELTOT][6]-
Neighboring meshesc

allocate/deallocate l




for (k=0; k<NZ; k++) {
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pointer_init (2/3): "mesh.dat”

for (j=0; j<NY; j++) {
for (i=0;

J
J

“icel” sta

J

NEIBcel I[icel]l[0] = icel — 1 + 1
NEIBcel I[icel]l[1] = icel + 1 + 1
NEIBcel I[icel]l[2] = icel — NX + 1
NEIBcel I[icel][3] = icel + NX + 1
NEIBcell[icel]l[4] = icel — NX * NY + 1
NEIBcell[icel][5] = icel + NX * NY + 1
if(i == 0) NEIBcel I [icel][0] = O;
if(i == NX-1) NEIBcell[icell[1] = 0;
if(j ==0) NEIBcell[icell[2] = 0;
if(j == NY-1) NEIBcell[icel]l[3] = 0;
if(k == 0) NEIBcel I [icel][4] = 0;
if(k == NZ-1) NEIBcell[icel][5] = 0;

XYZ[icel][0]
XYZ[icel][1]
XYZ[icel][2]

i<KNX; i++) |
icel =k * NX * NY + j % NX+ i;

12113

819|101
4 15|16 |7
0O(1]23

+ + +

— ) —

il
j
k

9 10|11 12
56|78
112134

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0 P NEIBcell[icel][1]

zy y_ NEIBcellicel][2]
Z, NEIBcell[icel][4]

X

i= XYZ[icel][0]
j= XYZ[icel][1], k= XYZ[icel][2]
icel= K*NX*NY + j*NX + i

rts at 0 | “NEIBcell” starts at 1 | NEIBcell[icel][0]= icel — 1
14115 13114 15|16

NEIBcell[icel][1]= icel + 1

NEIBcell[icel][2]= icel - NX
NEIBcell[icel][3]= icel + NX
NEIBcell[icel][4]= icel — NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1
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pointer_init (3/3): "mesh.dat”

i (DX <= 0.0) if DX is no larger than 0.0
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ =1.0 / (double)NZ;

}

NXP1 = NX + 1;

NYP1 = NY + 1;

NZP1 = NZ + 1;

IBNODTOT = NXP1 * NYP1;
N = NXP1 * NYP1 * NZP1;

return 0;
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pointer_init (3/3): "mesh.dat”

if(DX <=0.0) {
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ = 1.0 / (double)NZ;

}

NXP1 = NX + 1;

NYP1 = NY + 1;

NZP1 = NZ + 1;

IBNODTOT = NXP1 * NYP1;

N = NXP1 * NYP1 * NZP1;

return 0;

o o
S

NXP1,NYP1,NZP1:

Number of nodes in x/y/z
directions

IBNODTOT:
= NXP1 x NYP1

N:
Number of modes
meshes (for visualization)



#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

#include “struct_ext. h”
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boundary_cell

Meshes @ Z=Z,_,

#include “boundary_cell.h” Number: ZmaxCELtot
#include “allocate. h Mesh ID: ZmaxCEL[ ]
extern int
?OUNDARY_CELL(VOid)
int [FACTOT;
int icou, icel, i, J, k;
IFACTOT = NX * NY;
/maxCELtot = IFACTOT; 7
/maxCEL =
(int x)allocate_vector (sizeof (int), ZmaxCELtot) ;
2%
- ' X
for (j=0; j<NY; j++) {
for (i=0; i<NX; i++) { /Fkkokkd kKRR AR KF AR K KKK
icel = k*kIFACTOT + j*NX + i+1; al locate vector allocate. ¢
ZmaxCEL[icou] = icel; sxRRkR kR RRRRRRk kR kKKK
Icou++, voidx allocate_vector (int size, int m)
} v0|d *a;
f ( (La=(void * )malloc( m * size ) ) == NULL ) |
) fprlntf(stdout “Error :Memory does not enough' In vector ¥n”);
return 0; exit(1);

J

return a;
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#include <stdio.h> ...

