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Date D fite

CS-01a Introduction-a

CS-01b Introduction-b (Introduction-a and —b are same)
CS-02 FVM (1/2)

CS-03 FVM (2/2)

(no class) (National Holiday)

CS-04 OpenMP (1/3), Login to Odyssey

CS-05 OpenMP (2/3)

CS-06 OpenMP (3/3

Part-A

PCG Solver
Point Jacobi
Preconditioning
(Simple, Easy)

Part-B

ICCG Solver
Incomplete
Cholesky
Preconditioning
(More
Complicated,
Difficult)

FVM/ICCG(2/2)
Reordering (1/3)
Reordering (2/3)
Reordering (3/3)
Parallel Code by OpenMP (1/3)
Parallel Code by OpenMP (2/3)




Target of Part-A

« Material: PCG solver for sparse matrices derived
from FVM applications (Finite Volume Method).
— Point Jacobi/Diagonal Scaling Preconditioner

» Parallelization on a single node of Wisteria/BDEC-
01 (Odyssey) using OpenMP
— Data Placement
— Methods for Matrix Storage

« Keywords
— Finite Volume Method (FVM)
— Sparse Matrices
— PCG Method: Preconditioned Conjugate Gradient



Files on PC

Files on WEB:
http://nkl.cc.u—-tokvo.ac.gp/files/fvm.tar
>S cd

>S tar xvf fvm.tar

>SS cd fvm

Please confirm that following directories are created:

src—c, src—f, run

Call the fvm directory <S$SP-FVM>

PC Odyssey




OMP-1

Paraview for Visualization

http://www.paraview.orqg/

Free Software
Windows, iOS, Unix/Linux

http://nkl.cc.u-tokvo.ac. jp/22s/ParaView.pdf




« Background
— Finite Volume Method
— Preconditioned lterative Solvers

« PCG Solver for Poisson’s Equations

— How to run
« Data Structure
— Program
* [nitialization
« Coefficient Matrices
« PCG




Target Application

3D Poisson Equation/Poisson’s Equation
2 2 2
af+a?+a?+f:0
ox~ dy” 0z
Finite Volume Method (FVM)

— Arbitrary Shape Meshes, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions (B.C.) etc.
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers (PCG)
— Conjugate Gradient + Preconditioner
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Target Problem: Variables are defined
at cell-center’s

Poisson Equation/
Poisson’s Equation

d°¢p  d°¢p J°¢
N
Boundary Conditions
(BC) etC Flux of each cell
i = dfloat (i+j+k) XVolume
° VOlume FIUX (i, 3,k)=XYZ (icel, (1,2,3))

* 0=0@Z=Z2__. ZM

X



3D Structured Mesh
Internal data structure Is “unstructured’

jJ S L L
YA A4

AZ

N
-
A
Y
\\\\
NN NN
Z
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>
X

NX



Volume Flux f

f =dfloat(i, + j, + k,)

i, = XYZ(icel,l),
Jo = XYZ(icel ,2),
k, = XYZ(icel ,3)

7090 30

ox”

ayZ aZZ

XYZ(icel, k)(k=1,2,3)
Index for location of finite-difference
mesh in X-/Y-/Z-axis.

[l L L L

J O S L L

/|

/|

/
L
2

4

>/ NY

NX

—

AZ

(i05j05k0)= (451 54)

AX

+ =0
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Poisson Equation by 5 a3 2%
Finite Volume Method o o~ o
(FVM)

Conservation of Fluxes through

Surfaces Diffusion:
Interaction with Neighbors

Sik _ )
2 (0 =9)+Vi0 =0

ko ik ki Volume Flux

f=0

V., : Volume

S : Surface Area

d;; : Distance between
Cell-Center &
Surface

Q : Volume Flux




Finite Difference Method (FDM)
(BMR) Z7&: BRI

macroscopic differentiation

(@j ~ ¢i+1 - ¢z
dx )1/ Ax

0,
(d_¢j — lim ¢i+1 _¢i (I)i+l
dx )i, A0 Ax -

i i+1/2 i+
Ax




2"d Order Differentiation in FDM

Taylor Series Expansion

* Approximate Derivative at X (center of i and i+1)

