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Files on PC
Files on WEB:

http://nkl.cc.u—-tokvo.ac.jp/files/multicore—£f.tar

>$ tar xvf multicore-f.tar
>SS cd multicore—-f

Please confirm that followinqg directories are created:

L1 L2

PC Odyssey




« Background
— Finite Volume Method
— Preconditioned lterative Solvers

« |CCG Solver for Poisson Equations

— How to run
« Data Structure
— Program
* |nitialization
» Coefficient Matrices
« ICCG




Target of the Class

« Material: ICCG solver for sparse matrices derived
from FVM applications (Finite Volume Method).

 Parallelization on a single node of Oakbridge-CX
(OBCX) using OpenMP
— Data Placement
— Reordering

« Keywords
— Finite Volume Method (FVM)

— Sparse Matrices
— |CCG Method



Target Application

3D Poisson Equation/Poisson’s Equation
2 2 2
af+a?+a?+f:0
ox~ dy” 0z
Finite Volume Method (FVM)

— Arbitrary Shape Meshes, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions (B.C.) etc.
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers
— Conjugate Gradient + Preconditioner
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Target Problem: Variables are defined
at cell-center’s

Poisson Equation/
Poisson’s Equation

d°¢p  d°¢p J°¢
N
Boundary Conditions
(BC) etC Flux of each cell
i = dfloat (i+j+k) XVolume
° VOlume FIUX (i, 3,k)=XYZ (icel, (1,2,3))

* 0=0@Z=Z2__. ZM

X



3D Structured Mesh
Internal data structure Is “unstructured’
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Volume Flux f

f =dfloat(i, + j, + k,)

i, = XYZ(icel,l),
Jo = XYZ(icel ,2),
k, = XYZ(icel ,3)

7090 30

ox”

5 9 + =0

XYZ(icel, k)(k=1,2,3)
Index for location of finite-difference
mesh in X-/Y-/Z-axis.

[l L L L

J O S L L

/|

/|

(i05j05k0)= (451 54)

/
L
2

4

NX

—

>/ NY

AZ

AX



Poisson Equation by 5 a3 2%
Finite Volume Method o o~ o
(FVM)

Conservation of Fluxes through

Surfaces Diffusion:
Interaction with Neighbors

Sik _ )
2 (0 =9)+Vi0 =0

ko ik ki Volume Flux

f=0

V., : Volume

S : Surface Area

d;; : Distance between
Cell-Center &
Surface

Q : Volume Flux




Finite Difference Method (FDM)
(BMR) Z7&: BRI

macroscopic differentiation

(@j ~ ¢i+1 - ¢z
dx )1/ Ax

0,
(d_¢j — lim ¢i+1 _¢i (I)i+l
dx )i, A0 Ax -

i i+1/2 i+
Ax




2"d Order Differentiation in FDM

Taylor Series Expansion

* Approximate Derivative at X (center of i and i+1)

0;_1 0; 1412 0341
@ oQ——0
Ax Ax

e 2nd-Order Diff. at i

k9
dx )i,

~ ¢i+l _¢i

Ax

11

Ax—0: Real Derivative

2
dxi

) L

ol e o
o — ——@
Ax Ax
d¢j _(dfﬂj Ba=0. 00,
w2 \NAX )iy, __ Ax Ax :¢i+l_2¢i+¢i—1
Ax Ax Ax’

FEM1D
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Poisson Equation by 535 325 5%
- . Sttt
Finite Volume Method o 9" o

(FVM)

Conservation of Fluxes through
Surfaces Diffusion:

f=0

Interaction with Neighbors

k ik

Sik _ ) —
2 (0 =9)+Vi0 =0

ki Volume Flux

: Volume
: Surface Area
: Distance between

Cell-Center &
Surface

: Volume Flux



Comparison with 1D FDM (1/3)

Ah |
Ah x Ah Square Mesh
d, | d, d. | d. Surface Area: S.= A4h
. _____ ‘_”_________“_’__._____ll_? _______ l.?l__‘ ik
) j b Volume: V. = Ah?
Sia Sib

Distance (Ctr.-Suf): d,,=4h/2

thickness: 1

Flux through this surface: Qs,,

05 = ) § Fourier’s Law
ib — ib Flux through a surface
d, +d, . .
l ‘ = - (gradient of potential)

| (¢k _¢i)+‘/iQi =0

13
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Comparison with 1D FDM (2/3)

Ah | -
Ah x Ah Square Mesh
dy | d o dy | 4y Surface Area: S.= 4h
O oo ;
) j b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2
thickness: 1

Sik _ ) —
2. (6=¢)+V0, =0

r Ay tdy

Divided by V.

| S, s
Vi;d' (¢k ¢i)+Qi 0

considering this part




Comparison with 1D FDM (3/3)

Ah |« -
Ah x Ah Square Mesh
d, | 4 d, | 4. Surface Area: S.= Ah
. _____ ‘_”_________“_’__‘_____llz _________ l_ﬂ__‘ ik
; j b Volume: V. = Ah?
S Si Distance (Ctr.-Suf): d,=4h/2
thickness: 1
1 S.
Vizk:dik_l_ (¢k ¢z _( Z Ah Ah ¢k ¢z)
2 2
1 Ah 1 1
— (Ah)z kzza;b Ah . Ah (¢k ¢z)_ (Ah) kzb Ah (¢k ¢z)_ Ah)z :Za,b(¢k ¢)
2 2

(6, — )= 0, =20+ 0, fori-th cel
AR} T (AR)’ linear equations

1
- -0+




Heat Equation (1/3)

ox\ dx ) dy\ dy ) 9dz\' 0z

A: Thermal Conductivity

Ah |
Ah x Ah Square Mesh
o | d e »| % g Surface Area: S.= 4h
a ; b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2

thickness: 1
Heat Flux through this surface: QOs;,

T, -T

QSib:_;L Ahl'Sib //Li:ﬂb:/i




Heat Equation (2/3)

i(la—Tj+i /18_T +i(/iaTj+Q 0
ox\ dx ) dy\ dy ) 9dz\' 0z

A: Thermal Conductivity

Ah |
Ah x Ah Square Mesh
o | d e »| % g Surface Area: S.= 4h
a ; b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2

thickness: 1

Heat Flux through this surface: QOs;,

T,-T T,—T
Os, =—A .S, =- .S,

R I o
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Heat Equation (3/3)

ox\ dx ) dy\ dy ) 9dz\' 0z

A: Thermal Conductivity

Ah |
Ah x Ah Square Mesh
o | d e »| % g Surface Area: S.= 4h
a ; b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2

thickness: 1

Heat Flux through this surface: QOs;,
L, ~1;

CTEAHEA T

2



in 3D

NEIBcell(icel,6)
NEIBcell(icel,4)

NEIBcell(icel,1) < sl NE|Bcell(icel,2)

7 y NEIBcell(icel,3) *
L , NEIBcell(icel,5)

X

cel AyAZ n ¢neib(icel,2) o ¢icel AyAZ +
Ax

¢neib(icel,3) _ ¢icel AZAX n ¢neib(icel,4) o ¢icel AZAX +
Ay Ay

¢neib(icel,1) _ ¢i
Ax

¢neib(icelA,5Z) _ ¢icel AXAy n ¢neib(icel,6) _ ¢i

“L AXAy + f,

cel

AxAyAz =0

19



Linear Equations
¢neib(icel,1) _¢i

cel Ay& n ¢neib(icelA2X)j o ¢icel Ay& +

Ax
¢neib(icel,3) o ¢icel AZAX n ¢neib(icel,4) o ¢icel AZAX n
Ay Ay
¢neib(icel 5) ¢icel ¢neib(icel 6) ¢zcel
’ AxAy + ’ AxAy + f..,,AxAyAz =0
Az Az l
S icel—
Z# (¢k o ¢icel ) — _ficel‘/i
d
k icel-k
S .
|:Z et :| lcel |:Z — ¢k:| f;celV (lcel = 1, N)
k dzcel k k dlcel k

Diagonal  Off-Diagonal

— |Alg}=1f}
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FEM

IX 1IN

[K]{D}={F}

Sparse Coef. Matr

N

Sl S S S S Sl Sl S G S
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Coefficient Matrices ¢ o9 9%

for FVM are sparse

Only neighboring cells are
considered

x> 9y 97°

Diffusion:
Interaction with Neighbors

k ik ki

Cell-Center &
Surface
Q : Volume Flux

22

f=0

Sik _ ) —
2 (0 =9)+Vi0 =0

Volume Flux

V., : Volume
S : Surface Area
d.. : Distance between



Sparse Matrix for FVM

Sparse Matrix v ¥ v
- Many 0" LI
Storing all components TXxx oxox oxxx "
(e.g. A(i,j)) is not efficient TR TR
for sparse matrices xx o xpx o xxxe
— A(i,j) is suitable for dense xxobx i
matrices v x o x oo

Number of non-zero off-diagonal components is |
O(100) in FVM (only 6 in this case)

— If number of unknowns is 108:
o A(i,j): 0(10'%) words ~ O(10'7) bytes for DP: 100PB (400 x Odyssey)
 Actual Non-zero Comp.: 0(10°) words: 10GB (Odyssey: 32GB/node)

Only (really) non-zero off-diag. components should
be stored on memory

I N IS R I I RIS
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Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

Diag (1)
Index (i)
Item (k)
(INT, k=1, index(N))
AMat (k)

Diagonal Components (REAL, i=1~N)
Number of Non-Zero Off-Diagonals at Each ROW (INT, i=0~N)
Non-Zero Off-Diagonal Components (Corresponding Column ID)

Non-Zero Off-Diagonal Components (Value)

( REAL, k=1, index(N) )

(Y}= [A] X}

do i=1, N
Y(i)= Diag(i)*X(i)
do k= Index (i—-1)+1,

Index (i)

Y(i)=Y(i) + Amat (k)*X (Item(k))

enddo
enddo

< o

o

>

e <

< [><

EE] 1] BRI

SRR B B

b

-

=[S

N
Moo o o] o< X< x
SR Y B RS

e e

S

b <

1

N N N R

SN TS
b e

>~ O
o >

e e
M

(OIS b >
R
MOD M e b e

b 3

N 2N
I @;q B
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Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

(Q}=[A] {P]

for (i=0; i<N;i++) {
WIQI[i] = Diagl[i] * W[P][i];
for (k=Index[i];k<Index[i+1];k++) {
WIQ]I[i] += AMat[k]*W[P][Item[k]];
}




Mat-Vec. Multiplication for Dense Matrix

Very Easy, Straightforward

Ay .o Oyng

dy, ) N

aN,z coe aN,N_l

(Y}= [A] {X}]

do j=1, N
Y(j)= 0.d0
do i=1, N

N

a) §

An_in-1 Anoin

Ay N

.
X

X,

XN-_1

XN)

-

)’1\

A

{

YN-1

LN

Y=Y + AG, ))*X(i)

enddo
enddo
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Compressed Row Storage (CRS)

1.1
4.3
0
0
3.1

2.4
3.6
0
4.1
9.5
0
6.4
9.5

0 25
57 0
0 98
104 O
6.5 O
25 0
1.3 9.6

0
1.5
2.5

11.5

0

0

0

3.7. . 0 9.1
0O 31 0
277 0 0
0 43 0
124 95 0
1.4 23.1 13.1
3.1 0

513
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Compressed Row Storage (CRS);

Fortran
11 | 2.4 3.2 N= 8
D | @ ®
4.3 | 3.6 2.5 3.7 9.1 Diagonal Components
@D | @ @ ®
5.7 1.5 3.1 Diag(l)= 1.1
@ @ Diag(2)= 3.6
4.1 98|25 |27 Diag(3)= 5.7
) @|® | ® D:?.ag(4)= 9.8
3.1 | 9.5 [10.4 1.5 4.3 gizgg;i i;j
® @ 6@>5 @ 124 9@>5 Diag(7)= 23.1
@ @ @ Diag(8)= 51.3
6.4 | 2.5 1.4 |23.1|13.1
@ ® ® | @
95| 1.3 | 9.6 3.1 51.3
@1 ® | @ ®
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Compressed Row Storage (CRS)

=@ 3 @
56 12826
C/NC 2O5©
50 20O
~® a®
S0 26|36|26
~© 5938 (393
< © o ©
CO 205020 L0n0E0 -6
©




index (i-1)+1t*P~index (i)t

Compressed Row Storage (CRS)

# Non-Zero
Off-Diag.

1.1 | 24 | 3.2 o
D| @ |6

36 43|25 | 3.7 | 9.1 4
@ || @ | ®
57 | 1.5 | 3.1

®| ®| @ z
98 | 4.1 | 25 | 2.7 3
@ @ |6 |6

115/ 3.1 |95 (104 | 4.3

®| |2 6| 9| °
12.4| 6.5 | 9.5 5
® | ® |

23.1/ 6.4 (25|14 13.1 4
@ @3
51.3/ 95| 1.3 | 9.6 | 3.1 4
@6 |@|®

index (0)=

index(1l)=

index(2)=

index (3)=

index(4)=

index (5)=

index (6)=

index (7)=

index(8) =

0

2

6

8

11

15

17

21

25

Non-Zero Off-Diag. Components corresponding to i-th row

NPLU= 25
(=index (N))

30



Compressed Row Storage (CRS)

Oft.Diag, index(®)= o
0 1@)1 (2):41 é),zz 2 index (1)= 2
o Blslzalsy « -
e 2 index (3)= 8
o 3 index(4)= 11
9 4 index (5)= 15
G 2 index (6)= 17
0 237).1 @g,‘;48@§,$9@;,go3:211 4 index (7)= 21
0 53 5,2263,23@3,24@:)3,;5 4 index (8)= 25 NPLU= 25

(=index (N) )
index (i-1) +1t*~index (i)*®
Non-Zero Off-Diag. Components corresponding to i-th row



Compressed Row Storage (CRS)

1.1
@

2.4
;1

3.2
©,2

3.6
@

9.8

4.3
®,3

4.1
2,9

2.5
@.4

9.1
®,6

7115 | 3.1

e

@ 18,71@.8

2.5
®,10

3.1

9.5

4.3
@,15

D,12

2,13

13.1
®,21

3.1
®,25

Example:
item( 7)= 5, AMAT( 7)
item(19)= 3, AMAT(19)

1.5
2.5

32



Compressed Row Storage (CRS)

SN

2.4

3.2
©,2

w

® &

4.3
@3

2.5
@.4

3.7
®.5

9.1
®,6

o1

© 5

1.5
©,7

3.1
@8

o

®

4.1
2.9

2.5
®,10

2.7
®,11

(&)

3.1
D,12

9.5
2,13

10.4
3,14

4.3
@,15

®OP|®:

6.5
3,16

9.5
@D,17

N
w
Q

6.4
2,18

2.5
3,19

1.4
®,20

13.1
8,21

o
-
®bo

9.5
2,22

1.3
®,23

9.6
4,24

3.1
®,25

Diagonal Components (REAL, i=1~N)
Number of Non-Zero Off-Diagonals at
Each ROW (INT, i=0~N)

Diag (1)
Index (i)

Item(k) Non-Zero Off-Diagonal Components
(Corresponding Column ID)
(INT, k=1, index(N))
AMat (k) Non-Zero Off-Diagonal Components
(Value)
( REAL, k=1, index(N) )
{Y}=[A]{X}
do i=1, N

Y(i)=D(i)*X(i)
do k= index (i—-1)+1, index(i)
Y(i)=Y(i) + AMAT (k) *X (item(k))
enddo
enddo

33
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« Background
— Finite Volume Method
— Preconditioned Iterative Solvers

« |CCG Solver for Poisson Equations

— How to run
« Data Structure
— Program
* |nitialization
» Coefficient Matrices
« ICCG

* OpenMP
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Large-Scale Linear Equations in
Scientific Applications

Solving large-scale linear equations Ax=b is the most
important and expensive part of various types of
scientific computing.