extern int Ce” l I letrICS
(fELL_METgICﬁ |(V0\i/8) i —
ouble VO, ; .
PRIt Parameters for Computations
éeguble*)alIocate_vector(sizeof(double),ICELTOT);
(double;)alIocate_vector(sizeof(double),ICELTOT);
XAREA
XAREA = DY * DZ; Vz
YAREA = DZ * DX; &
ZAREA = DX * DY; DZ
RDX = 1.0 / DX;
RDY = 1.0 / DY; DY
RDZ = 1.0 / DZ;
- DX

RDX2 = 1.0 / (pow(DX, 2.0)); y
RDY2 = 1.0 / (pow(DY, 2.0));
RDZ2 = 1.0 / (pow(DZ, 2.0)); -
o= 110/ Op b

= .5 * DY), _ _
R2DZ = 1.0 / (05 % DZ) - XAREA=AY xAZ, YAREA=AZ xAX,
VO = DX % DY % DZ: ZAREA = AX x AY
RVO = 1.0 / VO; | | |
for (i=0; i<ICELTOT; i++) { RDX =——, RDY=—, RDZ=—

VOLCEL[i] = VO; AX AY AZ

RVCLi] = RVO;

return 0; }



#include <stdio.h> ..

extern int

CELL_METRICS (void)

{ double VO, RVO;
int i;

VOLCEL =

(doublex)al locate vector (sizeof (double), ICELTOT) ;

RVC =

(doublex)al locate vector (sizeof (double), ICELTOT) ;

XAREA = DY * DZ;
YAREA = DZ * DX;
ZAREA = DX * DY;

RDX = 1.0 / DX;
RDY = 1.0 / DY,
RDZ = 1.0 / DZ;
RDX2 = 1.0 / (pow (DX, 2.0));
RDY2 = 1.0 / (pow(DY, 2.0)):
RDZ2 = 1.0 / (pow(DZ, 2.0))
R2DX = 1.0 / (0.5 * DX) ;
R2DY = 1.0 / (0.5 * DY) ;
R2DZ = 1.0 / (0.5 * D2) ;
VO = DX * DY * DZ;
RVO = 1.0 / VO,
for (i=0; i<ICELTOT; i++) {
VOLCEL[i] = VO;
RVCLi] = RVO;
return 0; }

DZ
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cell metrics

Parameters for Computations

XAREA
’/
DY
DX
12, RDY?2 = 12, RDZ2 = 12
AY A

! , R2DY = ! ,
5xA 0.5xAY

1
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#include <stdio.h> ...

extern int Ce” I I letrICS
?ELL_MET(I}IC& I(vo\i/(c)l) e —
ouble VO, ; .
gL S Parameters for Computations
(dguble*)allocate _vector (sizeof (double), [CELTOT) ;
(doublex)al locate_vector (sizeof (double), ICELTOT) ;
XAREA
XAREA = DY x DZ; L
YAREA = DZ * DX; A
ZAREA = DX * DY; DZ
RDX = 1.0 / DX;
RDY = 1.0 / DY, DY
RDZ = 1.0 / DZ;
7 DX
RDX2 = 1.0 / (pow(DX, 2.0)); y
RDY2 = 1.0 / (pow (DY, 2. 0)):
RDZ2 = 1.0 / (pow(DZ, 2.0)); X
R2DX = 1.0 / (0.5 % DX);
R2DY = 1.0 / (0.5 % DY) ;
R2DZ = 1.0 / (0.5 % D2) ;
VO = DX * DY * DZ; VOLCEL ZVOZAX XAY XAZ
RVO = 1.0 / VO; |
for (i=0; i<ICELTOT; i++) | RVO=RVC =—«—
VOLCELLi] = VO; VOLCEL
RVCLil = RVO;

return 0; }



#include
#include
#include
#include

#include
#include
#tinclude

Int
main ()

<stdio. h>
<stdlib. h>
<string. h>
<errno. h>

“struct. h”
“oog. h”
“input.h “ ...

double *WK;

int NPLU; ISET, ITR, IER;
double xN, xL, xU; Stime, Etime;

if (INPUT()) goto error;
if (POINTER_INIT()) goto error;

i f (BOUNDARY_CELL ()) goto error;

icel,

i f (CELL_METRICS()) goto error;

if (POI_GEN()) goto error;
memset (PHI, 0.0, sizeof (double)*[CELTOT) ;