0;_1 0; 1412 0341
@ oQ——0
Ax Ax

e 2nd-Order Diff. at i

k9
dx )i,

~ ¢i+l _¢i

Ax

13

Ax—0: Real Derivative

2
dxi

) L

ol e o
o — ——@
Ax Ax
d¢j _(dfﬂj Ba=0. 00,
w2 \NAX )iy, __ Ax Ax :¢i+l_2¢i+¢i—1
Ax Ax Ax’

FEM1D
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Poisson Equation by 535 325 5%
- . Sttt
Finite Volume Method o 9" o

(FVM)

Conservation of Fluxes through
Surfaces Diffusion:

f=0

Interaction with Neighbors

k ik

Sik _ ) —
2 (0 =9)+Vi0 =0

ki Volume Flux

: Volume
: Surface Area
: Distance between

Cell-Center &
Surface

: Volume Flux



Comparison with 1D FDM (1/3)

Ah |
Ah x Ah Square Mesh
d, | d, d. | d. Surface Area: S.= A4h
. _____ ‘_”_________“_’__._____ll_? _______ l.?l__‘ ik
) j b Volume: V. = Ah?
Sia Sib

Distance (Ctr.-Suf): d,,=4h/2

thickness: 1

Flux through this surface: Qs,,

05 = ) § Fourier’s Law
ib — ib Flux through a surface
d, +d, . .
l ‘ = - (gradient of potential)

| (¢k _¢i)+‘/iQi =0

15
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Comparison with 1D FDM (2/3)

Ah | -
Ah x Ah Square Mesh
dy | d o dy | 4y Surface Area: S.= 4h
O oo ;
) j b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2
thickness: 1

Sik _ ) —
2. (6=¢)+V0, =0

r Ay tdy

Divided by V.

| S, s
Vi;d' (¢k ¢i)+Qi 0

considering this part




Comparison with 1D FDM (3/3)

Ah |« -
Ah x Ah Square Mesh
d, | 4 d, | 4. Surface Area: S.= Ah
. _____ ‘_”_________“_’__‘_____llz _________ l_ﬂ__‘ ik
; j b Volume: V. = Ah?
S Si Distance (Ctr.-Suf): d,=4h/2
thickness: 1
1 S.
Vizk:dik_l_ (¢k ¢z _( Z Ah Ah ¢k ¢z)
2 2
1 Ah 1 1
— (Ah)z kzza;b Ah . Ah (¢k ¢z)_ (Ah) kzb Ah (¢k ¢z)_ Ah)z :Za,b(¢k ¢)
2 2

(6, — )= 0, =20+ 0, fori-th cel
AR} T (AR)’ linear equations

1
- -0+




Heat Equation (1/3)

ox\ dx ) dy\ dy ) 9dz\' 0z

A: Thermal Conductivity

Ah |
Ah x Ah Square Mesh
o | d e »| % g Surface Area: S.= 4h
a ; b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2

thickness: 1
Heat Flux through this surface: QOs;,

T, -T

QSib:_;L Ahl'Sib //Li:ﬂb:/i




Heat Equation (2/3)

i(la—Tj+i /18_T +i(/iaTj+Q 0
ox\ dx ) dy\ dy ) 9dz\' 0z

A: Thermal Conductivity

Ah |
Ah x Ah Square Mesh
o | d e »| % g Surface Area: S.= 4h
a ; b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2

thickness: 1

Heat Flux through this surface: QOs;,

T,-T T,—T
Os, =—A .S, =- .S,

R I o

19
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Heat Equation (3/3)

ox\ dx ) dy\ dy ) 9dz\' 0z

A: Thermal Conductivity

Ah |
Ah x Ah Square Mesh
o | d e »| % g Surface Area: S.= 4h
a ; b Volume: V. = Ah?
Sia Si Distance (Ctr.-Suf): d,=Ah/2

thickness: 1

Heat Flux through this surface: QOs;,
L, ~1;