— for both linear and nonlinear applications

Various types of methods proposed & developed.

— for dense and sparse matrices

— classified into direct and iterative methods

ey I

Dense Matrices:#1751l: Globally Coupled Problems
— BEM, Spectral Methods, MO/MD (gas, liquid)

Sparse Matrices:E {75l Locally Defined Problems
— FEM, FVM, FDM, DEM, MD (solid), BEM w/FMM




Direct Method
BEEA

e Gaussian Elimination/LU Factorization
e compute A1 directly (or equivalent operations)

Good

e Robust for wide range of applications.
e Good for both dense and sparse matrices

Bad

e More expensive than iterative methods (memory,
CPU)

not scalable

36



What is Iterative Method ?
R1E&

Linear Equations Initial Solution
B —RAER PIHARE

(an Ay, - 4y, \/'xl ) (bl ) xl(o) )
dy Ay Ay || X2 b, (0
: . o — . X(O) — xz.
kanl anZ Tt ann /\xn / kbn / kxn(())
A X b

Starting from a initial vector x©, iterative method
obtains the final converged solutions by iterations

x© x@ ...



lterative Method
R

« Stationary Method

— Only x (solution vector) changes during iterations.
— SOR, Gauss-Seidel, Jacobi
— Generally slow, impractical

Ax=b =
x5 = Mx*® + Nb

* Non-Stationary Method
— With restriction/optimization conditions
— Krylov-Subspace
— CG: Conjugate Gradient
— BICGSTAB: Bi-Conjugate Gradient Stabilized
— GMRES: Generalized Minirfial Residual

38
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Iterative Method (cont.)
Good

e Less expensive than direct methods, especially in
memory.

e Suitable for parallel and vector computing.

Bad

e Convergence strongly depends on problems,
boundary conditions (condition number etc.)

e Preconditioning is required : Key Technology for
Real-World Applications in Scientific Computing
(FEM, FVM, FDM etc)




Non-Stationary/Krylov Subspace
Method (1/2)
EEHEE- VO TBHEME

Ax=b=x=b+(I-A)x

Compute x,, x;, X,, ..., X, by the following iterative procedures:

x, =b+(I-A)x,
=(b—Ax,,)+x,
=r,_ +X,_, wherer, =b— AXx, : residual

r, =b-Ax, =b—A(rk_1 +Xk_1)
= (b — AXk—l)_ Ar,_, =r_ —Ar_ = (I - A)rk I

40



Non-Stationary/Krylov Subspace
Method (2/2)

FERIE-V)OTERHERE

k-1 k=2 k-1 |
X, =X, + Y I =X, +r,+ > ([-A)r, =x,+r,+ > (I-A)T,
i=0 i=0 i=l1

z, is a vector which belongs to k" Krylov Subspace (71)A72
B4 2=fE) , approximate solution vector x, is derived by the
Krylov Subspace:

41



Conjugate Gradient Method

HIR B ECE

« Conjugate Gradient: CG

— Most popular “non-stationary” iterative method
« for Symmetric Positive Definite (SPD) Matrices

— XI#RIERE
— {x}'[A]{x}>0 for arbitrary {x}

— All of diagonal components, eigenvaules and leading
principal minors > 0 (E/MTHIH -HEITHIR)

— Matrices of Galerkin-based FEM & FVM: heat conduction,

Poisson, static linear elastic problems

 Algorithm
— “Steepest Descent Method”
— x®D= x(D 4+ g p
« x¥:solution, p¥:search direction, «;: coefficient

— Solution {x} minimizes {x-y}'[A{x-y}, where {y} is exact

solution.

det

_____________________

maa::::
£ ¥ R =

n3 Gna "

S S = S

42
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Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)

for i= 1, 2, . « Mat-Vec. Multiplication
0= 2t » Dot Products
e » DAXPY (Double
RN Precision: a{X} + {Y})

B, 1= Pi1/Pis

endif

(1) = (1) .

q [Alp= x 1)+ Vector
o = p;/pHg?

x(= x(1 4 o,p) oy : Scalar
rid= pG-1l — g .gq

check convergence |r|



Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)

for i= 1, 2, . « Mat-Vec. Multiplication

7 (1-1) = 4 (i-1)
P, 4= r(i-1) 5 (i-1)
if i=1
pl= 7 (0)
else

B, 1= Pi1/Pis

endif

(1) = (1) .

q LAlp= x 1)+ Vector
o = p;/pHg?

x(= x(1 4 o,p) oy : Scalar
rid= pG-1l — g .gq

check convergence |r|



Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)
for i= 1, 2, ..
(i-1)= 4 (i-1)
z r | * Dot Products
P, ;= rt-l zG-D
if i=1
p M= 70
else

B, 1= Pi1/Pis

endif

(1) = (1) .

q [Alp= x 1)+ Vector
o = p;,/pHg

x(= x(1 4 o,p) oy : Scalar
rid= pG-1l — g .gq

check convergence |r|



Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)
for i= 1, 2, ..
z (i-1)= p(i-1)

Ppi = T (i-1) o (1-1)

iE s « DAXPY
D= A  Double

else

By = Ps1/Pis * {y}= a{x} + {y}

p(l)z Z(l_l) _|_ Bj_—]_ p(j—_l)

endif
(i) — (i) .
q [Alp™ x (1) Vector
o = p;/pHg?
x (= x{-1) 4 g .p) oy : Scalar

check convergence |r|



Procedures of Conjugate Gradient

C t ©= b-[A]x" :
o, Blx x () : Vector

z (i) = p(i-D) L. : Scalar

p._,= ri-D (-1 1
if 1i=1

pM= 7z

else

Bi-1= Pi-1/Pis

plil= zG1 4 B pG-
endif
q'= [Alp™
o = p;i/pHqg
x (= xG-1 4 g p()
r= pl-1 — g g
check convergence |r|
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Derivation of CG Algorithm (1/5)

Solution x minimizes the following equation if y is the exact
solution (Ay=b)

(x=y) [A)(x-)

(x= ) [A](x = y)= (6, Ax) = (v, Ax) = (x, Ay) + (v, Ay)

(o
= (x, Ax)—2(x, Ay)+ (v, Ay) = (x, Ax)— 2(x,b) + (v,b) CoONSt.

Therefore, the solution x minimizes the following f(x):

£(x) = (5, A)~(x.0)

f(x+h)=f(x)+(h,Ax—b)+%(h,Ah) Arbitrary vector h



£x) = A0)= ()

flx+n)=f(x)+(n, Ax—b)+%(h, Ah) Arbitrary vector h

f(x+h):%(x+h,A(x+h))—(x+h,b)

:%(x+h,Ax)+%(x+h,Ah)—(x,b)—(h,b)

:%(x, Ax)+%(h, Ax)+%(x, Ah)+%(h, AR)—(x,b)—(h,b)

:%(x, Ax)—(x.5)+ (i Ax)—(h,b)+%(h, Ah)

_ f(x)+(h,Ax—b)+%(h,Ah)
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Derivation of CG Algorithm (2/5)

CG method minimizes f{x) at each iteration.
Start from initial solution x(¥ and assume that approximate
solution: x® and search direction vector p¥ is defined at k-th iter.

X(k+1) — X(k) _|_a,kp(k)

Minimization of f{x**!)) is done as follows:

o+ @)=L 4p - (.- A ()
Bf (k)+6b’ (k) (k),b—A (k) (k), (k)

r =pb—Ax"™ residual vector



Derivation of CG Algorithm (3/5)

Residual vector at (k+1)-th iteration:

k4l 1) _ 0 Akt () g A (R
p kD .06 _a,kAp(k) (2) r=b—Ax""", r'" =b— Ax
P 0 = A 4 Ax® = _gp Ap™Y)

Search direction vector p is defined by the following
recurrence formula:

(k+1) _ _.(k+1) (k) ,.(0) _ _.(0)
P =r + ﬂkp » I =P _(g)_

It's lucky if we can get exact solution y at (k+1)-th iteration:

_ (kD) (k+1)
y =X + a,k+1p
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Derivation of CG Algorithm (4/5)

BTW, we have the following (convenient) orthogonality relation:

(k) o, _ (kD)) _
(4p™®, y—x**1)=0

k) KD ) (B Ay A KDY () 4 D)
(ap®,y—x )= (p®, Ay — Ax**0) = (p®, b — Ax)
- (o b Al 5 p )= (o b A - )
_ (p(k),r(k) —ozkAp(")): (p(k),r("))—ak (p(k),Ap(k))z 0

(p(k) , ,,(k))
p(k),Ap(k))

ca, = (
Thus, following relation is obtained:

(k) _ K+ ) [ f () (k+1) ) _ (k+1) (k) ) _
(Ap , y—X ) (Ap O\ D ) 0:>(p ,Ap ) 0
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Derivation of CG Algorithm (5/5)
(p(k+l),Ap(k))= (,,(k+1> +,6’kp(k),Ap(k))= (r(k“),Ap("))+,Bk (p(k),Ap(k))zO

. l"(k+1),Ap(k)
= A= ((p(“,Ap(k))) (2)

(p*™, 4p®)=0 p® & pk+1) are “conjugate (2£4&)” for matrix A

p® :search direction vector, “gradient” vector

Compute p@=r®= p-[A]x®

for i=1, 2, . (D) (i)
calc. O;_; (p v )
xM= x0- + o, ptt & :( (=D A (i—l))
r= rG1 — g [A]pGED P ,A4p
check convergence |r| _(r(i) Ap(i—l))
(if not converged) IBi—l — (i—l), =
calc. B, (p JAp )

p(l): r(l) -|- Bi—l p(i_l)
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Properties of CG Algorithm

Following “conjugate (#1%)” relationship is obtained for
arbitrary (i,j):

(p(i),Ap(j)): 0 (i " j)

Following relationships are also obtained for p® and r%:
(r(i),r”))zO(i;t i) (p(k),r(k)):(r(k),r(k))

In N-dimensional space, only N sets of orthogonal and linearly
independent residual vector »#¥. This means CG method
converges after N iterations if number of unknowns is N.
Actually, round-off error sometimes affects convergence.



Proof (1/3) ( (i) (1)) 0(i# f)

Mathematical Induction (pm Ap)=0(i # )

R Im IR

() (6) )

_(p
‘) ak_(p(’”,Ap(“)

(k+1) _ (k) (k)
(2) r =r" —a,Ap

(k+1) _ _.(k+1) (k) 0) _ ..(0)
3) p T =r""+6p", r°=p

(4, Ap®
4) B = ((p(k),Ap(k)))
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Proof (2/3) ( (i) (1)) 0(i# f)

Mathematical Induction B a ()
- o p L Ap)=0i# ]
MR RENE ( =0l

( *) 1s satisfied for i <k, j <k wherei # j
ifi<k (r("“),r(”)—( (i) <k+1))(3)( (i) .(h) akAp(k))
=l ( " Ap(“)(3) (p” =B p" . ap®)
a(p”, ap" )+ @ B (P, ap™ 2

Fo. <k>) ( (k) aAp("))
(k) <k))

(
o, :(,,< <k>) ( (k)—ﬁk_lp(k_l),%AP(k))

D% =1,0 4p0) (g)(rm <k>) (p(k),Ap("))(;)(r("),r(k))—(p("),r”‘))

(2) r* =7r® — g Ap™ (3)(r(k) (k)) (/Bk—lp(k_l) + r(k),r(k))

(3) p(k 1) (k 1) +:Bk (k) 2
_ (k-1) (k) }(2) ( (k=1) .(k=1) (k—l)]
( (k+1) Ap(k)) — _ﬁk—l( 24 )_ _ﬂk—l P » r o a,k—lAp

== {(p(k_l) rY )_ O (p(k_l) ’ Ap(k_l) )}(;)O

)(*)

ifi=k ( (k) (k))(:)
3)

—

(4) IBk = (p(k) , Ap(k))



Proof (3/3)

Mathematical Induction

ifi <k

ifi=k

R Im IR

( *)1s satisfied for i <k, j <k wherei # j
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.r7)=0% )

(P, Ap)=0(i # j

(p(kﬂ),Ap(i) )(@(r(kﬂ) +,ka(k),Ap(i))

( ";)( FE Ap®)

()1
o,

( (k+1)

9

F(i)

)=

)(*)

(p(lo, () )

()%= p™, Ap™®)

—-a, Ap

(2) r(k+1) — r(k) (k)

(3) p(k+1) — r(k+1) _l_lka(k)

(k4D (k)
(f’ , Ap )
(p(k)’Ap(k))

(4) :Bk —

(p(k+1) A (k))(3)( (k+1) Ap(k))+,5k(p(k) Ap(k))

2



(r(k+1) (k))

(r(k+1) (k))

0

e 11 I

\

r

=
(i)( (k) (k)

. (r(k),r(k) ): (p(k) , ,,(k))

),,<k> (k)) ((k) a,Ap(k))

(k) (k)) (

- p. 1p(k Vo Ap(k))
o, (p®, Ap® )(;)(r(k) )= (p® ) =0

p(k),’,.(k)
(1)ak — ((p(k),Ap(k?)

(2) r* =r® — g Ap™

(3) p(k+1) — r(k+1) +,8kp

_ I”(k+1),Ap(k)
(4):Bk = ((p(k),Ap(k)))
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o, D

Usually, we use simpler definitions of ¢, £, as follows:

(p(k),b _ Ax(k)) (p(k),r(k))

(r(k) r® )
ak -

(p®.4p%)  (p®,4p")  (p™, 4p®)

( p®. ,,(k)): (,,(k) , r(k))
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Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9) :
forpi= 1, 2 x (1) Vector
2= o; : Scalar
p._,= ri-h zG-D
if i=1
pM= 7z . 3
else ﬂ . (I”(l ),}"(l )) (: pi—l)
Bii= Pia/Pis i1 ( (i-2) (i—2)) _
plil= zG1 4 B pl-D r » ( pi—Z)
endif _ -
T - (i-1) (z—l))
(1) = (1) (r ,r .
: AP SPNE o = : : (_ pi—l)
a, = p;,/pHag® i ( A (z))
xW= x4 g p) P .Ap
r(l): r(i—l) _ (qu(l)

check convergence |r|



Preconditioning for Iterative Solvers

e Convergence rate of iterative solvers strongly depends
on the spectral properties (eigenvalue distribution) of
the coefficient matrix A.

e Eigenvalue distribution is small, eigenvalues are close to 1
e |n “lll-conditioned” problems, “condition number” (ratio of
max/min eigenvalue if A is symmetric) is large (%K) .

e A preconditioner M (whose properties are similar to
those of A) transforms the linear system into one with
more favorable spectral properties (Fij0LIE)

M transforms Ax=b into A'x=b' where A'=M-1A, b'=M-"b

If M~A, M- 1A is close to identity matrix.

If M-1=A-1, this is the best preconditioner (Gaussian Elim.)