ISET = 0;

WK = (double *)mal loc (sizeof (double)*ICELTOT) ;

if(solve_PCG(...)) goto error;

i f (QUTUCD ()) goto error;
return 0;

error:

return -1;

icO,

MAIN

Main Program

Structure of the Program
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INPUT

Read Cntl. File
INPUT _.DAT

POINTER_INIT

Mesh Generation

BOUNDARY_CELL
Searching ¢=0 Boundary

CELL_METRICS

Surface, Volume

POl _GEN

Matrix Assembly,
Boundary Conditions

SOLVER_PCG
PCG Solver




#include "allocate. h”

poi_gen (1/7)

POI_GEN(void)
{ int nn;
int icO, icN1, icN2, icN3, icN4, icN5, icN6;
int 1, J, k, ib, ic, ip, icel, icou, icol, icouG;
int 11, jj, kk, nn1, num, nr, jO, j1;
double coef, VOLO, S1t, E1t;
int isL, ieL, isU, ielU;
NL=6; NU= 6;
IALU = (int #*x)allocate_matrix(sizeof (int), ICELTOT, NL) ;
BFORCE
D
PHI _ . _
INLU = (int *)al locate_vector (sizeof (int), [CELTOT) ;

for (i = 0; i <ICELTOT ; i++) |
BFORCE[i]=0.0;
D[i] =0.0; PHI[i]=0.0;
INLUTi] = 0;
for (j=0; j<6; j++) {
IALULi]1[j1=0;

/ skekskskskskskskskskskskskskskskskskokkkkkkkok

(double *)allocate_vector (sizeof (double), [CELTOT) ;
(double *)allocate_vector (sizeof (double), [CELTOT) ;
(double *)allocate_vector (sizeof (double), [GELTOT) ;

al locate. ¢

] .
for (i =0; i <=ICELTOT ; i++) { ::?H?????ﬁ??f!fn::::n:/
indexLULi] = O; void#x allocate matrix(int size, int m, int n)
void **aa;
int i;

if ( (aa=(void ** )malloc( m * sizeof (void¥) ) ) == NULL ) {
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fprintf (stdout, “Error :Memory does not enough! aa in matrix ¥n“);

exit(1);

}
if ( ( aa[0]=(void * )malloc( m * n * size ) ) == NULL ) {
fprintf (stdout, “Error:Memory does not enough! in matrix ¥n“):

exit(1);

for (i=1;i<m; i++) aal[i]=(charx)aali-1]+size*n;

return aa,



Variables/Arrays for Matrix
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Name Type Content
DIN] R Diagonal components of the matrix (N= ICELTOT)
BFORCE[N] R RHS vector
PHI[N] R Unknown vector
indexLU[N+1] | Number of L/U non-zero off-diag. comp. (CRS)
NPLU | Total number of L/U non-zero off-diag. comp. (CRS)
1temLU[NPLU] | Column ID of L/U non-zero off-diag. comp. (CRS)
AMAT[NPLU] R L/U non-zero off-diag. comp. (CRS)

Name Type Content
NLU I MAX. number of Lower/Upper non-zero off-diag. comp.

for each mesh/row (=6 in this case)

INLU[N] 1 Number of L/U non-zero off-diag. comp.
IALU[N] [NLU] I Column ID of L/Unon-zero off-diag. comp.




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcel | [icel][0];
icN2 = NEIBcel | [icel][1];
icN3 = NEIBcel I [icel][2];
icN4 = NEIBcel | [icel][3];
icN5 = NEIBcel | [icel][4];
icN6 = NEIBcel | [icel][5];

if(icNb 1= 0) {
icou = INLU[icel] + 1

IALU[icelT[icou-1] = icN5:
= jcou;

INLU[icel]

if(icN3 1=0) {
icou = INLU[icel] + 1;

IALULicel] [icou-1] = icN3;

INLU[icel] icou;
if(icN1 1=0) {

icou = INLU[icel] + 1;

IALULicel][icou-1] = icN1;

INLU[icel] = jcou;
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poi_gen (2/7)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

z) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Lower Triangular Part
NEIBcell[icel][4]= icel — NX*NY + 1