CTEAHEA T

2



in 3D

NEIBcell[icel][5]
NEIBcell[icel][3]

NEIBcell[icel][0] mml-  NE|Bcellficel][1]
Z) y NEIBceII[iceI][Z]*
| / NEIBcell[icel][4]
X

cel AyAZ +

¢neib[icel][0] _ ¢icel AyAZ + ¢neib[icel][1] _ ¢z
Ax

¢neib[icel][2] _ ¢icel MA)C 4 ¢neib[icel][3] _ ¢l

cel MAX_I_
Ay Ay
¢neib[icel][4] o ¢icel AXAy + ¢neib[icel]A[Z5] B ¢icel AXAy + f;-celAXAyM — O

Az

21



Linear Equations

¢neib[icel][0] _ ¢icel AyAZ + ¢neib[icel][1] o ¢icel AyAZ +

Ax

Ax

¢neib[icel][2] o ¢icel AZAX+ ¢neib[icel][3] o ¢icel AZAX"’

Ay

¢neib[icel][4] _ ¢icel AXA

Az

Ay
¢neib[icel][5] o ¢z

Y+

“L AxAy + f,

Az

S
ZL”C (¢k o ¢icel ) — _ficel‘/i

k dicel —k

AxAyAz =0

icel

S, S |
_ |:Z el :|¢icel + |:Zdlek¢k:| — _]Cicel‘/i (lcel — 1, N)
icel—k

k dicel —k

Diagonal

k

Off-Diagonal

— |Alg}=1f}

22
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FEM

IX 1IN

[K]{D}={F}

Sparse Coef. Matr

N

Sl S S S S Sl Sl S G S

16 )

\

.

)
| - < > < Q
o x % Q
ok % Q
. Q
>y ¥ < Q 9

< Q> <
SIS _®_D SIS
< o> o= x| Q< X e
oo o Qx| < o<
< Q > <
< Q S
< Qe x| ==
< Qe = x| <
Q> <
>—C@—@—©
I} (0)] 1 6_/) \\3_ \3V
"o T o e
>—CO—0—©
NI <t |




Coefficient Matrices ¢ o9 9%

for FVM are sparse

Only neighboring cells are
considered

x> 9y 97°

Diffusion:
Interaction with Neighbors

k ik ki

Cell-Center &
Surface
Q : Volume Flux

24

f=0

Sik _ ) —
2 (0 =9)+Vi0 =0

Volume Flux

V., : Volume
S : Surface Area
d.. : Distance between



Sparse Matrix for FVM

Sparse Matrix v ¥ v
- Many 0" LI
Storing all components TXxx oxox oxxx "
(e.g. A(i,j)) is not efficient TR TR
for sparse matrices xx o xpx o xxxe
— A(i,j) is suitable for dense xxobx i
matrices v x o x oo

Number of non-zero off-diagonal components is |
O(100) in FVM (only 6 in this case)

— If number of unknowns is 108:
o A(i,j): 0(10'%) words ~ O(10'7) bytes for DP: 100PB (400 x Odyssey)
 Actual Non-zero Comp.: 0(10°) words: 10GB (Odyssey: 32GB/node)

Only (really) non-zero off-diag. components should
be stored on memory

I N IS R I I RIS
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Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

Diag [i] Diagonal Components (REAL, i=1~N)
Index|[i]
Item[k]
(INT, k=0, index[N])

Off-Diagonal Components (Value)

( REAL, k=0, index[N])

Amat [k]

{Y}=[A] {X]

for (i=0; i<N; i++) {
Y[i] = Diag[i] * X[i];
for (k=Index[i] ;k<Index[i+1];k++) {
Y[i]l += AMat[k]*X[Item[k]];