Generally, A'X’=b’ where A'=M,TAMz 1, b'=M b, X’=Mgx

M, /Mx: Left/Right Preconditioning (Z.” A &TALIE)
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Preconditioned CG Solver

Compute r(®= b-[A]x() [M]= [M;][M,]
for 1= 1, 2,
solve [M]z@ D= rG-1) [A ]x"=Db’
p, ;= r@1h z-1) [A7]=[M;] t[A] [M,]71
if i=1 x’=[M,]x, b’=[M,]'b
pD= 70
else p’=>[M,]lp, r'=>[M]'r
Bii= Pi-1/Pis X
pil= zE1D 4 B, p-D p’ W= pr -1 4 Br _ pr -1
endif
qP’= [Alp™ [M,1p™P= [M 17 e+ B [M]ptTY
o = p;/pHg
X(i)= X(i—l) + (xip(i) p(i)= [MZ]—l [Ml]—lr(i—l) + B’i—l p(i—l)
r= pG-1 _ g g pi= [M]lrGD 4 Br. . pED

check convergence |r|

)
S
Q.
=
|
),
I
=
|
l_\
K
=
-
]
=
-



In CG method, preconditioner usually satisties [M,]=[M,; ]!, such as

Incomplete Cholesky/Incomplete Modified Cholesky Factorizations.
In this problem, let us define [M,;] and [M,] as follows:

M, ]=[X] L [M,]=[X] [M]=[M,][M, ]

:A']x'Zb'

A=IM, T [A]IM, T =([X] T'[A]IXT = (X1 [A]IXT
x'=[X]x, b'=[X]"b, r'=[XI"r

(ra i) (IX]" 7 [X] 7 )

(p . ATp" ) (XTI AT [X] )
B ) (e i ] )
[([X]p“ OV xiT[ALp ) () (XX [A] )
] ) ) e

( (i_l),[A] p(i—l)) B (p(l D,[A] p(l 1)) B (p(i_l),[A] p(i—l))

o i-1
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(X x]

([X]7 re [x] 7 P
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77! D) )

[X

)
)T
(([x]‘T )X
. ) :—T,,a—z)j ((r(i_Z))T: [L

) et (e

|
T (e

-1 r

77! H=2) )

(1) G )

- r(i—Z)) (r( 2),[M] L 2)) _(r

5 )
(i ),Z(l ))
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Preconditioned Conjugate Gradient
Method (PCG)

Compute r(®= b-[A]x(9)
for i= 1, 2, ..

Solving the following equation:

solve [M]z(@ D= r@(i-1) i |
P = £l 2l tzy=[M] "}
if i=1
pt= zi® “Approximate Inverse Matrix”
else
e-se -1 -1
b= pui/p M7 =[A]", [m]=]A]
p(,iL 260 1 B, pth
e T Ultimate Preconditioning:
a, = p,_,/pP gt Inverse Matrix
xW= x01 + oq,p@ -1 -1 .
r= rt-1 — g g [M] _[A] ’ [M]_[A]
check convergence |r| _ _ _
end Diagonal Scaling: Simple but weak

m["=[p[", [mM]=|D]



Diagonal Scaling, Point-Jacobi

M|=| ...

e solve [M]zG V= r(E-1) |gvery easy.
* Provides fast convergence for simple problems.



ILU(0), IC(0)

» Widely used Preconditioners for Sparse
Matrices
— Incomplete LU Factorization

— Incomplete Cholesky Factorization (for Symmetric
Matrices)

 Incomplete Direct Method

— Even if original matrix is sparse, inverse matrix is not
necessarily sparse.

— fill-in
— ILU(0)/IC(0) without fill-in have same non-zero pattern
with the original (sparse) matrices
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Full LU Factorization
(or LU Decomposition)

e Direct Method

o A'lis calculated directly
e Al can be saved
e Fill-in’s

e LU factorization
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Incomplete LU Factorization | :3::
(ILU)

e |LU factorization
Incomplete LU factorization

e (Generation of fill-in’s is controlled
Preconditioning method

ncomplete Inverse Matrix, “Weaker” Direct Method
LU(0): NO fill-in’s
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Solving Linear Equations by

LU Factorization

[A] is decomposed to the following form of [L][U]:

a, a, 1 0O O OVu, u, u;
as, a, L, 1 0 Ol O u,, uy
33 as, =y Iyp 1 O 0 0 usy
a, [, 1IN O 0 0

o Ay, Ly Ly o
L :Lower triangular part of matrix A
U : Upper triangular part of matrix A
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Linear Equations in Matrix
Form

General linear equations with “n” unknowns:

a, x, +a,x,+---+a, x, =b,

Ay X, + Ay X, +o+a, X, = b2

a.x,+a,x,+---+a x =b

Matrix form: I

/an a, - aln\/xl\ (bl\
Ay Ay Arp || X2 b,
\anl an2 ann /\'xn ) Kbn /

A X b

| ﬁAX:b
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Solving Ax=b by LU 33
Factorization

1 A = LLU Compute [L] and [U]

2 Ly — b  Solve Ly=b

¢ Ux = Y Solve Ux=y

This x 1s solution of AX — b

'~ Ax =LUx =Ly =b



Solving Ly=b:
Forward Substitution

v h
Ly 1 - Oy, _ b,
yi=b
Y=o ylzzblz_lzlyl
Ly, +y, =D, > .

Ly, +l,y, +-+y, =b, :bn_zlniyi
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Solving Ux=y:
Backward Substitution

Ux = y -) (uy wy g (X ()
O uy o Uy, || X, _|
ko 0 Uy N\ )
' 'xn — yn /unn
unn'xn — yn
xn—l — (yn—l _ un—l,n'xn)/un—l,n—l
Mn—l,n—l'xn—l + un—l,n'xn — yn—l

\ o g

n
UpX) TURX, T T U X, =Y, x1:()’1_zuljxj)/“11
i=2
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How to calculate LU
Factorization/Decomposition | ::
@
dy, 4, dyp ay, ‘ L0 0 0 0)uy wy wuy - ouy,
Ay | Ay Ay sy L 1 O = 0 O uy uy - Uy,
3 Uz Az ot dyy, r: ly Ly 1 - 0 0 0 uyy - u,
a;ql ) a;ﬁ A, Ly ln.2 L 1)L 0 O 0 U

@ — A = Uy, A1) =Up 0, =Uy, = Uy Uy, Uy,
2 wm a, = Lyuy,ay =Ly, ,a, =1u, = 1,,5,,1,

- azzzlzlulz +u229.°°9a2n2121u1n+u2n:>u22’u23,'°',u2

n

)  a,, =lu, tluy,, = 0,000,
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Example: 5-Point Stencil

10

11

12

19—()—2
O—E@—0O
@—06—~0
O—@—06
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Example: 5-Point Stencil

10

11

12




¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Coef. Matrix

000 -100 000 000 000 000 0.00
-1.00 000 -1.00 000 000 000 0.00
6.00 000 000 -100 000 0.00 0.00
000 600 -100 000 -100 0.00 0.00
000 -100 6.00 -100 000 -100 0.00
-1.00 000 -100 6.00 000 0.00 -1.00
000 -100 000 000 6.00 -1.00 0.00
000 000 -100 000 -100 6.00 -1.00
000 000 000 -100 000 -100 6.00
000 000 000 000 -100 000 0.00
000 000 000 000 000 -100 0.00
000 000 000 000 000 000 -1.00
1
3
5
7
9
10
11
12

000 000 000N ¢
000 000 000

000 000 000

000 000 000

000 000 000

000 000 000

~100 000 000

000 -100 000

000 000 -1.00

600 -100 000

~100 600 -1.00

000 -100 600 / N\

10——11——~2
2\ (a) [

O—@—0O
A\ =) (¢

@—06—®

O—0@—0

7 000™
3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00 /
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¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Solution

000 -100 000 000 000 000 0.00
-1.00 000 -1.00 000 000 000 0.00
6.00 000 000 -100 000 0.00 0.00
000 600 -1.00 000 -1.00 0.00 0.00
000 -100 6.00 -100 0.00 -1.00 0.00
-1.00 000 -100 6.00 000 0.00 -1.00
000 -100 000 000 600 -100 0.00
000 000 -100 000 -100 6.00 -1.00
000 000 000 -100 000 -100 6.00
000 000 000 000 -100 000 0.00
000 000 000 000 000 -100 0.00
000 000 000 000 000 000 -1.00
1
3
5
7
9
10
11
12

000 000 000 N ¢ 1.00
0.00 0.00 0.00 2.00
0.00 0.00 0.00 3.00
0.00 0.00 0.00 4.00
0.00 0.00 0.00 5.00
0.00 0.00 0.00 6.00
-1.00  0.00 0.00 7.00
0.00 -1.00 0.00 8.00
0.00 0.00 -1.00 9.00
6.00 -1.00 0.00 10.00
-1.00  6.00 -1.00 11.00
000 -100 600 / '\ 12.00/
44)

10—1—12

2 (Q) (c
O—@—0O

) () (¢
@—06—®

A (0 (=
O—@—06

7 000

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

"N\
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Full LU Factorization

Original Matrix

LU Factorization
[L][U]

Diagonal Components of
[L] (=1) are not displayed

fill-in occurred

6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

7" 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
2.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
9.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-1.00
0.00

-1.00
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
9.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00
-1.00
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
9.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
9.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
9.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
9.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
9.63
-0.18

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00

-1.00

6.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
001
-1.03

5.63 /7
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ILU Factorization (without Fill-in)

ILU Factorization
[L][U]

Diagonal Components of
[L] (=1) are not displayed

NO fill-in’s

LU Factorization
[L][U]

Diagonal Components of
[L] (=1) are not displayed

fill-in occurred

/7 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\ 0.00

7" 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
9.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
2.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
9.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
9.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
9.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
0.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
2.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
0.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
2.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
9.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
9.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
9.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
9.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
9.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
9.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
9.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
9.63
-0.18

0.00 "\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65 J/

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
-1.03

5.63 /7
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Solution: A little bit inaccurate ...

ILU

Full LU

7’ 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\, 0.00

7" 6.00
~0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
2.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
9.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
2.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
9.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
9.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
2.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

0.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
9.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
2.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
9.6
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
2.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
2.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
9.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
2.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
9.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
2.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
9.63
-0.18

0.00 ™\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

565 ,

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
~1.03

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

563 /

\ 1183 /

7100

2.00
3.00
4.00
9.00
6.00
7.00
8.00
9.00
10.00
11.00

N\, 12.00 ,/

82



Solution: A little bit inaccurate ...

ILU

Diagonal
Scaling
(Point
Jacobi)

/'

6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

6.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
2.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
6.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
2.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00
6.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
9.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

0.00
0.00
0.00
6.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
2.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00
6.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.00
9.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
0.00
0.00
6.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
6.00
0.00
0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
9.6
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
6.00
0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
2.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
6.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
2.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
6.00
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
2.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
6.00
0.00

0.00 ™\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

565 ,

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

6.00 /

\ 1183 /

om)\‘

0.50
1.67
1.83
1.67
3.17
3.33
2.67
4.67
7.00
6.00

N\ 867 /
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ILU(0), IC(0)

* Incomplete Factorization without Fill-in's
— Saving Memory, Smaller Computations

 If we solve equations by this incomplete
factorization, we can get “incomplete” solutions.
— But those are not far from accurate ones.

— “Accuracy”/“Inaccuracy” depends on property of
matrices
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Classification of Preconditioning
Methods: Trade-off

Weak Strong
Point Jacobi ILU(O) Gaussian
Elimination
Diagonal ILU(1)
Blocking ILU(2)
* Simple « Complicated
 Easy to be Parallelized  Global Dependency
* Cheap « Expensive
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« Background
— Finite Volume Method
— Preconditioned lterative Solvers

« ICCG Solver for Poisson Equations

— How to run
- Data Structure
— Program
* |nitialization
« Coefficient Matrices
« ICCG




Target Application

3D Poisson Equation/Poisson’s Equation
2 2 2
af+a?+a?+f:0
ox~ dy” 0z
Finite Volume Method (FVM)

— Arbitrary Shape Meshes, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions (B.C.) etc.
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers
— Conjugate Gradient + Preconditioner
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3D Structured Mesh
Internal data structure Is “unstructured’

jJ S L L
YA A4

AZ

N
-
A
Y
\\\\
NN NN
Z
_<
>
X

NX
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Target Problem: Variables are defined
at cell-center’s

Poisson Equation/
Poisson’s Equation

2 2 2
ig+a?+a?+f=0
ox~ dy~ 0z

Boundary Conditions
(BC) etC Flux of each cell

= dfloat (i+j+k) XVolume

° VOlume FIUX (i, 9,k)=XYZ (icel, (1,2,3))

* 0=0@Z=Z2__. ZM

X
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Poisson Equation by 535 325 5%
- . Sttt
Finite Volume Method o 9" o

(FVM)

Conservation of Fluxes through
Surfaces Diffusion:

f=0

Interaction with Neighbors

k ik

Sik _ ) —
2 (0 =9)+Vi0 =0

ki Volume Flux

: Volume
: Surface Area
: Distance between

Cell-Center &
Surface

: Volume Flux



Running the Program: <$E-L1>/run

mg
mesh generator

'

—
—

mesh.dat
mesh file

\_//

NO explicit mesh file
inactual computation.

L1-sol
Poisson Solver
FVM

}

INPUT.DAT
Control File

J

—

—
A

test.inp
ParaView File

¥/
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Running the Program
Compiling

cd multicore-f/Ll1/run

gfortran -0 mg.f -o mg (or cc -0 mg.c —-o mg)
ls mg

mg

Mesh Generator: mg

cd ../src
make Poisson Solver (FVM): L1-sol
ls ../run/Ll-sol

Ll-sol
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Running the Program
Mesh Generation

$> cd ../run

$> ./mg NX, NY, NZ
4 3 2
S> 1s mesh.dat
mesh.dat

[l 7 L L
[l L L L

NZ

NY
NX



4 3 2
24

1 0 2
2 1 3
3 2 4
4 3 0
5 0 6
6 5 7
/] 6 8
8§ 1 0
9 0 10
10 9 1
11 10 12
12 11 0
13 0 14
14 13 15
15 14 16
16 15 0

N

(@)
NN NS N — —
OPR~LhWNOOOO

read (21, (10i10)") NX ,

— — —
TR WOOOOOIDODOCTRAWN—-OOOO

16
17
18
19
20

—_
QOO ON—- OO0 U1

o

— — —

N—= OO OCITRARAWN—LOOOOOOOOOOOO

13 1
14 2
15 3
16 4
17 1
18 2
19 3
20 4
21 1
22 2
23 3
24 4
0 1
0 2
0 3
0 4
0 1
0 2
0 3
0 4
0 1
0 2
0 3
0 4
NY , NZ

read (21, (10i10)") ICELTOT

do i= 1, IGELTOT
“(10i10)" )

read (21,
enddo

WWWWNINDNN /=== —=WWWWNhNNNN—=— ——

mesh.dat (1/5)

ii, (NEIBcell (i, k), k=1, 6), (XYZ(i,j), j=1, 3)
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AR mesh.dat (2/5)
1 0 2 0 5 013 1 1 1

5 2 4.0 7 015 5 1 1

3 2 0 0 S S/

4 3 0 0 8 0 16 4 1 1 iy ey

5 0 6 1 9 017 1 2 1 P
6 5 7 2 10 0 18 2 2 1 11
7 6 8 3 11 019 3 2 1 NZ %
8 7 0 4 12 0 20 4 2 1 4

9 010 5 0 0 21 1 3 1

0 9 11 6 0 0 22 2 3 1 NY
11 10 12 7 0 0 23 3 3 1 - _

12 11 0 8 0 0 24 4 3 1 NIX

13 014 017 1 0 1 1 2

5 1416 016 50 5 1 3

6 15 0 0 20 4 0 4 1 2 Number of meshes
17 0 18 13 21 5 0 1 2 2 in X/Y/Z directions
18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, ‘(10i10)" ) ii, (NEIBcell (i, k), k=1, 6), XYZ(i, j), j=1, 3)
enddo



PRI mesh.dat (3/5)
1 0 2 0 5 0 13 1 1 1

% ; 2 8 (73 8}@ % } } Number of Meshes (Cells)
4 3 0 0 8 0 16 4 1 1 = NX x NY x NZ
5 0 6 1 9 0 17 1 2 1

6 5 7 2 10 0 18 2 2 1

7 6 8 3 11 019 3 2 1

8 7 0 4 12 0 20 4 2 1

9 010 5 0 0 21 1 3 1

10 9 11 6 0 0 2 2 3 1

11 10 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2

16 15 0 0 20 4 0 4 1 2

177 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21,’ (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, ‘(10i10)" ) ii, (NEIBcell (i, k), k=1, 6), XYZ(i, j), j=1, 3)
enddo
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IR mesh.dat (4/5)
1 0 2 0 5 013 1 1 1