NEIBcell[icel][2]= icel - NX ~ +1

NEIBcell[icel][0]= icel — 1 +1
12113114 |15 13114 15|16
89|10 11 9 10|11 12
4 1516 |7 5 6|78
O/ 123 1123 |4




for (icel=0; icel<ICELTOT; icel++)

icN1 = NEIBcel | [icel][0];
icN2 = NEIBcel | [icel][1];
icN3 = NEIBcel | [icel][2];
icN4 = NEIBcel | [icel][3];
icN5 = NEIBcel | [icel] [4];
icN6 = NEIBcel | [icel][5];

if(icN2 1=0) {
icou = INLU[icel] + 1;

IALU[icel][icou-1] = icN2;
INLU[icel] = jcou;
if(icNd 1= 0) |

icou = INLU[icel] + 1;
IALU[icel] [icou-1] = icN4;
INLU[icel] = jcou;

if(icN6 1= 0) {
icou = INLU[icel] + 1;
IALU[icel] [icou-1] = icN6;
INLU[icel] = jcou;
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poi_gen (3/7)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

z) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Upper Triangular Part
NEIBcell[icel][1]= icel + 1 + 1

NEIBcell[icel][3]= icel + NX  + 1
NEIBcell[icel][5]= icel + NX*NY + 1

“icel” starts at 0 @ “IALU” starts at 1

1211314 |15 13114 15|16
819|101 9 (10|11 |12
4 15|16 |7 5|6 |78
0O/ 1123 11234




indexLU =
(int *)allocate_vector (sizeof (int), ICELTOT+1) ;

for (i=0; i<ICELTOT; i++){
indexLULi+1]=indexLU[i]+INLU[i];

}
NPLU= indexLU[ICELTOT];
itemLU= (int *)allocate _vector (sizeof (int), NPLU) ;

AMAT=
(double *)allocate_vector (sizeof (double), NPLU) ;

memset (itemLU, 0, sizeof (int)*NPLU) ;
memset (AMAT, 0.0, sizeof (double)*NPLU) ;

for (i=0; i<ICELTOT; i++){
for (k=0;k<INLULi];k++) {
kk= k + indexLU[i];
itemLU[kk]= TALU[i][k];
]

free (INLU) ; free (IALU);
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poi_gen (4/7)

Name Type Content
DIN] R Diagonal components of the matrix (N= ICELTOT)
BFORCE[N] R RHS vector
PHI[N] R Unknown vector
indexLU[N+1] I Number of L/U non-zero off-diag. comp. (CRS)
NPLU | Total number of L/U non-zero off-diag. comp. (CRS)
itemLU[NPLU] | Column ID of L/U non-zero off-diag. comp. (CRS)
AMAT[NPLU] R L/U non-zero off-diag. comp. (CRS)

Name Type Content
NLU 1 MAX. number of Lower/Upper non-zero off-diag. comp.

for each mesh/row (=6 in this case)

INLU[N] I Number of L/U non-zero off-diag. comp.
IALU[N] [NLU] I Column ID of L/Unon-zero off-diag. comp.

“itemLU”

starts at 1

13114 15|16
9 10|11 |12
56|78
11234

for (i=0; i<N; i++) {

qlil= DIi] * plil;
for (j=indexLU[i]; j<indexLUJ[i+1]; j++) {

[i] += AMAT[j] * p[itemLU[j]-1];
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij




Constructing Coefficient Matrix
Conservation for i-th mesh

Sik _ \
D7 (h=4)+ViQ =0

. Qi 70

Si S, .
"‘Zd Id ¢k_zd d_¢i:_ViQi

k Ui T Uy k Ui Ty

dlk +dk| :|¢| +|: :| 'Qi
AMAT BFORCE
(off-diag.) (RHS)

118



el++) | 119

I poi_gen (5/7)

for (icel=0;
icN1
icN2 ]
icN3 = ]
icN4 = ]
icN5 = NEIBc cel%

1

1,

?ELTOT
I
I
I
I

O
()

icN6 = NEIBcel | [icel
VOLO = VOLCEL[icel];