< o

o

>

e <

Number of Non-Zero Off-Diagonals at Each ROW (INT, i=0~N)
Off-Diagonal Components (Corresponding Column ID)

1

< [><

EE] 1] BRI
SRR B B

b

-

=[S

N
Moo o o] o< X< x
SR Y B RS

e e

S

b <

S
S b

e e
N N N R

SN TS

M

b >
R
MOD M e b e

> O

b 3

N 2N
I @;q B

e
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Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

(Q}=[A] {P]

for (i=0; i<N;i++) {
WIQ][i] = Diag[i] * W[P][i];
for (k=Index[i] ;k<Index[i+1];k++) {
WLQ][i] += AMat[k]I*W[P][Item[k]];
}

}
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Mat-Vec. Multiplication for Dense Matrix
Very Easy, Straightforward

a Ay .o Oyng A N ( X | i \
ay Ay, Ay N a, y X, Y
o ob=3 1 b
Aya1 Ay Ayan-1 Anan | | Xya YNn-1
Ayy Anp o e Ayya Ay [ (AN ) N
{Y}= [A]{X]
for (j=0; j<N; j++) {
YLjl= 0.0;

for (i=0;i<N;i++) {
| Y[j1+= A[jILi]*XLi];

|




Compressed Row Storage (CRS)

1.1
4.3
0
0
3.1

2.4
3.6
0
4.1
9.5
0
6.4
9.5

0 25
57 0
0 98
104 O
6.5 O
25 0
1.3 9.6

0
1.5
2.5

11.5

0

0

0

3.7. . 0 9.1
0O 31 0
277 0 0
0 43 0
124 95 0
1.4 23.1 13.1
3.1 0

513

29
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Compressed Row Storage (CRS): C

Numbering starts from 0 in program
O ? (2 3, g 000
1.1 4

G . . . N= 8
© | D @
43| 3.6 2.5 3.7 0.1 Diagonal Components
0 ©| @ © ® @ Diag[0]= 1.1
5.7 1.5 3.1 Diag[l]= 3.6
e @ @ @ Diag[2]= 5.7
(3 4.1 9.8 | 2.5 | 2.7 g?agtzr li-g
@ @@ | ® taglal= 1-~.
o 3.1 | 9.5 |10.4 115 4.3 gizgiz}: g:
© @ 6@>5 @ 124 9@>5 Diag[7]= 51.3
e @ ® | ®
G 6.4 | 2.5 1.4 [23.1[13.1
D | @ ®|®|D
0 9.5]1.3]9.6 3.1 51.3
OREORES, ® @




Compressed Row Storage (CRS)

®

®

000000060
2.4 3.2

4.3
©

2.5
®

3.7
®

9.1
@

1.5

1.1
©
3.6
@
5.7
@
9.8
©)

2.5
@

2.7
®

11.5

3.1

Qo
S

O &

@
12.4
®
23.1
®

O

SN

51.3
@

® %

@9’




(Index[i]) *P*~ (Index[i+1]) tR:

Compressed Row Storage (CRS)

# Non-Zero
Off-Diag.
1.1 | 24 | 3.2 5
©  ® | @
3.6 43|25 | 3.7 | 9.1 4
ORECHECRECRRY,
57 | 1.5 | 3.1 .
@ @ ®
9.8 | 4.1 | 25 | 2.7 3
OREORECEES
11.5( 3.1 (95 (104 4.3 4
@ 0  ®| 2| ®
12.4| 6.5 | 9.5 5
® | @ ®
23.1 64 (25| 1.4 |13.1 1
® | ©| @ @
51.3/ 95| 1.3 | 9.6 | 3.1 4
YREOREOREORES,

Index[0]=

Index[1l]=

Index[2]=

Index[3]=

Index|[4]=

Index[5]=

Index[6]=

Index|[7]=

Index[8]=

Non-Zero Off-Diag. Components corresponding to i-th row.