2 % g 8 57; 8 }g 2 } } Neighboring Cells: NEIBcell(i,k)
5 0 6 1 9 0 17 1 2 1 // // A4
EERERLEEE

8 7 0 4 12 0 20 4 2 1 13|14 16

9 0 10 5 0 0 21 1 3 1 7

10 9 11 6 0 0 22 2 3 1 y 112134
1110 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2 X

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

210 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ

read (21, (10i10)") ICELTOT
. 1st Col.: Global ID of the Cell
do i= 1, ICELTOT

read (21, ‘(10i10)’ )& (NEIBcel I (i, k), k=1, 6), (XYZ(i, ), j=1, 3)
enddo




NEIBcell: ID of Neighboring Mesh/Cell
=0: for Boundary Surface

NEIBcell(icel,6)
t / NEIBcell(icel,4)

NEIBcell(icel,1) =l NE|Bcell(icel,2)

4

NEIBcell(icel,3) *

NEIBcell(icel,1)=icel — 1
NEIBcell(icel,5) NEIBcell(icel,2)=icel + 1
NEIBcell(icel,3)= icel — NX

NEIBcell(icel,4)= icel + NX
NEIBcell(icel,5)= icel — NX*NY
NEIBcell(icel,6)= icel + NX*NY




PR mesh.dat (5/5)
1 0 2 0 5 013 1 1 1

2 1 3 0 6 0 14 2 1 1 Location in X,Y,Z-directions: XYZ(i,))
3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 0 17 1 2 1

6 5 7 2 10 0 18 2 2 1

56 412 02 4 5

9 010 5 0 0 21 1 3 1 S~
0 9 11 6 0 0 22 2 3 1

11 10 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1 . 13|14

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2 y 1123 |4
15 14 16 0 19 3 0 3 1 2

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2 X

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)” ) ii, (NEIBcell(i,k), k=1, 6), XYZ(i,J), j=1, 3)
enddo



NEIBcell: ID of Neighboring Mesh/Cell
=0: for Boundary Surface

NEIBcell(icel,6)
t / NEIBcell(icel,4)

NEIBcell(icel,1) =l NE|Bcell(icel,2)
/ i= XYZ(icel,1)
j= XYZ(icel,2), k= XYZ(icel,3)
NE'BCG”(ICG',S) * icel= (k-1)*NX*NY + (]-1)*NX +i
NEIBcell(icel,1)=icel — 1
NEIBcell(icel,5) NEIBcell(icel,2)=icel + 1

Z y NEIBcell(icel,3)= icel — NX
‘ i NEIBcell(icel,4)= icel + NX
NEIBcell(icel,5)= icel —= NX*NY
X NEIBcell(icel,6)= icel + NX*NY
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Running the Program
Control Data: <$E-L1>/run/INPUT.DAT

32 32 32 NX/NY/NZ
1 MEHOD 1:2:3
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
NX, NY, NZ
— Number of meshes in X/Y/Z dir.
METHOD S
— Preconditioner - b4 =
AZ
DX, DY, DZ 7
— Size of meshes Z& Pa——— AX
NX
EPSICCG X

— Convergence Criteria for ICCG
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Preconditioning Method

32 32 32 NX/NY/NZ
1 MEHOD 1:2:3
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
« METHOD=1 Incomplete Modified Cholesky Fact.
(Off-Diagonal Components unchanged)
« METHOD=2 Incomplete Modified Cholesky Fact.
(Fortran ONLY)
- METHOD=3 Diagonal Scaling/Point Jacobi
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Running the Program

Running, Post Processing by ParaView
http://nkl.cc.u-tokyo.ac.jp/21s/ParaView.pdf

S> cd
$> cd multicore—-£f/Ll1/run
$> ./Ll-sol

1 4.504513E+00 Residual at the 15t Iteration
75 8.377861E-09 Residual at convergence (<1078)
##ANSWER 32768 9.297409E+02 Result at @-point

$> 1ls test.inp
test.inp




BEXRDIEHE
=

iR
=i
uchzzh i
PY 4R
At
=
JNEIR
—RER
Y
=fAR2
Uz 2
P E A2
A2
=AH2
JNEA2

pt
line
tri
quad
tet
pyr
prism

hex

line2
tri2
quad?2
tet2
pyr2
prism2

hex2

UCD Format (1/2)
Unstructured Cell Data

F—7—K

7N E{F 3
0
M £ 74 MR 2
0 3 o 7 3
4 é
4
_ﬁﬁz =it

A A @
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UCD Format (2/2)

 Qriginally for AVS, microAVS
« Extension of the UCD file is “inp”

* There are two types of formats. Only old type can
be read by ParaView.

105



106

« Background
— Finite Volume Method
— Preconditioned lterative Solvers

« ICCG Solver for Poisson Equations

— How to run
« Data Structure
— Program
« Initialization
« Coefficient Matrices
« ICCG
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Structure of the Program

MAIN
program MATN INPUT
use STRUCT i control info.
use PCG main
use solver_I1CCG
use solver_1CGCG2 POINTER_INIT
use solver_PCG ' T
mesh info.
implicit REAL*8 (A-H, 0-2)
call INPUT BOUNDARY_CELL
call POINTER_INIT h
cal| BOUNDARY CELL boundary meshes
cal| CELL_METRICS
cal | POI_GEN CELL_METRICS
PHI= 0.d0 area/volume
if (METHOD.eq.1) call solve _ICCG (---)
it (METHOD. eq.2) call solve 1CCG2(---) POI_GEN
if (METHOD. eq.3) call solve PCG (--+) matrix
call OUTUCD
SOLVER_ICCG
stop : :
end ICCG: METH=1
SOLVER_ICCG2 FORM_ILUO
ICCG: METH=2 [=a,-ST .31,

SOLVER_PCG
PCG: METH=3
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module STRUCT

module STRUCT

ICELTOT:
include "precision. inc’ Number of meshes (NX X NY X NZ)
1C
IC—— METRICs & FLUX N:
integer (kind=kint) :: ICELTOT, ICELTOTp, N —
integer (kind=kint) :: NX, NY, NZ, NXP1, NYP1, NZP1, IBNODTOT Number of nodes
integer (kind=kint) :: NXc, NYc, NZc
real (kind=kreal) :: g NX,NY, NZ:
& DX, DY, DZ, XAREA, YAREA, ZAREA, RDX, RDY, RDZ, & i i i
: RDK2. RDYZ. RDZ2. RZDX R2DY  R2DZ Number of meshes in x/y/z directions
real (kind=kreal), dimension(:), allocatable :: & NXP1l,NYP1l,NZP1l:
& VOLCEL, VOLNOD, RVC, RVN . . .
Number of nodes in x/y/z directions
integer (kind=kint), dimension(:, :), allocatable :: &
& XYZ, NEIBcell IBNODTOT :
IC = NXP1 X NYP1

IC— BOUNDARYs
integer (kind=kint) :: ZmaxCELtot
integer (kind=kint), dimension(:), allocatable :: BC_INDEX, BC.NOD XYZ (ICELTOT, 3) :
integer (kind=kint), dimension(:), allocatable :: ZmaxCEL

Location of meshes

IG

IC— WORK
integer (kind=kint), dimension(:, :), allocatable :: IWKX NEIBcell (ICELTOT, 6) :
real (kind=kreal), dimension(:, :), allocatable :: FCV Neighboring meshes

end module STRUCT



module PCG (1/5)

module PCG

integer, parameter :: N2= 256

integer :: NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD
integer :: NPL, NPU

real (kind=8) :: EPSICCG

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex
integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD

integer, dimension(:, :), allocatable :: IAL, [AU

integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

Sparse Matrix
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Only non-zero off-diagonal components (CRS)

Diagonal/Lower/Upper components are stored

separately

Although the matrix is symmetric, all the

components are stored for efficient computing.




module PCG

integer, parameter

module PCG (2/5)

2 N2= 256

integer :: NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD

integer :: NPL, NPU
. EPSICCG

real (kind=8)

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex
integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD

integer, dimension(:, :), allocatable :: IAL, [AU

integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

INL (ICELTOT)
IAL (NL, ICELTOT)
INU (ICELTOT)
IAU (NU, ICELTOT)
NU, NL

indexL (0: ICELTOT)
indexU (0: ICELTOT)
NPL, NPU

itemL (NPL) , itemU (NPU) Col. ID: non-zero off-diag. comp. (L/U, CRS)

# Non-zero off-diag. components (lower)
Col. ID: non-zero off-diag. comp. (lower)
# Non-zero off-diag. components (upper)
Col. ID: non-zero off-diag. comp. (upper)
Max # of L/U non-zero off-diag. comp. (=6)

# Non-zero off-diag. comp. (lower, CRS)

# Non-zero off-diag. comp. (upper, CRS) L
Total # of L/U non-zero off-diag. comp.
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module PCG (3/5)

module PCG

integer, parameter :: N2= 256

integer :: NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD
integer :: NPL, NPU

real (kind=8) :: EPSICCG

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex
integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD

integer, dimension(:, :), allocatable :: IAL, [AU

integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

METHOD Preconditioning method (=1, =2, =3)
EPSICCG Convergence criteria for ICCG

D (IcerLTOT) Diagonal components of the matrix
PHI (ICLETOT) Unknown vector

BFORCE (ICELTOT) RHS vector

AL (NPL), AU(NPU) Non-zero off-diagonal L/U components of the

matrix (CRS)
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module PCG (4/5)

module PG Auxiliary Arrays

integer, parameter :: N2= 256

integer 7 NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD

integer :: NPL, NPU Lower Part (Column ID)
real (kind=8) :: EPSICCG IAL(icou,i) < 1

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex lj‘)r)(;r Part ((:()'l]lT\fl |[))
integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD ] ] ]
IAU(icou,1i) > 1

integer, dimension(:, :), allocatable :: 1AL, I[AU

integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

INL (ICELTOT) # Non-zero off-diag. components (lower)

IAL (NL, ICELTOT) Col. ID: non-zero off-diag. comp. (lower)

INU (ICELTOT) # Non-zero off-diag. components (upper) U
IAU (NU, ICELTOT) Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL (0:ICELTOT) # Non-zero off-diag. comp. (lower, CRS)

indexU (0:ICELTOT) # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL (NPL) , itemU (NPU) Col. ID: non-zero off-diag. comp. (L/U, CRS)
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module PCG (5/5)

module PCG

Auxiliary Arrays
integer, parameter :: N2= 256
integer - : NUmax, NLmax, NCOLORtot, NGOLORk, NU, NL, METHOD
integer :: NPL, NPU Lower Part (Column ID)
real (kind=8) :: EPSICCG IAL(icou,i) < i
real (kind=8), dimension(:), allocatable :: D, PHI, BFORGE INL (i) : Number@each row
real (kind=8), dimension(:), allocatable :: AL, AU
integer, dimension(:), allocatable :: INL, INU, COLORindex lj‘)r)(;r Part ((:()'l]lT\fl |[))

integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD . . ]
; IAU(icou,1i) > 1

integer, dimension(:,:), allocatable :: IAL, I[AU INU (i) : Number@each row

integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

INL (ICELTOT) # Non-zero off-diag. components (lower)

IAL (NL, ICELTOT) Col. ID: non-zero off-diag. comp. (lower)

INU (ICELTOT) # Non-zero off-diag. components (upper) U
IAU (NU, ICELTOT) Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL (0:ICELTOT) # Non-zero off-diag. comp. (lower, CRS)

indexU (0:ICELTOT) # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL (NPL) , itemU (NPU) Col. ID: non-zero off-diag. comp. (L/U, CRS)




Variables/Arrays for Matrix

Name Type Content
D (N) R | Diagonal components of the matrix (N= ICELTOT)
BFORCE (N) R | RHS vector
PHI (N) R | Unknown vector
indexL (0:N) I | Number of Lower non-zero off-diag. comp. (CRS)
indexU (0:N) I | Number of Upper non-zero off-diag. comp. (CRS)
NPL I | Total number of Lower non-zero off-diag. comp. (CRS)
NPU I | Total number of Upper non-zero off-diag. comp. (CRS)
itemL (NPL) I | Column ID of Lower non-zero off-diag. comp. (CRS)
itemU (NPU) I | Column ID of Upper non-zero off-diag. comp. (CRS)
AL (NPL) R | Lower non-zero off-diag. comp. (CRS)
AU (NPU) R | Upper non-zero off-diag. comp. (CRS)
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Variables/Arrays for Matrix

Auxiliary Arrays

Name Type Content
NL, NU I | MAX. number of Lower/Upper non-zero off-diag. comp.
for each mesh (=6 in this case)
INL (N) I | Number of Lower non-zero off-diag. comp.
INU (N) I | Number of Upper non-zero off-diag. comp.
IAL (NL, N) I | Column ID of Lower non-zero off-diag. comp.
IAU (NU, N) I | Column ID of Uppwer non-zero off-diag. comp.
 INL,INU = indexL, indexU
« |[AL,IAU = itemL, itemU

Why Auxiliary Arrays ?

@ NPL and NPU are unknown before computation.
@ CRS is not suitable for reordering.
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Mat-Vec Multiplication: {g}=[Al{p}
do i1=1, N
VAL= D (i)*p (i)
do k= indexL (i—-1)+1, indexL (i)

VAL= VAL + AL (k) *p (itemL (k))
enddo

do k= indexU(i-1)+1, indexU(i)
VAL= VAL + AU (k) *p (itemU (k))
enddo

g(i)= VAL

enddo
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Structure of the Program

program MAIN

use STRUCT

use PCG

use solver_ICGG
use solver_[CCG2
use solver_PCG

implicit REAL*8 (A-H, 0-2)

call INPUT

call POINTER_INIT

cal | BOUNDARY_CELL
call GELL_METRICS

call POI_GEN

PHI= 0.d0

if (METHOD.eq.1) call solve ICCG
if (METHOD. eq.2) call solve ICCG2
if (METHOD. eq.3) call solve_PCG
cal | OUTUCD

stop
end

MAIN
main

INPUT
control info.

POINTER_INIT
mesh info.

BOUNDARY_CELL

boundary meshes

CELL_METRICS

area/volume

POI_GEN
matrix

SOLVER_ICCG

ICCG: METH=1
SOLVER_ICCG2 FORM_TLUO
ICCG: METH=2 [=a,-ST .31,

SOLVER_PCG

PCG: METH=3




input: reading “INPUT.DAT”

IC
| Coksksk
IGkxx [NPUT
| Ckkx
IC
IC INPUT CONTROL DATA
IC
subroutine INPUT
use STRUCT
use PCG
implicit REAL*8 (A-H, 0-2)
character*80 CNTFIL
IC
IC— CNTL. file
open (11, file="INPUT.DAT , status="unknown’)
read (11,%) NX, NY, NZ
read (11,*) METHOD
read (11,%) DX, DY, DZ
read (11,*) EPSICCG
close (11)
! C===
return
end
32 32 32 NX/NY/NZ
1 MEHOD 1-3
1.00e-00 1.00e—-00 1.00e-00 DX/DY/DZ

1.0e-08 EPSICCG



IC
| Gk
| Goksksk
| Cokoksk
IC

IG
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pointer_init (1/3): “mesh.dat”

POINTER_INIT

subroutine POINTER _INIT

use STRUCT
use PCG
implicit REAL*8 (A-H, 0-2)

IC +
IC -

IC | Generating MESH info. |

ICELTOT= NX * NY =x NZ

NXP1= NX + 1
NYP1= NY + 1
NZP1= NZ + 1

allocate (NEIBcell (ICELTOT, 6), XYZ(ICELTOT, 3))
NEIBcell= 0

NX,NY,NZ:
Number of meshes in x/y/z directions

NXP1l,NYP1l,NZP1:

Number of nodes in x/y/z directions
(for visualization)

ICELTOT:
Number of meshes (NX X NY X NZz)

XYZ (ICELTOT, 3) :
Location of meshes

NEIBcell (ICELTOT, 6) :
Neighboring meshesc




120

pointer_init (2/3): “mesh.dat”

do k=1, NZ

do j= 1, NY

do i=1,

icel=

NX
(k=1) *NX«NY + (j—1)*NX + i

NEIBcell (icel, 1)= icel - 1

NEIBcel |l (icel,2)= icel + 1
NEIBcel | (icel, 3)= icel — NX
NEIBcell (icel,4)= icel + NX
NEIBcell (icel,5)= icel — NXxNY
NEIBcell (icel, 6)= icel + NXxNY
if (i.eq. 1) NEIBcell (icel,1)=10

if (i
if (J.
if (J.
if (k.
if (k.