BT :IﬂﬂgiIﬂIlﬁiIﬂ ’ Calculation of Coefficients

if(icN5 1= 0) { N
coef = RDZ * ZAREA; ® °
Dlicel] —= coef; ’
for (j=isLU; j<ieLU; j++) {

if(itemLU[j] == icN5) { DY
AMAT[j] = coef; i
break; } Y

]
if(icN3 1= 0) |
8?¢f T]RDY * Y?REA: v
|Ce —= coeT,
for (j=isLU; j<ieLU; j++) | ® ® ®
if(itemLU[j] == TcN3) | S
AMAT[j] = coef;
break;}

]
it (icN1 1= 0) 4 .
ey uAyAz +MAyAz +
for Gt sl S eu: o A A
or (j=isLU; j<ielU; j++
'I(Ifﬁ"['w Li] = 1cN1) I =t AXAZ + 2371 il AXAZ + T AXAYAZ =
break’} Ay Ay
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in 3D

NEIBcellficel][5] if(icN5 1=0) {
NEIBcell[icel][3] coef = RDZ * ZAREA:
Dlicel] —= coef;
for (j=isLU; j<ielLU; j++) |
NEIBcell[icel][0] NEIBcell[icel][1] if(itemLU[j] == icN5) {

AMATLj] = coef;

break;
z4 y NEIBcell[icel][2] }
/ NEIBcell[icel][4] ]

X }

¢neib[icel][0] _ ¢ice| AyAZ n ¢neib[icel][1] o ¢icel AyAZ +
AX AX

¢neib[ice|][2] B ¢icel AZAX + ¢neib[ice|][3] _ ¢iCEI AZAX +
Ay Ay

¢neib[icel][4] — Pl AXAY|+ ¢neib[icel][5] ~ Pea AXAY + . AXAYAZ =0
Az Az




if(icN2 1= 0) {
coef = RDX * XAREA;
Dlicel] —= coef;
for (j=isLU; j<ielLU; j++) {
i f(itemLU[j] == icN2) {
AMAT[j] = coef;
break:}

}
]
if(icN4 '=0) {
coef = RDY * YAREA;
D[icel] —= coef;
for (j=isLU; j<ielU; j++) {
i f(itemLU[j] == icN4) {

AMATL[j] = coef;
break;}

}
}
if(icN6 1= 0) {
coef = RDZ * ZAREA;
Dlicel] —= coef;
for (j=isLU; j<ielLU; j++) {
i f(itemLU[j] == icN6) {

AMATL[j] = coef;
break;}

}
J
ii = XYZ[icel][0];
jj = XYZ[icel][1]:
kk = XYZ[icel][2]

BFORCE[icel]= —(double) (ii+jj+kk) *
VOLCEL[icel];

Calculation of Coefficients

AX

It AXAZ + ¢A ¢ AXAZ + T AXAYAZ =
y

Ay

poi_gen (6/7)

N
@) ’» ®
D \'l
1.4'————-———-4iy<———-———¢>||
W DX DX
Y DY
® o o
S

AX

] AYAZ + ] AYAZ +
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if(icN2 1= 0) {
coef = RDX * XAREA;
D[icel] —= coef;
for (j=isLU; j<ielLU; j++) {
i f(itemLU[j] == icN2) {
AMAT[j] = coef;
break;}

}
}
if(icNd 1= 0) {
coef = RDY * YAREA;
D[icel] —= coef;
for (j=isLU; j<ielLU; j++) {
i f(itemLU[j] == icN4) {
AMAT[j] = coef;
break;}

J
J

if(icN6 1= 0) {
coef = RDZ * ZAREA;
D[icel] —= coef;

for (j=isLU; j<ielLU; j++) {
i f(itemLU[j] == icN6) {
AMAT[j] = coef;
break;}
}
}

ii = XYZ[icel][0]:
jj = XYZ[icel][1]:
kk = XYZ[icel][2]:

BFORGE[icel]= —(double) (ii+]j+kk) *
VOLCEL[icel]:

poi_gen (6/7)
Volume Flux

f =dfloat(i, + J, +k,)
I, = XYZ[icel][0],
J, = XYZ[icel][1],
k, = XYZ[Iicel][2]

XYZ[icel][k] (k=0,1,2)

Index for location of finite-
difference mesh in X-/Y-/Z-
axis.
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/* TOP SURFACE */ p0|_gen (7/7)

for (ib=0; ib<ZmaxCELtot; ib++) {

oot = 2.0 < RDL v IAREA: Calculation of Coefficients
Dlicel-1] = coef;
p DHeelnt == ooe on Boundary Surface @ Z=Z,,,.,
| return 0; d=-,
DZ
o o o
d=dg
o ® o
® o o

15t Order Approximation:
Mirror Image according to Z=Z__, surface.
d=-¢, at the center of the (virtual) mesh

»=0@<Z=~Z,,,, surface
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Dirichlet B.C.