0

2

6

8

11

15

17

21

25

NPLU= 25
(=Index[N])



Compressed Row Storage (CRS)

(Index[i]) *P*~ (Index[i+1]) tR:

Non-Zero Off-Diag. Components corresponding to i-th row.

#Non-_Zero Index[0]= O
Off-Diag.

1.1 | 24 | 3.2 -
Q 6 | ol @ 2 Index[1]= 2
© 35|23 (25[37]01] , Index[21= 6
e 2 Index[3]= 8
e 3 Index[4]= 11
0 11.5| 3.1 | 9.5 (104 | 4.3 4 Ind 51= 15

@ ©,111,12@,136),14 ndex[5]=

12.4| 6.5 | 9.5

2 = 17
e @ @,15@,16 Index|[6]
23.1/ 6.4 (25|14 13.1
4 Index[7]= 21
Q|6 (11701851920 ndexl7]
51.3/ 9513 | 9.6 | 3.1
4 dex[8]= 25
Q5 121022023524 rodexl8]

NPLU= 25
(=Index[N])



Compressed Row Storage (CRS)

1.

9.1 Item[ 6]= 4, AMat[ 6] 5
2.5

C>5 Item[18]= 2, AMat|[18]

4.3
®,14

13.1

@,20
3.1

®),24
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Compressed Row Storage (CRS)

2.4
®,0

3.2
@;1

4.3
@52

2.5
OF

3.7
©,4

9.1
@,5

1.5
@,6

3.1
®,7

4.1
OX:

2.5
@,9

2.7
®,10

11.5

3.1
©,11

9.5
D,12

10.4
2,13

4.3
®,14

6.5
2,15

9.5
©®,16

6.4
D17

2.5
2,18

1.4
®),19

13.1
@,20

9.5
@D,21

1.3
2,22

9.6
®,23

3.1
5,24

Diag [i] Diagonal Components (REAL, i=0~N-1)

Index[1i[ Number of Non-Zero Off-Diagonals at
Each ROW (INT, i=0~N)

Item[k] Off-Diagonal Components
(Corresponding Column ID)
(INT, k=0, index[N])

Amat [k]  Off-Diagonal Components (Value)
( REAL, k=0, index[N] )

{Y}=[A] {X}

for (i=0;i<N; i++) {
Y[i] = Diag[i] * X[i];
for (k=Index[i];k<Index[i+1];k++) {
Y[i] += AMat[k]*X[Item[k]];
}



Sparse Matrix: Only non-zero
components are stored
Indirect Access: Memory-Bound

{Y}=[A] {X]

for (i=0;i<N; i++) {
Y[i] = Diag[i] * X[i];
for (k=Index[i];k<Index[i+1];k++) {
Y[i] += AMat[k]*X[Item[k]];
}



Dense Matrix: Continuous Access

| ap d, e Ay N a; N ( X1 | Vi \
a, Ay, ) N Ay || *2 Y,
Lo b= ot
Ayn_11 Ayn-2 An_in-1 Gy [[Kn- Yn-1
dyy Ay e Ayng Ay (AN ) N
{Y}= [A] {X]
for (j=0; j<N; j++) {
Y[j]=0.0;

for (i=0;i<N;i++) {
| Y[jl+= A[JILi1*X[i];
}
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« Background
— Finite Volume Method
— Preconditioned Iterative Solvers

« PCG Solver for Poisson’s Equations

— How to run
« Data Structure
— Program
* |nitialization
» Coefficient Matrices
« PCG
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Large-Scale Linear Equations in
Scientific Applications

Solving large-scale linear equations Ax=b is the most
important and expensive part of various types of
scientific computing.

— for both linear and nonlinear applications

Various types of methods proposed & developed.