XYZ (icel, 1)
XYZ (icel, 2)
XYZ (icel, 3)

enddo
enddo
enddo

ed. NX) NEIBcell (icel, 2)
eg. 1) NEIBcell (icel, 3)
eg. NY) NEIBcell (icel, 4)
eg. 1) NEIBcell (icel,5)
eg.NZ) NEIBcell (icel, 6)

N | |
OSSO OOO

i|
j
K

i= XYZ(icel,1)

j= XYZ(icel,2), k= XYZ(icel,3)
icel= (k-1)*NX*NY + (j-1)*NX + i

NEIBcell(icel,6)
NEIBcell(icel,4)

NEIBcell(icel, 1) - NE|Bcell(icel,2)

NEIBcell(icel,3) *

NEIBcell(icel,5)

NEIBcell(icel,1)=icel — 1
NEIBcell(icel,2)=icel + 1
NEIBcell(icel,3)= icel — NX

NEIBcell(icel,4)= icel + NX
NEIBcell(icel,5)= icel — NX*NY
NEIBcell(icel,6)= icel + NX*NY




IG

pointer_

IC +

IC | Parameters |
1C - f

ic:;:

if (DX. le.0.0e0) then
DX= 1.d0 / dfloat (NX)
DY= 1.d0 / dfloat (NY)
DZ= 1.d0 / dfloat (NZ)

endif

NXP1= NX + 1

NYP1= NY + 1

NZP1= NZ + 1

IBNODTOT= NXP1 * NYP1

N = NXP1 *x NYP1 *x NZP1

return

end

nit (3/3): “mesh.dat”

If DX is no larger than 0.0
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pointer_init (3/3): “mesh.dat”

IC
IC + =
IC | Parameters |
IC + =
if (DX. le.0.0e0) then
DX= 1.d0 / dfloat (NX)
DY= 1.d0 / dfloat (NY)
DZ= 1.d0 / dfloat (NZ)
endif
NXP1= NX + 1
NYP1= NY + 1
NZP1= NZ + 1
DO PT X NYPT s NZPT
|Oe - e A NXP1,NYP1, NZP1:
return Number of nodes in x/y/z
directions
IBNODTOT :

= NXP1 X NYP1

N:
Number of modes
meshes (for visualization)



boundary_cell

IC
| Cokskok
I Ck**x BOUNDARY CELL
| Cksksk
IC
subroutine BOUNDARY_CELL
use STRUCT
implicit REAL*8 (A-H, 0-2)
IC
1§ == +
IC | Zmax |
I +———— +
' ——
[FACTOT= NX * NY
maxCELtot= IFACTOT
al locate (ZmaxCEL (ZmaxCELtot))
icou= 0
k =N
do j= 1, NY
do i= 1, NX
icel= (k—1)*IFACTOT + (j-1)*NX + i
icou= icou + 1
ZmaxCEL (icou)= icel
enddo
enddo
return

end

Meshes @ Z=Z7_

Number: ZmaxCELtot
Mesh ID: ZmaxGCEL(:)
X
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cell metrics

|Gt Parameters for Computations
:g::: CELL_METRIGS

IC

subroutine CELL_METRICS

use STRUCT XAREA

use PCG
. mlicit REAKS (AH.0-D) s
I

IC—— ALLOCATE DZ
al locate EVOLCEL EICELTOT; ;
al locate RVC (ICELTOT

1C DY

IC-— VOLUME, AREA, PROJECTION eto.
XAREA= DY * DZ DX

YAREA= DX * DZ Z) y
ZAREA= DX * DY

RDX= 1.d0 / DX X
RDY= 1.d0 / DY
RDZ= 1.d0 / DZ XAREA =AY XAZ, YAREA=AZXAX,

RDX2= 1.d0 / (DX**2) ZAREA = AX XAY
RDY2= 1.d0 / (DY#*2)

RDZ2= 1.d0 / (DZ*2)

R2DX= 1.d0 / (0. 50d0+DX) 1 1 1
R2DY= 1.d0 / (0. 50d0+DY) RDX=—, RDY=——, RDZ=—
R2DZ= 1.d0 / (0.50d0%DZ) AX AY AZ

VO= DX * DY * DZ
RVO= 1.d0/VO
VOLCEL= VO
RVC = RVO

— — — —  —  —

return
end



cell

IC
| Cksksk
I Cxxx CELL_METRICS
| Cokskok
IC
subroutine CELL_METRICS
use STRUCT
use PCG
c implicit REAL*8 (A-H, 0-2)
I
IG— ALLOCATE
al locate (VOLCEL (ICELTOT))
c allocate (  RVC(ICELTOT))

IC—— VOLUME, AREA, PROJECTION etec.
XAREA= DY * DZ
YAREA= DX * DZ
Z/AREA= DX * DY

RDX= 1.d0 / DX
RDY= 1.d0 / DY
RDZ= 1.d0 / DZ

RDX2= / (DX*%*2)
= / (DY#%2)

/ (DZ%%2)

/ (0. 50d0*DX)

/ (0. 50d0*DY)

/ (0.50d0*DZ)

VO= DX * DY * DZ
RVO= 1.d0/VO
VOLCEL= VO
RVC = RVO

1.d0
1.d0
1.d0
1.d0
1.d0
1.d0

return
end

metrics

Parameters for Computations

XAREA
o
DZ
DY
Z[ y DX
X
1 1 1
RDX?2 = = RDY?2 = = RDZ?2 = >
AX AY AZ
R2DX= 1 N Y= 1 ’
0.5% 0.5xAY
R2DZ = !
0.5xXAZ
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IC
| Cksksk
I Cxxx CELL_METRICS
| Cokskok
IC
subroutine CELL_METRICS
use STRUCT
use PCG
c implicit REAL*8 (A-H, 0-2)
I
IG— ALLOCATE
al locate (VOLCEL (ICELTOT))
c allocate (  RVC(ICELTOT))

IC—— VOLUME, AREA, PROJECTION etec.

XAREA= DY * DZ

YAREA= DX * DZ

/AREA= DX * DY

RDX= 1.d0 / DX

RDY= 1.d0 / DY

RDZ= 1.d0 / DZ

RDX2= 1.d0 / (DX*%*2)
RDY2= 1.d0 / (DY*%*2)
RDZ2= 1.d0 / (DZx%*2)
R2DX= 1.d0 / (0. 50d0*DX)
R2DY= 1.d0 / (0. 50d0*DY)
R2DZ= 1.d0 / (0.50d0*DZ)
VO= DX * DY * DZ

RVO= 1.d0/VO

VOLCEL= VO

RVGC = RVO

return

end

cell metrics
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Parameters for Computations

DZ

i

X

DX

XAREA

L

DY

VOLCEL =V0=AX XAY XAZ

RVO=RVC =

1

VOLCEL
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Structure of the Program

program MAIN AN INDUT
use STRUCT main control info.
use PCG

use solver_ICGG POINTER_INIT
use solver_ICCG2 o h'Af_'_
use solver_PGG mesh info.
implicit REALx8 (A-H, 0-2) BOUNDARY_ CELL
call INPUT boundary meshes
call POINTER_INIT

cal |l BOUNDARY_CELL CELL METRICS
call CELL_METRICS r-; -
call POI_GEN area/volume
PHI= 0.d0 POI_GEN

matrix

if (METHOD.eq.1) call solve ICCG (---)
if (METHOD. eq.?2) call solve ICCG2(---)
if (METHOD. eq.3) call solve PCG (---) SOLVER_ICCG
ICCG: METH=1
cal | OUTUCD
stop SOLVER_ICCG2 FORﬁ:ILUO
end ICCG: METH=2 L=a,~> L -d I,

SOLVER_PCG
PCG: METH=3




boi_gen (1/7)

subroutine POI_GEN

use STRUCT
use PCG

implicit REAL*8 (A-H, 0-2)

IC

16— INIT.
nn = ICELTOT
NU= 6
NL= 6

allocate (BFORCE (nn), D(nn), PHI(nn))
allocate (INL(nn), INU(nhn), IAL(NL, nn), ITAU(NU, nn))

PHI= 0.d0
D= 0.d0

INL= 0
INU= 0
IAL= 0
IAU= 0



Variables/Arrays for Matrix

129

Name Type Content
D (N) R | Diagonal components of the matrix (N= ICELTOT)
BFORCE (N) R | RHS vector
PHI (N) R | Unknown vector
indexL(0:N), I |# ofL/Unon-zero off-diag. comp. (CRS)
indexU (0 :N)
NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
itemL (NPL), I | Column ID of L/U non-zero off-diag. comp. (CRS)
itemU (NPU)
AL (NPL), R | L/U non-zero off-diag. comp. (CRS)
AU (NPU)
Name Type Content
NL, NU I | MAX. # of L/U non-zero off-diag. comp. for each mesh (=6)
INL (N), I | # of L/U non-zero off-diag. comp.
INU (N)
IAL (NL,N), I | Column ID of L/U non-zero off-diag. comp.

IAU (NU, N)




IG

IC +

IC | CONNECTIVITY |

IG +

do icel= 1, ICELTOT

icN1= NEIBcel | (icel, 1)
icN2= NEIBcel | (icel, 2)
icN3= NEIBcel | (icel, 3)
icN4= NEIBcel |l (icel, 4)
icN5= NEIBcel | (icel, 5)
icN6= NEIBcel | (icel, 6)

icouG= 0

if (icN5.ne.0) then
icou= INL Cicel) + 1
IAL (icou, icel)= icNb
INL ( icel)= icou

endif

if (icN3.ne.0) then
icou= INL Cicel) + 1
IAL (icou, icel)= icN3
INL ( icel)= icou
endif

if (icN1.ne.0) then
icou= INL (icel) + 1
IAL (icou, icel)= icN1
INL ( icel)= icou
endif
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poi_gen (2/7)

NEIBcell(icel,6)

NEIBcell(icel,1)

NEIBcell(icel,3) *

NEIBcell(icel,4)

=l NE|Bcell(icel,2)

NEIBcell(icel,5)

Lower Triangular Part
NEIBcell(icel,5)= icel = NX*NY

NEIBcell(icel,3)= icel — NX
NEIBcell(icel,1)= icel — 1




if (icN2.ne.0) then
icou= INU(icel) + 1
IAU (icou, icel)= icN2
INU ( icel)= icou
endif

if (icN4.ne.0) then
icou= INU(icel) + 1
IAU (icou, icel)= icN4
INU ( icel)= icou
endif

if (icN6.ne.0) then
icou= INU(icel) + 1
IAU (icou, icel)= icN6
INU ( icel)= icou
endif
enddo
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poi_gen (3/7)

NEIBcell(icel,6)

NEIBcell(icel,1)

NEIBcell(icel,3) *

NEIBcell(icel,4)

- N E|Bcell(icel,2)

NEIBcell(icel,5)

Upper Triangular Part
NEIBcell(icel,2)= icel + 1

NEIBcell(icel,4)= icel + NX

NEIBcell(icel,6)= icel + NX*NY
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1C

poi_gen (4/7)

allocate (indexL(0:nn), indexU(0:nn))

indexL= 0
indexU= 0
% ndext (1o = INL ice )
e 4 LIl Ice Name Type Content
enéggexU(lcel)— INU(IGe|) D (N) R | Diagonal components of the matrix (N= ICELTOT)
BFORCE (N) R | RHS vector
do icel= 1, ICELTOT PHI (N) R | Unknown vector
indexL (icel)= indexL (icel) + indexL (icel-1) indexL(0:N),| I |# of L/U non-zero off-diag. comp. (CRS)
indexU(icel)= indexU(icel) + indexU(icel-1) indexU (0:N)
enddo NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
Nghz i”gexh E{gE:ﬁgR itzﬁ EEE{;: , I | ColumnID of L/U non-zero off-diag. comp. (CRS)
= lhaex
AL (NPL) , R | L/U non-zero off-diag. comp. (CRS)
allocate (itemL(NPL), AL(NPL)) AU (NPU)
allocate (itemU(NPU), AU(NPU))
itemL= 0
itemU= 0
AL= 0. d0 g0 1= 1, N
Q=== AU= 0.d0 VAL= D (i)*p (i)

do k= indexL(i-1)+1, indexL (i)
VAL= VAL + AL (k) *p (itemL (k))
enddo

do k= indexU(i-1)+1, indexU(i)
VAL= VAL + AU (k) *p (itemU(k))
enddo

q(i)= VAL

enddo



Poisson Equation by 5 a3 2%
Finite Volume Method o o~ o
(FVM)

Conservation of Fluxes through

Surfaces Diffusion:
Interaction with Neighbors

Sik _ )
2 (0 =9)+Vi0 =0

ko ik ki Volume Flux

f=0

V., : Volume

S : Surface Area

d;; : Distance between
Cell-Center &
Surface

Q : Volume Flux
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Constructing Coefficient Matrix
Conservation for i-th mesh

Sik _ ) —
D +dki(¢k 6,)+V,0,=0

k ik

D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)
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1C

IC ‘ "
IC INTERIOR & NEUMANN BOUNDARY CELLs 5/7
¢ | | poi_gen (5/7)

| Q===

icouG= 0

do icel= 1, ICELTOT
icN1= NEIBcel | (icel, 1)
icN2= NEIBcel | (icel, 2) NEIBcell(icel6)
icN3= NEIBcel | (icel, 3)
icN4= NEIBcel |l (icel, 4)
icN5= NEIBcel | (icel, 5)

NEIBcell(icel,4)

icN6= NEIBcel | (icel, 6) NEIBcell(icel, 1) - NEIBcell(icel,2)
VOLO= VOLCEL (icel)
2 oN5. ne. 0) th
[ icN5. ne. 0) then .
coef :RDZ * ZAREA z v NEIBcell(icel,3)
D(icel)= D(icel) - coef 4 , NEIBcell(icel,5)
icou= icou + 1 X
L k NE icou + indexL (icel-1)
item = jc L — 0. o — 0.
AL (k): coef ¢nelb(wel,1) ¢zcel AyAZ+ ¢nezb(lcel,2) ¢1C€l AyAZ+
endif Ax
|f (lCN3 ne. O) then ¢neib(icel,3) _¢icel AZA)C+ ¢neib(icel,4) _¢icel AZA.X"‘
coef  =RDY * YAREA Ay Ay
D(icel)= D(icel) — coef ! ! é é
icou: icou + ] neib(icel,5) ~ Picel | neib(icel,6) ~ Yicel _
k = icou + indexL(icel-1) Az AxAY T Az AXAY + feaAXAYAZ =0
itemL (k)= icN3
AL (k) = coef
endif

if (icN1.ne.0) then
coef  =RDX * XAREA
D(icel)= D(icel) - coef
icou= icou + 1
k = icou + indexL(icel-1)
itemL (k)= icN1
AL (k) = coef
endif
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Calculations of Coefficients