Sik _ y
> (A= 4)+ViQ =0

Ui Ty

Tats o Tate e

|
D (diagonal) AMAT BFORCE
(off-diag.) (RHS)




Dirichlet B.C.

N
-
—pZ
iy
Q= > @
W )X r DX
l DZ
o o @)

k

{Z

ik T Uy

Sik

Sik _ y
> (A= 4)+ViQ =0

dlk +dk|

Py

Sik B
_|_
dm+dH%} Az

e

%

¢k:| ViQ

AXAy = _ViQi , =9
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i
D (diagonal) AMAT BFORCE
(off-diag.) (RHS)



Dirichlet B.C.

k

{Z

ik T Uy

Sik

dlk +dk|

N
AZ

_|_

Sik _ y
> (A= 4)+ViQ =0

e

AZ

L2078 Ay - -V.Q

AXAY = _ViQi ,

i)

¢N = _¢i
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Q.

|
D (diagonal) AMAT BFORCE
(off-diag.) (RHS)

=



Dirichlet B.C.

Sik _ y
D (A= 4)+ViQ =0

X5 T

dlk +dk|

Sik

{Z

c dy +dy

b

k

220 AXAY = +V.Q,
Az
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AMAT | BFORCE
(off-diag.) (RHS)

Sik
Zd. +d,,



Dirichlet B.C.

128

N S .
| | | ~$)+V.Q =0
A - Zk: dik +dki (¢k ¢|)+ |Q|
o ! % O
W DX DX E S,
T
S
AMAT | BFORCE
(off-diag.) (RHS)
Si S ~24, .
— ' - - AXAY = +V.Q,
|:; dik +dki :|¢I +|:Z dlk +dk| ¢k:| AZ ’ y i IQI

Sik _2 Sik N\ C
{_;dwdki AzAXAy}qji{zd : ¢k}_ e

k Ui T Uy
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Dirichlet B.C.

A Zd Sikd (¢k_¢i)+ViQi =0

bz . Ui T Uy

T Q= >?< o £
DX DX S, S., ,
l _{Zd. _Il_d}¢i'{zd_ +d'¢k:|:_ViQi
® ik ki k Hik ki

k
D (diagonal) AMAT BFORCE
(off-diag.) (RHS)

_for (ib=0; ib<ZmaxCELtot; ib++) {
icel = ZmaxCEL[ib];

S, S,
— ! 4 ! f =2.0 % RDZ * ZAREA;
|:Zdik+dki }ﬁ |:Zdik+dki ¢k_ DLi

" " D[licel-1] —= coef;

Sik _2 Sik N\ C
{—; .y AZAXAyAZ}ﬂJ{Z T ¢kJ+— e

k ik



#include <stdio. h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

MAIN

Main Program

Structure of the Program
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#include “struct.h”
#include “pcg. h”
#include “input.h “ ...

Int
main ()

double *WK;
int NPLU; ISET, ITR, IER; icel, ic0, i;
double xN, xL, xU; Stime, Etime;

if (INPUT()) goto error;

if (POINTER_INIT()) goto error;

i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;

if (POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*[CELTOT) ;
ISET = 0;

WK = (double *)mal loc (sizeof (double)*ICELTOT) ;

if(solve_PCG(...)) goto error;

if (OUTUCD()) goto error;
return 0;

error:

return -1;