NEIBcell(icel,6) | if (icN5.ne.0) then
NEIBcell(icel,4) coef — RDZ * ZAREA
D(icel)= D(icel) - coef
NEIBcell(icel,1) - N E|Bcell(icel,2) icou= icou + 1
/ k= icou + indexL (icel-1)
] NEIBcell(icel,3) * itemL (k)= icNb
[ y: AL (k) = coef
NEIBcell(icel,5) endif
¢neib(icel,1) — ¢icel AyAZ + ¢neib(icel,2) o ¢icel AyAZ +
Ax Ax
¢neib(icel,3) — ¢icel AZAX"‘ ¢neib(icel,4) B ¢icel AZAX+
Ay Ay
¢neib(icel,5) - ¢icel AX:Ay‘I‘ ¢neib(icez o ¢icel AXAy + fl-ce,AXAyM — O

Az




Calculations of Coefficients

NEIBcell(icel,6) | if (icN5.ne.0) then
NEIBcell(icel,4) coef = RDZ * ZAREA
D(icel)= D(icel) - coef

NEIBcell(icel,1) ==l NE|Bcell(icel,2) icou= icou + 1
“{// k= icou + indexL (icel-1)
NEIBcell(icel,3) * itemL (k)= icNb
’ [ y: AL (k)= coef
y NEIBcell(icel,5) endif
AyAz AyAz
—_— o — (. +— o — Q. +
AX (¢nelb(lcel,1) ¢lcel ) Ax (¢nelb(zcel,2) ¢lcel )
AzAx AzAx
_— o — Q. +— o — Q. +
Ay (¢nezb(zcel,3) ¢lcel ) Ay (¢nezb(lcel,4) ¢zcel )
ZAREA | AxA AxA
Y Y
RDZ AZ (¢neib(icel,5) o ¢icel ) u & (¢neib(icel,6) o ¢icel ) + f;celAXAyAZ = O
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poi_gen (6/7)

icou= 0
if (icN2.ne.0) then
coef = RDX * XAREA
D(icel)= D(icel) — coef
icou= icou + 1
k = icou + indexU(icel-1)
itemU (k)= icN2
AU (k) = coef
endif

if (icN4.ne.0) then
coef = RDY * YAREA
D(icel)= D(icel) — coef
icou= icou + 1
k = icou + indexU(icel-1)
itemU (k)= icN4
AU (k) = coef
endif

if (icN6.ne.0) then
coef = RDZ * ZAREA
D(icel)= D(icel) - coef
icou= icou + 1

k = icou + indexU(icel-1)
itemU (k)= icN6
AU (k) = coef
endif
ii= XYZ(icel, 1)

jj= XYZ(icel, 2)
kk= XYZ(icel, 3)

BFORCE (icel)= —dfloat (ii+jj+kk) * VOLO
enddo
! C:::



icou= 0
if (icN2.ne.0) then
coef = RDX * XAREA
D(icel)= D(icel) - coef
icou= icou + 1
k = icou + indexU(icel-1)
itemU (k)= icN2
AU (k) = coef
endif

if (icN4.ne.0) then
coef = RDY * YAREA
D(icel)= D(icel) - coef
icou= icou + 1
k = icou + indexU(icel-1)
itemU (k)= icN4
AU (k) = coef
endif

if (icN6.ne.0) then
coef = RDZ * ZAREA
D(icel)= D(icel) — coef
icou: icou + 1
itemU (k)= icN6
AU (k) = coef
endif

ii= XYZ(icel, 1)
ji= XYZ(icel, 2)
kk= XYZ(icel, 3)

BFORCE (icel)= -dfloat (ii+jj+kk) * VOLO

icou + indexU(icel-1)

enddo

poi_gen (6/7)

Volume Flux

[ =dfloat(iy + j, + k)

i, = XYZ(icel,1),
Jo = XYZ(icel ,2),
k, = XYZ(icel ,3)

XYZ(icel, k) (k=1,2,3)

Index for location of finite-
difference mesh in X-/Y-/Z-
axis.
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IC
IC + =
IC | DIRICHLET BOUNDARY CELLs
IC :
:8 TOP SURFACE
do ib= 1, ZmaxCELtot
icel= ZmaxCEL (ib)
coef= 2.d0 * RDZ * ZAREA
D(icel)= D(icel) — coef
enddo
!C:::
return
end

poi_gen (7/7)

Calculation of Coefficients
on Boundary Surface @ Z=Z2_,

; 0=—0, |
+ Z=72max
DZ
® o ®
¢=¢o
® o ®
® o ®

18t Order Approximation:

Mirror Image according to Z=Z,, surface.
¢=-0, at the center of the (virtual) mesh
d=0@Z=Z,,, surface



Dirichlet B.C.

1

2

k

ik ki

Sik

dik + dki

D (diagonal)

3

2

k

(off-diag.)

Sik _ ) —
2 (0. -4)+Vi0, =0

k

Sik ¢
k

dik + dki

AL, AU

} = _ViQi

BFORCE
(RHS)
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Dirichlet B.C.

________________

. N | .
A Z i (¢k_¢i)+‘/iQi=0

D7 k dik + dki

DX DX E S A\ Ve

l

D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)

S'k S’k ¢N _¢' .
i + E ’ + “AxAy =-V.0., =—0,
d, +d, }Q { rd, +d, ¢k:| Az ’ Qo O f



________________

Dirichlet B.C.

5 ik
dik + dki

2

k

_ Sik
e

D (diagonal)

Az

Az

(¢k _¢i)+‘/iQi =0

S.
¢l+|: ik ¢
;d,-ﬁdk,- "

AL, AU

(off-diag.)

+ =20 Axay =0

143

} = _ViQi

BFORCE
(RHS)

+ ¢N _¢i AxAy :_‘/iQi’ ¢N :_¢i
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Dirichlet B.C.

________________

- N e S :
N > Sk (g, —¢)+V,0,=0
Pz k dik d,;
Iy
o~ —@
W DX $ DX E S A\ :
l _Zd d¢i+zd d¢k=_Vin‘
® ® Dz ® k ik+ ki k ik+ ki
S

D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)

Sa \% - 20, :
— l .+ ’ + £ AxAy =+V.0.
|:Z dik + dki :|¢l |:Z dik + dki ¢k:| AZ y lQl

k k



145

Dirichlet B.C.

________________

- N e S :
i ' Z . (¢k_¢i)+ViQi=0
Pz k dik dki
Iy
@< —@
W DX $ DX E S A\ :
l _Zd py ¢i+zd d¢k =-V.0,
® ® Dz ® k ik + ki k ik + ki
S

D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)
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Dirichlet B.C.

________________

N S, .
i ; ’ —0.)+V.0. =0
i A DzE Zk:dik—l_dki (¢k ¢l) o
|y
o~ @
W DX $ DX E S A\ :
l _zd y ¢i+zd d¢k =-V.0,
® ® bz ® K Gy Tdy Ky Ty
S

D (diagonal) AL, AU BFORCE

do ib= 1, ZmaxCELtot

- icel= ZmaxCEL (ib)
S S coef= 2.d0 * RDZ * ZAREA
- Zd J g, + d +d 8 D(icel)= D(icel) - coef
k Y ki v Ay +ay _enddo
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;s s 0s41 Taylor Series
o——o o Expansion

O+, =29 +2><(A2x,) (azfj +2><(Ax) (84‘”}

‘ E— Truncation Err.: 2" Order
0..-20,+9. (&) (&) (' 2nd Order Accuracy
(Axy  lax® ) | If Ax is not uniform: 1st or
Lower Order Accuracy
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Dirichlet B.C. “N” is very thin (=€)
1storder (or lower) Accuracy
Zd Sfd (9.~ 9)+V.0, =0

——} DZ r Qi

@ I > @
w DX %‘ DX E { S,
:

A\ :
’ .+ ’ =—-V.Q0.
; dik + dki :|¢l |:; dik T dki ¢k:| lQl
D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)

S, s 5 —d |
— ! -+ ! + L AXA — —V . — O, £ ~ O
|:Z di dki :|¢l |:Z dl- + dkl- ¢k:| AZ . £ y le ¢N
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D|r|chlet B.C. using Mirror Image

________________

y | > k(g -¢)+V0, =0

PZ- k ik ki

S,
— l  + VO.
{ bz {Zk: dik+a’ki}¢l {Z dlk+d,a ¢k} ©
AL,AU | BFORCE
(off-diag.) (RHS)




i Higher Order
o Approximation for

‘ v? ...... .--2_,  Dirichlet B.C.In 1D
¢ : Problem

more complicated in
2D/3D cases

¢=az’ +bz+c
#(z=0)=c=0
¢ =al>—bl+c=al’-bl, ¢_ =9al*-3bl+c=9al’—3bl

¢_, —30 ¢_ —9¢ 5 1
a=-— Lo b=+ =@, =al"+bl=—¢_ —2¢
61° 6/ i 37
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Structure of the Program

program MAIN MAIN INPUT

use STRUCT main control info.

use PCG

use solver_ICGG POINTER_INIT

use solver_ICCG2 o h'»f_'_

use solver_PGG mesh info.

implicit REAL*8 (A-H, 0-2) BOUNDARY_ CELL

call INPUT boundary meshes

call POINTER_INIT

cal | BOUNDARY_CELL CELL METRICS

call GELL_METRIGCS —

call POI_GEN area/volume

PHI= 0.d0 POI_GEN
matrix

if (METHOD.eq.1) call solve_ICCG ) o

Q"
if (METHOD. eq.2) call solve_ICCG2(---)
if (METHOD.eq.3) call solve PCG (--+) SOLVER_ICCG
ICCG: METH=1
call OUTUCD

FORM_ILUO
StOp SOLVER_ICCG2 .
end ICCG: METH=2 [=a,-ST-aT,
SOLVER_PCG
PCG: METH=3
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« Background
— Finite Volume Method
— Preconditioned lterative Solvers

« ICCG Solver for Poisson Equations

— How to run
e Data Structure

— Program
* [nitialization
« Coefficient Matrices
« ICCG
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Solving Linear Equations

« Conjugate Gradient, CG

» Preconditioner: Incomplete Cholesky Factorization,
IC

— Incomplete “Modified” Cholesky Factorization, more
precisely

» |CCG
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“Modified” Cholesky Factorization

» LU factorization of symmetric matrices

« Symmetric matrix [A] can be factorized into the
form of [A]= [L][D][L]"
— LDLT Factorization, Modified Cholesky Factorization
— [A]=[L][L]" => Cholesky Factorization

N=5
_an i, Gz Gy Gys | _111 0 0 0 O] _dl 0 0 0 0] _111 Ly Ly Ly U |
dyy Ay Uy Uy s Ly I, 0 0 030 d, 0 0 010 L, L I, L
Ay Gy Gy Ay Oy =1l L, Ly 0 00 0 4 0 030 0 Ly Ly I
Ay Gy Ayz Ay s Ly Ly Ly Ly 00 0 0 4 030 0 0 1, [
(as; s, As; s, s | |l Ly, Ly Ly L]0 0 0 0 4]0 0 0 0 U]




Incomplete “Modified” Cholesky
Factorization (NO Fill-in)

M-

ly-d -1y =a;, (j=L2,---,i—1)
k=.1
Zlik d -l = a, id; =1
k=1

if [.-d. =1, following relationship is obtained:

/ ]
i=12,,n
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a, a, a, a, as| [L, 0 0 0 O0fd O 0 O
Uyp Gy Gy Gy s Ly I, 0 0 030 4 0 O
Ay Ay Gy Ay ays (=L L, Ly 0090 0 45 0
Ay Ay Ayz Gy Uy ly Ly Ly Ly 00 0 0 d,
as; as, as; as, ass | |l Ly Ly Ly IO 000
_lu 0 0 0 O __dl 111 dl lZl dl 'l31 dl 'l41 dl '151 |
Ly I, 0 0 0 0 dy-ly, dyly, dy-l, d,-l
l31 132 l33 0 0 0 0 da 'l33 d3 'l43 da 'ls3
ly Ly Ly Ly O 0 0 0 dy-ly dy-l,
_151 ly Ly Ly s A 0 0 0 0 ds - lss i
_lu'dl'ln Ly -d -1 Ly -d -1
bLy-di-ly by-di-ly+ly-dy -1, by -dy -l + 1y -d,y - Ly
=\bydy-ly o Lyedc bty dy oLy Ly edyc Lyt dy Ly g dy
Ay Ay Ay
L 4 ) As;

O“ln L, 131 Ly
0110 L, L I,
010 0 I, I,
00 0 0 I,
d,J0 0 0 0

ln'dl'l41

lz1 'dl 'l41+lzz'd2 'l42
l31 'dl 'l41 +l32'd2'l42+l33'd3'l43

Ayy
Asy

o~
W
—

wn
[\

W
w

wn
N

121 'dl

111 'dl 'lsl
'151 +122 'dz '152

l31 'dl 'ls1 +l32 'dz 'l52+133 'd3 'ls3

Jj—1

k

1
.

JJ

Qys

Ass

a, — Zzik-dk-zjk



Incomplete “Modified” Cholesky
Factorization (NO Fill-in)

L-d, L, =a, (j=12,-i-1)

l

M-

P

=1
Zlik d -l = a,

k=1

if I.-d. =1, following relationship is obtained:

/ .
1=12,---,n

Actually, more

e “incomplete” factorization
j=12,---,i—1 is applied in practical use.
j—1
ll] — aij _ llk dk ljk ‘ ll] ~ al] ‘
k=1
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Running the Program
<$E-L1>/run/INPUT.DAT

32 32 32 NX/NY/NZ
1 MEHOD 1:2:3
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
0.10 1.0e-08 OMEGA, EPSICCG
« METHOD: Preconditioning $=12,00m
Method j=12,-i=1
1. Incomplete Modified Cholesky ‘ li=a;— ) L-d, 1, ‘
~act. (Off-Diagonal ——
Components unchanged) df{“w‘;lik 'dkj =l

2. Incomplete Modified Cholesky
-act.(Fortran ONLY)

3. Diagonal Scaling/Point Jacobi
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Incomplete “Modified” Cholesky
Factorization (NO Fill-in)

L-d, 1, =a, (j=12,-,i-1)

l

M-

b

=1

Zlik d -l = a,
k=1
if I.-d. =1, following relationship is obtained:

/ .
1=12,---,n

e
j=12,---,i—1
j—1
lij:al]_zllk‘dk.l]k ‘ llJ:aU ‘
sl

i1 -
. 2 _, -1 | Only diagonal
d, = (aii - ) Iy 'dkj =1, components are

changed




Forward/Backward Substitution for

160

Incomplete Modified Cholesky Fact.

(M )z}= (oL N} =1r)

=o'} == (Lfy}={r}
(DL fz}={»}

|
X

|
o O O O

S o

o O O

o o N o o

o & o o o

QU

)
|

o o O O
|

' o o o —

[

21/
1
0
0
0

lll

Y
I3 11y
1
0
0

L /Ly
Ly 1,
Lz /133
1
0

s /1,y |

lsy 15,
L3113
Lsy 14y

1 —




Forward/Backward Substitution for
Incomplete Modified Cholesky Fact.

iC = :
1IC | {z}= [Minv]{r} |
IC + :
!C:::
do i=1, N
W(i, V)= W(i,R) W(i,DD)=1/l. =d,
enddo ( ’ ) i !
do i=1, N -
(LNy}=1r} WAL= W(i,Y) by 000 0]
) ) ) . [ [ O 0 O
do k= indexL (i-1)+1, indexL (i) 21 22
WVAL= WVAL - AL () * W(itemL (k),Y) Ly Ly Iy 00
enddo l41 l42 l43 l44 0
W(i,Y)= WVAL * W(i, DD) U I, sy sy s |
enddo
do i= N, 1, -1 oL /L L L L L, L L]
T ’ ’ 21 11 31 11 41 11 51 11
(DL ){Z}:{y} W= 0 0d0 ) ) ) 0 1 Ly lly lplly s/,
do k= indexU(i-1)+1, indexU(i) 0 0 1 TN
. 43 1 %33 537 %33
SW=SW + AU(k) * W(itemU k), 2) 0 0 0 ] T
enddo 47T
W(i,Z)= WG, Y) — W(i,DD) * SW 00 0 0 .
enddo

1C=—=
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Forward Substitution for Incomplete
Modified Cholesky Fact.

mﬂ?%JWLm (LHY}:{f}

enddo

W(@i,DD)=1/1, =d,

do i=1, N
WAL= W(i, Y) ] ]
do k= indexL(i-1)+1, indexL (i) L, 0 0 0 O
WVAL= WVAL - AL(k) * W(itemL(k),Y) Ly I, 0 0 O
enddo l31 132 l33 0 0
W(i,Y)= WAL * W(i,DD) Ly Ly Ly Ly 0
enddo _151 152 153 154 155_
_ =r/l

111)’1 =N Y1 17

Livi+l,y,=r :)72:(”2_121)’1)”22

n—1
lnlyl +ln2y2 ++lnnyn — rn y” - (r” _lnlyl _l”2y2.”: r” _Zl”]yj]/l””
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Forward Substitution for Incomplete
Modified Cholesky Fact.

mﬂ?%JWLm (LHY}:{f}

enddo
| W(,DD)=1/1 =d,
do i=1, N
WVAL= Wi, Y) ] ]
do k= indexL(i-1)+1, indexL (i) L, 0 0 0 O
WVAL= WWAL - AL(k) * W(itemL(k),Y) Ly L, 0 0 0
enddo l31 132 l33 0 0
W(i,Y)= WVAL * W(i,DD) L Lo L. L, 0
e s Ly L5y Ly ss |

=
|

( . h
V= Z lijyj /lii
\ j=1 Y,

WVAL
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Backward Substitution for
Incomplete Modified Cholesky Fact.

do i= N, 1, -1
SW = 0.0d0 (DLT ){Z}: {y }
do k= indexU(i-1)+1, indexU(i)

SW= SH + AUGK) * W(itemU (), 2) W(i,DD)=1/1. =d.
enddo “ :
Wi, Z)= W(i,Y) - W(i,DD) * SW AT TR AV T Y T Sy

ke 0 1 bplly lplly s/,
0 0 1 L, L/l
0 0 0 1 L/,
0 0 0 0 1
L = YV Z, =Y,

.Zn_l " (ln_l’n Hrctnc ) o= Yl — EZn—l = Vo1 T (ln_l,nZn ) A

(121”11)Z2 (l /1 )Zn:)ﬁ leyl_(zljlzj)/lll

J=2
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Backward Substitution for
Incomplete Modified Cholesky Fact.

do i=N, 1, -1
SW = 0.0d0 (DLT ){Z}: {y }
do k= indexU(i-1)+1, indexU(i)

SW= S + AUGK) * W(iteml (k), 2) W(,DD)=1/1. =d.
enddo “ :
Wi, Z)= W(i,Y) - W(i,DD) * SW AT TR AV T Y T Sy

enddo 0 1 132/122 142/122 152/122
0 0 1 Uyl 1/l
0 0 0 1 g/l
0 0 0 0 1

i = YV — Z liij /1



Forward/Backward Substitution for
Incomplete Modified Cholesky Fact.

IC 4 :
IC | {z}= Minvl{r} |
IC 4 :
1C=—=
do i=1, N
W(i,2)= W(i,R) . _ _
enddo WG, DD)=1/1. =d.
do i=1, N -
(L){Z}={Z} WVAL= W (i, 2) jﬂ ZO 8 8 37
do k= indexL (i-1)+1, indexL (i) 21 22
WVAL= WVAL - AL (k) * W(itemL (k),2) Ly Iy Ly 00
enddo Iy Ly Ll Ly O
W(i,Z)= WVAL * W(i, DD) Uy Iy sy sy s |
enddo
do i=N, 1, - LoDy lhy by Iy Ly Ty sy T
(DLT){Z} =1z} WSO . . 0 1 Iyl Il lylh
do k= indexU(i-1)+1, indexU(i) 0 0 | Laily Lo/l
SW=SW + AU(k) * W(itemU(k), Z) o 0 0 L
enddo 541 faa
W(i,2)= W(i,2) - W(i,DD) * SW o 0 0 0 L]
enddo

1C=—=
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solve_ICCG (1/7): METHOD= 1

| Cokskok

ICx*x*x module solver_ICCG

| Gokk
I

module solver_ I1CCG

subroutine solve_ ICCG
( N, NPL, NPU, indexL, itemL, indexU, itemU, D, B, X,

contains
IC
ICxxx solve_ ICCG
IC

&

&

AL, AU, EPS, ITR, IER)

implicit REAL*8 (A-H, 0-2)

real (kind=8),
real (kind=8),
real (kind=8),
real (kind=8),
real (kind=8),

integer, dimension(0:N) :: indexL, indexU
integer, dimension(NPL) :: itemL
integer, dimension(NPU) :: itemU
real (kind=8), dimension(:, :),

integer,
integer,
integer,
integer,
integer,

parameter
parameter ::
parameter ::
parameter ::
parameter ::

dimension (N)
dimension (N)
dimension (N)
dimension (NPL) :
dimension (NPU) :

al locatable ::

ICELTOT — N
BFORCE — B
PHI — X
EPSICCG— EPS

&
&

W(i, 1)= W@, R)
W(i,2)=W(i, 2)
W(i,2)= W, Q)
W(i,3)= Wi, P)

{r}
{z]
{a}
{p}

W(i,4)= W(i,DD) = {d}

14414
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solve_ICCG (2/7): METHOD= 1

allocate (W(N, 4))

do i=1, N
X(i)
Wi, 1
Wi, 2
W(i,3
W(i,4

enddo

Ay (3, DB) =
do E: i#dexL(i—1)+1, indexL (i) IN If]()()fT]F)|EBtEB rT1()(ijIEBCj
VAL= VAL - (AL (K)*%2) * W(itemL (k). DD)

onddo Cholesky factorization

enddo

vvvv

W(Z,DD) d ]:1’2991_1

o -t
D(l) Clii ll']‘ — aij _zlik . dk .ljk == lij = aij

; M) - : -1
itemL(j): k B =, _ . 1| Only diagonal
AL(j): A d;=|a; = Ly d| =1 components are
changed
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solve ICCG (3/7): METHOD= 1

:8 : Compute r(®= b-[A]x()
:8 | {r0}= {b} - [Al{xini} | for i= 1, 2,
1C=== solve [M]z@ D= r@G-1
do i=1, N N a
VAL= D(i)*X(i() | 0 p;= ri ) z G
do k= indexL (i—-1)+1, indexL (i : v
VAL= VAL + AL (k) *X (i temL (k) ) if i=1
enddo p =70
do k= indexU(i-1)+1, indexU(i)
VAL= VAL + AU (k) *X (itemU (k)) else
enddo
W(i R)= B(i) - VAL B: 1= P 1/P:iy
enddo pil= z@l-1) 4 Bi_l p (D
BNRM2= 0. 0DO endif
doi=1, N — ,
BNRM2 = BNRM2 + B(i) %2 q(l)= [A] p(l)
enddo (1) ~ (1)
Q=== o, = pi_l/p g

xW= xG-1) 4 g p

rid= @1 - g .g
BNRM2= b | 2 check convergence |r|
Convergence criteria en

0.
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solve_ICCG (4/7): METHOD-= 1

IC 0) — 0
| Gokskskskskskskskskokskskoskokskokskokskokskskskskokskokskokskskskskskokskskskokokskekskokskekskkk - [ TERATION Compute r( )= b- [A] X( )
[TR= N for i= 1, 2,
do L= 1, ITR solve [M]z(i‘l)z r (i-1)
|
|g : P 1= r(i-1) - (i-1)
I = [Mi . .
lgl {z}= [Minv] {r} | if i=1
1C=== (1) = (0)
do i=1, N P z
\g(§|,2): W(i,R) else
enddo
e Bi—.1= pi—ll/pi—Z |
WVAL:'W(i,Z)( ) 0 pil= z@1 + [, pit
do k= indexL (i-1)+1, indexL (i :
WVAL= WVAL — AL (k) * W(itemL (k),2) er(l%‘)llf o
enddo = TA i
W(i. 2)= WAL * W(i,DD) d Alp™
enddo o, = pi_l/p(l)q(l)
do i= N, 1, -1 x (1) = x(i-1) 4 Otip‘i)
SW = 0.0d0 (i) — (i-1) _ (i)
do k= indexU(i-1)+1, indexU(i) rv'=r* o, gt
SW=SW + AU(k) * W(itemU(k), 72) check convergence | r |
enddo J
Wi, Z)=W(i,Z) — WC(i, DD) *SW end
enddo



IC

| Cokskoskeskeskeskskskokokokskskskokskokokokokskskskskskokskokskskskokskokokokokskskskokokokskokoksksksk [ TERAT ION

IC
1C +

solve_ICCG (4/7): METHOD= 1

ITR= N
do L= 1, ITR

1C | {z}= Minvl{r
IC -

1 (M Xz}= (LD Ko} =1{r}

do i=1, N
Wi, 2)= W(
enddo

do i=1, N
WVAL= W(i,
do k= inde

WVAL= WVAL - AL (k) * W(itemL (k), 2)

enddo

W(i, Z)= WVAL * W(i, DD)

enddo

i,R)

(Lhz}=1r}

indexL (i)

Z)
xL (i-1)+1,

SW =0.0d
do k= inde
SW= SW +
enddo
Wi, Z2)= W(
enddo

O eI

AU(K) * W(itemU (k) 2)
i,Z) — W(i, DD)*SW

|l

AIERA
Forward Substitution

ZIEKA
Backward Substitution
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IC
IC 4

solve ICCG (5/7): METHOD= 1

i C===

IC | RHO= {r} {z} |
IC + :

RHO= 0. dO
do i=1, N

RHO= RHO + W(i, R)*xW (i, Z)
enddo

Compute r®= b-[A]x()
for i= 1, 2,
solve [M]z(@ D= p@E-1)

Bi—.1= pi—ll/pi—z |
pt= z0G-1 4 Bi—l p (-1
endif
o, = pi_l/p(l)q(l)
xH= xE1D 4 g pd
check convergence |r|
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solve |ICCG (6/7): METHOD= 1

:8 , Compute r®= b-[A]x ()
IC | {p} = {z} if [TER=1 | for i= 1, 2,
IC | BETA= RHO / RHO1 otherwise | - o -
IC + = solve [M]zG® D= G-
!C::: . -
if (Loeq 1) then p;_;= rh z-l
doi=1 N if i=1
WG, P)=W(i, Z (1) = (0)
enddo P =
else y else
BETA= RHO / RHOT1
dowi(; |1)) NW(' 2+ BETARI(I.P) Bi-1= pi—l/pi-Z
I, = I, I, i) i—-1 -1
enddo pi= zG1 + B, pt
endif endif
!C::: _—
q¥’= [A]lp®
IC . :
6 1 o= A1) | % = Pia/P A
IC el P : x ()= x(1i-1) 4 aip(l)
10=== (i) = +~(i-1) _ (i)
doi=1, N r r L@
VAL= D (i)W (i, P) check convergence |r]|

do k= indexL (i—-1)+1, indexL (i)
VAL= VAL + AL (k) *W(itemL (k),P)

enddo

do k= indexU(i—-1)+1, indexU(i)
VAL= VAL + AU (k) *W (itemU k), P)

enddo

W(i, Q)= VAL

enddo

0]
o]
0.
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solve_ICCG (7/7): METHOD= 1

IC
IC + =
IC | ALPHA= RHO / {p} {a} |
IC + =
' —
C1= 0.d0
do i=1, N
Cl=C1 + W(i,P)=W (i, Q)
enddo
c ALPHA= RHO / C1
IC
IC + =
IC | {x}= {x} + ALPHAx{p} |
:8 | {r}= {r} - ALPHAx{q} |
do i=1, N
X(i) = X(i) + ALPHA x W(i, P)
W(i,R)= W(i,R) — ALPHA * W(i, Q)
enddo
DNRM2= 0. d0
do i=1, N
DNRM2= DNRM2 + W (i, R) **2
enddo

ERR = dsqrt (DNRM2/BNRM2)
if (ERR . 1t. EPS) then
IER = 0
goto 900
else
RHO1 = RHO

endif
enddo
[ER = 1

0]
Q.

Compute r®= b-[A]x ()
for 1= 1, 2,

solve [M]zG = p@G-1)
Dy e R
if i=1

pl= z(®

else

Bi-1= Pi-1/Pi

pi= zG1D ¢ B, p@-1
endif
q¥’= [A]lp®
o = p;/pHg
xW= xE1 4+ g p®
ri= rE-1 — g,q@
check convergence |r|



solve ICCG (7/7):

IC
I1C + f
IC | ALPHA= RHO / {p} {a} |
IC - =
C1= 0.d0
do i=1, N
Cl= C1 + WG, P)KW (i, Q)
enddo
oo ALPHA= RHO / C
ic
IC +
IC | {x}= {x} +ALT""
o1 = 1 - AL| b| 2/ L2/ Euclidean —norm (||
do i=1, N
X(i) = X(i) + ALPHA *x W(i,P)
W(,R)= W(i,R) — ALPHA * W(i, Q)
BNRD= 0. do
do i= 1, N r= b-[A]x
enddo
10=== BNRM2= | b | 2
ERR = dsqrt (DNRM2/BNRM2)
if (EEE .|5. EPS) then
goto_900 ERR= |r | / |b |
eéﬁg1 = RHO
endif DNorm?2 ‘r ‘b—Ax‘
enddo ERR = — 1
IER = 1 BNorm2 |b ]
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METHOD-= 1

Compute r®= b-[A]x ()
for i= 1, 2,
solve [M]zG® D= rG-1)
Pi 1= r(i-1) - (i-1)
o
if i=1
p(1)=
else

2 (0)

:|. 1/p1—2
)z(l = + Bl 1 p(l 1)

M

gi'= [A]lp®)

o = p;,/pHg

xW= xE1 4+ g p®

ri= rE-1 — g,q@

check convergence |r|
end

Ax=b= 0Ax=aob
r=b—Ax= R=ab—0Ax=or

< Eps
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solve_ICCG2 (1/3): METHOD= 2
Fortran ONLY

I
ﬁw* Compute r(®= b-[A]x(9)
I'Cx*+x module solver_ICCG2 for i= 1, 2,
| Cskoxok - : :
! solve [M]zG b= G-l
module solver_1CCG2 . .
contains pi_1= r{i-1) 5 (i-1)
IC : v
|Gk solve 10CG2 i A=l
IC p<1)=  (0)
subroutine solve_ [CCG2 &
& (N, NPL, NPU, indexL, itemL, indexU, itemU, D, B, X, & else

& AL, AU, EPS, ITR, IER)

L Bii= Pi1/Pis
implicit REALx8 (A-H, 0-7)

pil= z(-1 4 B pl-D

real (kind=8), dimension(N) ot D i

real (kind=8), dimension(N) :: B M ,

real (kind=8), dimension(N) :: X gt'= [A]lp®)

real (kind=8), dimension(NPL) :: AL . .

real (kind=8). dimension(NPU) :: AU o, = p;/pPg®
i)— i-1 i

integer, dimension(0:N)  :: indexL, indexU x (M= x4 OCip( )

integer, dimension(NPL) :: itemL ri)= E-1) — o.g(®)

integer, dimension(NPU) :: itemU id

. . . check convergence |r|
real (kind=8), dimension(:,:), allocatable :: W

end
integer, parameter :: R=1
integer, parameter :: /=2
integer, parameter :: Q= 2
integer, parameter :: P=3
integer, parameter :: DD= 4

real (kind=8), dimension(:), allocatable :: ALIuO, AUIu0
real (kind=8), dimension(:), allocatable :: DIu0
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solve ICCG2 (2/3): METHOD= 2
Fortran ONLY