INPUT

Read Cntl. File
INPUT _.DAT

POINTER_INIT

Mesh Generation

BOUNDARY_CELL
Searching ¢=0 Boundary

CELL_METRICS

Surface, Volume

POl _GEN

Matrix Assembly,
Boundary Conditions

SOLVER_PCG

PCG Solver




« Background
— Finite Volume Method
— Preconditioned lterative Solvers

 CG Solver for Poisson Equations

— How to run
« Data Structure

— Program
* Initialization
» Coefficient Matrices
« CG
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Solving Linear Equations

* Conjugate Gradient, CG
» Point Jacobi/Diagonal Scaling Preconditioning
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solve PCG (1/6)

ceLTor - N
finlus cormo> o ORCE ™ 2
#include “solver_ICCG. h” EPSICCG— EPS
extern int

solve _ICCG (int N, int NLU, int *indexLU, int *itemLU,
double *D, double *B, double *X,
double *AMAT,
double EPS, int *ITR, int *IER)

double **W;
double VAL, BNRM2, WVAL, SW, RHO, BETA, RHO1, C1, DNRMZ2;
doble ALPHA, ERR;

int i, j, ic, ip, L, ipl: WIOI[il= WIRILi} = {r]
:QEFZ‘E? - WI11Lil= WLZILi} = {z]
int Q= 1; W11 [i1= Wlal[i} = {a}
int DD = 3: WL2][il= WIPIL[i} = {p]
W[31[il= W[DD][i} =1/{D}
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solve PCG (2/6)

W = (double **)malloc (sizeof (double *)x*4);

if(W == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

for (i=0; i<4; i++) {
WLi] = (double *)mal loc (sizeof (double)*N) ;
if(W[i] == NULL) {
fprintf (stderr, “Error: %s¥n”,
strerror (errno)) ;

return -1;
}
for (i=0; i<N; i++) {
MHF]O'—O(;) 0; _
WE21 i1 = 0.0’ W[DD][i]= 1./D,
} W[31[i] = 0.0;
multiplying
“reciprocal GF#)”

for (i=0; i<N; i++)
WIDD][i] = 1.0 / D[il:
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solve PCG (3/6)

for (i=0; i<N; i++) { Compute r®= b-[A]x©®
for (j=indexLU[i]; j<indexLU[i+1]; j++) { —— S -
VAL += AMATT] * X[itemLU[j]1-1]; solve [M]zC(-D= rG-D
b _ | pi_= ra-n zG-1
W[R][l] = B[l] - VAL; E =1
p(l): 7 (0)
BNRI%Z = 0.2; - else
for (i=0; i<N; i++ _
19 .— RI: T Bi-1= Pi-1/Pi_
| it 78 5= A p(M= zG-D 4+ g, pG-D
endif

q= [A]pD®

o = pi-/pMgh

x(D= x(-1) + o pd

rd= rG-0 - ¢ g
BNRM2=]b|? check convergence |r|
Convergence criteria

D
)
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solve PCG (4/6)

*[TR = N; Compute r®= b-[AIx©®
for (L=0; L<K(*ITR); L++) { for i= 1, 2, .
solve [M]zCG-D= rG-D

/Fkrskokokdokokdokokdokokdokokk Pi = ra-b z«a-1
x {z} = [Minv] {r} */ 1f 1=1
sk kR KRRk KKk 1)— —(0

for (i=0; i<N; i++) { pM= z©O®

WCZI[i]l = WIRILil=W[DD]I[i], else

Bi-1= Pi-1/Pi-2 )
p(D= 2G-D + g, p®

/Hkokkkokokkdokokkdokokk endif
* RHO = {r} {z} =* qd= [A]pD
- Gy = Py oI
for (i=0; <N i++) | x(D= XA + a;ph
RHO += W[RI[il * W[ZI[i]; rd= rG-1 - g.q®

check convergence |r]|

@D
>
o
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solve PCG (5/6)

/ skakkokokskskskkokokk sk sk kokokok sk sk sk ok ok sk sk sk sk ok ok sk sk >k 0)— _ 0
*x {p}] = {7z} if [TER=0  * GemELiEe = (o= [AIREE
* BETA = RHO / RHO1 otherwise * for 1=1, 2, .
skkakokokskskskkokok sk sk sk kokok sk sk sk sk ok ok sk sk sk sk ok ok sk sk sk / SO l ve [M] 7 (i-1)—= r—(i -1)
Tl ==0) { pj_g= r¢-b z4-H
for (i=0; i<N; i++) { it 1=1
WLPILil = WLZILi]; p= z©
I}3E%L|\Se I%HO / RHOT; o 1se
for (i=0; i<N: i++) | Bi(;i Pi(-il_{fi—Z -
WIPI[il = W[ZI[i] + BETA * WIPI[il; pth= 2z * Bia P
endif
} a®= [A]p®
/Fkkskokskskokokdokkdokkok a; = pi/pg®
* {a} = [Al{p} = x(D= x(-1D + ¢ p®
****************/ r(i): r(i—l) _ aiq(i)
for (i=0; i<N;_ i++) { check convergence |rj
VAL = D[i] = W[PILi]; —
for (j=indexLU[i]; j<indexLU[i+1]; j++) { ==

} VAL += AMAT[j] * W[P][itemLU[j]-1];
WLQI[i] = VAL;



/************************

* ALPHA = RHO / {p} {q} =*
sokkokok kol kol ko kR ok /
G1 =0.0;
for (i=0; i<N; i++) {

Cl += W[PI[i] = W[QI[il;

ALPHA = RHO / C1;

/***************************
* {x} = {x} + ALPHA x {p} *
* {r} = {r} - ALPHA * {a} *
***************************/
for (i=0; i<N; i++) {
X[i] += ALPHA * W[P][i];
W[RI[il —= ALPHA = W[Q][i];

DNRM2 = 0. 0;
for (i=0; i<N; i++) |
DNRM2 += W[RILi]=W[R]I[i]:

ERR = sqrt (DNRM2/BNRM2) ;
if((L+1)%100 ==1) {

fprintf (stderr, “%5d%16. 6e¥n”, L+1, ERR);

}
if (ERR < EPS) |
*IER = 0; goto N90O;

} else {
RHO1 = RHO;

J
*[ER = 1;

solve PCG (6/6)

Compute r©®= b-[A]x®
for i=1, 2, .
solve [M]z(-D= rG-D
Pi_1= r(i-1) Zz(i-1)
1f 1=1
p(l): 7 (0)
else
Bi-1= Pi-1/Pi-2 _
pM= z0G-D + B. , p®
endif
q(i): [A]p(i)
X(i): X(i—l) + aip(i)
rd= rG-1 _ g.qd
check convergence |r|

@D
>
o



/************************

*x ALPHA = RHO / {p} {a} *

sokkokok kol kol ko kR ok /
C1 =0.0;
for (i=0; i<N; i++) {

Cl += W[PI[i] = W[QI[il;

ALPHA = RHO / C1;
/HkokskskokskkokkFkokkok kKR kKKK

* {x} = {x} + ALPHA * {p} *
* {r} = {r] — ALPHA * {q} *

***************************/

for (i=0; i<N; i++) |

X[i] += ALPHA * W[P][i];
WIR][i] —= ALPHA = W[Q][i];

DNRM2 = 0. 0;
for (i=0; i<N; i++) |
DNRM2 += W[R][iJ*W[R][i];

ERR = sqrt (ONRM2/BNRM2) ;
if((L+1)%100 ==1) {

fprintf (stderr, “%5d%16. 6e¥n”,

}
i f (ERR < EPS) {
*[ER = 0; goto N90O;

} else {
RHO1 = RHO;

| } ERR — /DNorm2
*x[ER = 1: BNorm?2

r= b-[A]x
DNRM2=] r | 2
BNRM2=|b|?2

ERR= |r|/|Db]

L+1, ERR):

solve PCG (6/6)

Compute r©®= b-[A]x®
for i=1, 2, .
solve [M]z(-D= rG-D
Pi_1= r(i-1) Zz(i-1)
1f 1=1
p(l): 7 (0)
else
Bi1= Pi-1/Pi-2 _
pM= z0G-D + B. , p®
endif
q(i): [A]p(i)
o; = pijo/PIg®
x(M= x(@-1) 4 Otip(i)
r= rG-1 - ¢ qd
check convergence |r}|
end

b— Ax| AX=b = aAx = ab
=—<E

pPS
r=b—Ax=R=ab—-aAx=ar