IC
IC +—————+
IC | INIT |
IC +————+
! C===
allocate (W(N, 4))
do i=1, N
X(i) =0.d0
Wi, 1)= 0.0D0
W(i,2)= 0.0D0
W(i,3)= 0.0D0
Wi, 4)= 0.0D0
enddo
c call FORM_ILUO

D1luO, ALlu0O, AUluO:
Factorized Matrix Components




FORM ILUO (1/2): Fortran only

Incomplete Modified LU Factorization

contains

IC

| Gk

IC+xx FORM ILUO

| Goksksk

IC

!8 form ILU(O) matrix

[
subroutine FORM_ILUO
implicit REAL*8 (A-H, 0-2)
integer, dimension(:), allocatable :: IW1 , IW2
integer, dimension(:), allocatable :: IWsL, IWsU
real (kind=8):: RHS_Aij, DKINV, Aik, Ak]

IC

I +————— +

IC | INIT. |

IC +————— +

1C0===

allocate (ALIuO(NPL), AUIuO(NPU))
allocate (DIUO(N))

do i=1, N

DIu0(i)=D(i)

do k=1, INLC(i)
ALIuO(k, i)= ALk, i)

enddo

do k=1, INUC(i)
AUIuO (k, i)= AUk, i)

enddo

enddo

N

In solve |CCG2

i1=12,---,n

N

k=1

i1 -1
d; = [aii _Zlik2 'dk)
k=1

D1u0O, ALlu0O, AUlu0:

Factorized Matrix Components

Initial Conditions

D1u0
ALl1lu0O= AL
AUlu0O= AU

=D

-1
lﬁ
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FORM _ILUO (2/2): Fortran only

IC
IC A :
;8 | ILU(0) factorization |

al locate (IWT(N) , IW2(N))
IW1=0
IW2=0

m do i=1, N
do k0= indexL (i-1)+1, indexL (i)

IW1 (i temL (k0))= kO
enddo

do kO= indexU(i—-1)+1, indexU(i)
IW2 (itemU (k0))= kO
enddo

do icon= indexL(i-1)+1, indexL (i)
k= itemL (icon)
D11= DIu0 (k)

DkINV= 1.d0/D11
Aik= ALIuO (icon)

do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai}
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1(j)
ALITuO (i jO)= ALIuO(ijO) — RHS Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo0 = IW2(j)
AUTuO (i jO)= AUIuO (i jO) — RHS Aij
endif
enddo
enddo

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0

enddo
enddo
do i=1, N
DIu0(i)=1.d0 / DIu0(i)
enddo
o deal locate (IW1, IW2)
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
it (A(l k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, j)= ACi, Jj)
-A(i, k)*(Ak, k) 1*A (k, j)
endif
enddo
endif
enddo
enddo
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FORM _ILUO (2/2): Fortran only

IC

IC A :

;8 | ILU(0) factorization |

i 0=== '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0
do i=1, N

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= kO
enddo

do kO= indexU(i—-1)+1, indexU (

IW2 (i temU (k0))= kO

enddo

=P 4o icon= indexL (i-1)+1, index

k= itemL (icon)

D11= Dlu0 (k)

DkINV= 1.d0/D11
Aik= ALIuO (icon)

do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

1j0 = IW1())

ALTuO(ijO)= ALIuO(ijO) — RHS_Aij]

endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo0 = IW2(j)
AUTuO (i jO)= AUIuO (i jO) — RHS Aij
endif
enddo
enddo

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0

enddo
enddo
do i=1, N
DIu0(i)=1.d0 / DIu0(i)
enddo
c deal locate (IW1, IW2)
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (A(i,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A, j) ,
—A(i, k)% (A(k, k) T*A (K, j)
endif
enddo
endif
enddo

enddo
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FORM _ILUO (2/2): Fortran only

IC

IC A :

;8 | ILU(0) factorization |

i 0=== '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0
do i=1, N

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= kO

enddo

do kO= indexU(i-1)+1, indexU (Il I
IW2 (itemU (k0))= kO =

enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)

D11= DIu0 (k)

DkINV= 1.d0/D11
Aik= ALIuO (icon)

=g o kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1(j)
ALITuO (i jO)= ALIuO(ijO) — RHS Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo0 = IW2(j)
AUTuO (i jO)= AUIuO (i jO) — RHS Aij
endif
enddo
enddo

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0

enddo
enddo
do i=1, N
DIu0(i)=1.d0 / DIuO(i)
enddo
c deal locate (IW1, IW2)
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (A(i,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A, j) ,
—A(i, k)% Ak, k) T*A (K, j)
endif
enddo
endif
enddo

enddo

181



IC
IC

FORM _ILUO (2/2): Fortran only

;8 | TLU(0) factorization |

IC

i=12,--,n

do icon= indexL (i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV= 1.d0/D11
Aik= ALIuO (icon)

=g o kcon= indexU(k-1)+1, indexU (k)

j= itemU (kcon)

if (j.eq.i) then . =
Ak j= AUIuO (kcon) )=
RHS_Aij= Aik = DKINV * Ak
DIu0(i)= DIu0(i) — RHS_Ai}
endif
if (j.It.i .and. IW1(j).ne.0) then

Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1(j)
ALITuO (i jO)= ALIuO(ijO) — RHS Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo0 = IW2(j)
AUTuO (i jO)= AUIuO (i jO) — RHS Aij
endif
enddo
enddo

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0

enddo
enddo
do i=1, N
DIu0(i)=1.d0 / DIuO(i)
enddo
c deal locate (IW1, IW2)
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (A(i,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A, j) ,
-A(i, k)% Ak, k))T*A(k, j)
endif
enddo
endif
enddo
enddo
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FORM _ILUO (2/2): Fortran only

do kO= indexU(i-1)+1, indexU (Il

IW2 (i temU (k0))= kO

enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV= 1.d0/D11
Aik= ALIuO (icon)

=g o kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai}

endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1(j)
ALITuO (i jO)= ALIuO(ijO) — RHS Aij
endif

j<i

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo0 = IW2(j)
AUTuO (i jO)= AUIuO (i jO) — RHS Aij
endif
enddo
enddo

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0

enddo
enddo
do i=1, N
DIu0(i)=1.d0 / DIuO(i)
enddo
c deal locate (IW1, IW2)
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (A(i,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A, j) ,
-A(i, k)% Ak, k))T*A(k, j)
endif
enddo
endif
enddo
enddo
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FORM _ILUO (2/2): Fortran only

if (j.gt.i .and. IW2(j).ne.0) then

i=12,---.n Ak j= AUIuO (kcon) l>|
RHS Aij= Aik * DKINV * Ak
ijo0 = IW2(j)
AUIuO (i jO)= AUIuO(ijO) — RHS_Aij
endif
enddo
enddo

do kO= indexU(i-1)+1, indexU (Il

IW2 (i temU (k0))= kO

enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV= 1.d0/D11
Aik= ALIuO (icon)

= do kcon= indexU(k-1)+1, indexU (k)

j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai}
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1(j)
ALITuO (i jO)= ALIuO(ijO) — RHS Aij
endif

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0

enddo
enddo
do i=1, N
DIu0(i)=1.d0 / DIuO(i)
enddo
c deal locate (IW1, IW2)
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (A(i,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A, j) ,
-A(i, k)% Ak, k))T*A(k, j)
endif
enddo
endif
enddo
enddo
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FORM _ILUO (2/2): Fortran only

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIuO (kcon) l>|
RHS_Aij= Aik * DKINV * Akj

ijo0 = IW2(j)
AUTuO (i jO)= AUIuO (i jO) — RHS Aij
endif

enddo
enddo

do kO= indexL (i—-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU (Il

IW2 (i temU (k0))= kO

do kO= indexU(i-1)+1, indexU(i)

enddo

do icon= indexL (i-1)+1, index

IW2 (itemU (k0))= 0
enddo
enddo

k= itemL (icon)
D11= DIu0 (k)

do i=1, N
DIu0(i)= 1.d0 / DIu0 (i)

DkINV= 1.d0/D11
Aik= ALIuO (icon)

= do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIuO (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]

endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1(j)
ALITuO (i jO)= ALIuO(ijO) — RHS Aij
endif

enddo
Caee deal locate (IW1, IW2)
" end subroutine FORM_ILUO
These if —then clauses never
j<i ~ applied, therefore:
ALl1u0O= AL
AUlu0O= AU

D1u0 = W(i, DD)



j=i, j<i, j>i (1/3)

O:

O:

if j=i

Mesh i

Mesh k (Lower Triangular
Component of i)

Mesh j (Upper Triangular
Component of k)

Dlu() is updated

186



187

j=i, j<i, j>i (2/3)

O: Meshi

O: Mesh k (Lower Triangular

Component of i)
Mesh j (Upper Triangular

Component of k)

If j<i ALIuO(i-j)(I®) is updated




j=i, j<i, j>i (3/3)

Actually, there are no cases
for:

- j<i

- j>i

k '. O:
O:

Mesh i

Mesh k (Lower Triangular
Component of i)

Mesh j (Upper Triangular
Component of k)

; if j>i AUIuO(i-))(M) is updated
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solve ICCG2 (3/3): METHOD= 2
Fortran ONLY

ITR= N
do L= 1, ITR

IC | {z}= IMinv]{r} i
IC + =

jc:;:

===

do i=1, N
Wi, Z)= WG, R)
enddo

do i=1, N
WVAL= W(i, 2)
do k= indexL (i-1)+1, indexL (i)
WVAL= WVAL - ALIuO(k) * W(itemL (k),Z)
enddo
W(i,Z)= WVAL * DIuO (i)
enddo

do i=N, 1, -1
SW = 0.0d0
do k= indexU(i-1)+1, indexUC(i)
SW=SW + AUIuO (k) * W(itemU (), Z)
enddo
Wi, Z)= W(i,Z) — DluO(i)*SW
enddo

end

Other parts are as same as those in “solve_ICCG”

ITERATION Compute r(0)= b- [A] X(O)
for

solve [M]z(@ D= r(-1)

ri= rd-bH — g g
check convergence |r|
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solve ICCG2 (3/3): METHOD= 2
Fortran ONLY

;g************************************************* ITERATION
ITR= N
do L= 1, ITR
" | (M Nz}=(Zor” K} ={r}
doi=1, N . .
WG D= (L)z}={r} Forward Substitution
doi=1, N
WVAL= W(i, 2)

do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - ALIuO(k) * W(itemL (k), Z)

enddo
W(i,Z)= WWAL = DIuO(i)
enddo
do i= N 1, -1 ( T‘){ . .
SW = 0.0d0 —
W0 zt=1z} Backward Substitution
SW= SW + AUIuO (k) * W(itemU(k),2)
enddo
W(i,Z)=W(@i,Z) — DIuO(i)=SW

enddo

ALIuO=AL, AUlu0=AU, DIu0=W(i,DD): Therefore, iterations for

convergence for METHOD=1, and those for METHOD=2 are same.
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Incomplete Modified Cholesky Fact.
Structured Meshes

i=12,-,n
e
j=12,---,i—1
j
I, =a, —Zz Y
( ] |
DN =

There are no k-mesh which is adjacent to both of i and j
simultaneously. Therefore, /= a;.



In this case, ALIuO/AUIu0 could be
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Parallelize ICCG Method

Dot Product: OK

DAXPY: OK

Matrix-Vector Multiply: OK
Preconditioning
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How about the preconditioning ?
Point Jacobi Is easy: but slow

do i=1, N 64*%64%64
W(i,Z)= W(i,R)*W(i, DD) METHOD= 1
enddo 1 6.543963E+00
101 1.748392E-05
|$omp parallel do private(i) 146 9.731945E-09
doi =1, N
W(i,Z): W(i,R)*W(i,DD) real Oml4.662s
enddo
I$omp end parallel do METHOD= 3
1 6.299987E+00
I$omp parallel do private(ip, i) 101 1.298539E+00
do ip= 1, PEsmpTOT 201 2.725948E-02
do i = INDEX(ip-1)+1, INDEX(ip) o1 oroeaat R o
Y:Ivc(ll’ 2= W, I D) 413 9.621688E-09
enddo
enddo real Oml9.660s

I$omp end parallel do
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How about the preconditioning ?

IC do i=1, N
Factorization VAL= D (i)

do k= indexL(i-1)+1, indexL (i)
VAL= VAL - (AL (k)*%2) * W(itemL (k),DD)
enddo
W(i,DD)= 1.d0/VAL
enddo

Forward doi=1, N
Substitution WVAL= W(i 7)

do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - AL(Ck) * W(itemL(k), Z)
enddo
W(i, Z)= WVAL x W(i, DD)
enddo
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Data Dependency

Conflict of reading from/writing to memory
Difficult to be parallelized

IC do i=1, N
Factorization VAL= D (i)

do k= indexL(i-1)+1, indexL (i)
VAL= VAL - (AL (K)*%x2) * W(itemL (k) DD)
enddo
W(i,DD)= 1.d0/VAL
enddo

Forward doi=1, N
Substitution WVAL= W(i 7)

do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL (k), Z)
enddo
W(i,Z)= WVAL * W(i, DD)
enddo
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Matrix-Vector Multiply: Easy to be

Parallelized {q}=[A]{p}
{q}: LHS: Updated
{p}: RHS: No change

|$omp parallel do private (i, VAL, k)
doi=1 N
VAL= D (i)*W (i, P)
do k= indexL (i—-1)+1, indexL (i)
VAL= VAL + AL (k) *W (itemL (k), P)
enddo
do k= indexU(i-1)+1, indexU(i)
VAL= VAL + AU (k) *W (itemU(k), P)
enddo
W(i, Q= VAL
enddo
I$omp end parallel do
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15

16

10

11

12

6

/

8

2

3

4

do i=1, N

WVAL= W(i, Z)

do k= indexL (i—-1)+1,
WVAL= WVAL - AL(k) * W(itemL(k), Z)

enddo

|IC Factorization
Four Thread Parallel Operation

indexL (i)

Wi, Z)= WVAL * W(i, DD)

enddo
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13114 15|16
9 |10 11 12
5| 6|78
112|314
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|IC Factorization
Four Thread Parallel Operation

I$omp parallel do private (ip, i, k, VAL) INDEX(0)= 0
do ip=1, 4 INDEX (1)= 4
do i= INDEX(ip—-1)+1, INDEX(ip) INDEX (2)= 8

WVAL= W(i, Z2) INDEX (3) =12
do k= indexL (i-1)+1, indexL (i) INDEX (4) =16

WVAL= WVAL - AL (k) * W(itemL (k), Z)

enddo

Wi, Z)= WYAL * W(i, DD)

enddo
enddo

I$omp parallel enddo

A\

do i=

enddo

1,4

do i=5,8

enddo

do i=9,12

enddo

enddo

do i=13,16

These four threads are
executed simultaneously.



Data Dependency: Conflict of readingm
from/writing to memory

15

16

I$omp parallel do private (ip, I, k, VAL) INDEX(0)= 0
do ip=1, 4 INDEX(1)= 4
do i= INDEX(ip—-1)+1, INDEX(ip) INDEX (2)= 8

WVAL= W(i, Z2) INDEX (3) =12
do k= indexL (i-1)+1, indexL (i) INDEX (4) =16

WVAL= WVAL - AL (k) * W(itemL (k), Z)

enddo

W(i,Z)= WVAL = W(i, DD)

enddo
enddo

I$omp parallel enddo

#0 thread

#2 thread

<.
Data Dependency
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Parallelize ICCG Method

Dot Product: OK
DAXPY: OK
Matrix-Vector Multiply: OK

Preconditioning: Something special needed !
— Just inserting OpenMP directive is not enough