— for dense and sparse matrices

— classified into direct and iterative methods

ey I

Dense Matrices:#1751l: Globally Coupled Problems
— BEM, Spectral Methods, MO/MD (gas, liquid)

Sparse Matrices:E {75l Locally Defined Problems
— FEM, FVM, FDM, DEM, MD (solid), BEM w/FMM




Direct Method
BEEA

e Gaussian Elimination/LU Factorization
e compute A1 directly (or equivalent operations)

Good

e Robust for wide range of applications.
e Good for both dense and sparse matrices

Bad

e More expensive than iterative methods (memory,
CPU)

not scalable

40



What is Iterative Method ?
R1E&

Linear Equations Initial Solution
B —RAER PIHARE

(an Ay, - 4y, \/'xl ) (bl ) xl(o) )
dy Ay Ay || X2 b, (0
: . o — . X(O) — xz.
kanl anZ Tt ann /\xn / kbn / kxn(())
A X b

Starting from a initial vector x©, iterative method
obtains the final converged solutions by iterations

x© x@ ...



lterative Method
R

« Stationary Method

— Only x (solution vector) changes during iterations.
— SOR, Gauss-Seidel, Jacobi
— Generally slow, impractical

Ax=b =
x5 = Mx*® + Nb

* Non-Stationary Method
— With restriction/optimization conditions
— Krylov-Subspace
— CG: Conjugate Gradient
— BICGSTAB: Bi-Conjugate Gradient Stabilized
— GMRES: Generalized Minirfial Residual

42
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Iterative Method (cont.)
Good

e Less expensive than direct methods, especially in
memory.

e Suitable for parallel and vector computing.

Bad

e Convergence strongly depends on problems,
boundary conditions (condition number etc.)

e Preconditioning is required : Key Technology for
Real-World Applications in Scientific Computing
(FEM, FVM, FDM etc)




Non-Stationary/Krylov Subspace
Method (1/2)
EEHEE- VO TBHEME

Ax=b=x=b+(I-A)x

Compute x,, x;, X,, ..., X, by the following iterative procedures:

x, =b+(I-A)x,
=(b—Ax,,)+x,
=r,_ +X,_, wherer, =b— AXx, : residual

r, =b-Ax, =b—A(rk_1 +Xk_1)
= (b — AXk—l)_ Ar,_, =r_ —Ar_ = (I - A)rk I

44



Non-Stationary/Krylov Subspace
Method (2/2)

FERIE-V)OTERHERE

k-1 k=2 k-1 |
X, =X, + Y I =X, +r,+ > ([-A)r, =x,+r,+ > (I-A)T,
i=0 i=0 i=l1

z, is a vector which belongs to k" Krylov Subspace (71)A72
B4 2=fE) , approximate solution vector x, is derived by the
Krylov Subspace:

45



Conjugate Gradient Method

HIR B ECE

« Conjugate Gradient: CG

— Most popular “non-stationary” iterative method
« for Symmetric Positive Definite (SPD) Matrices

— XI#RIERE
— {x}'[A]{x}>0 for arbitrary {x}

— All of diagonal components, eigenvaules and leading
principal minors > 0 (E/MTHIH -HEITHIR)

— Matrices of Galerkin-based FEM & FVM: heat conduction,

Poisson, static linear elastic problems

 Algorithm
— “Steepest Descent Method”
— x®D= x(D 4+ g p
« x¥:solution, p¥:search direction, «;: coefficient

— Solution {x} minimizes {x-y}'[A{x-y}, where {y} is exact

solution.

det

_____________________

maa::::
£ ¥ R =

n3 Gna "

S S = S

46
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Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)

for i= 1, 2, . « Mat-Vec. Multiplication
0= 2t » Dot Products
e » DAXPY (Double
RN Precision: a{X} + {Y})

B, 1= Pi1/Pis

endif

(1) = (1) .

q [Alp= x 1)+ Vector
o = p;/pHg?

x(= x(1 4 o,p) oy : Scalar
rid= pG-1l — g .gq

check convergence |r|



Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)

for i= 1, 2, . « Mat-Vec. Multiplication

7 (1-1) = 4 (i-1)
P, 4= r(i-1) 5 (i-1)
if i=1
pl= 7 (0)
else

B, 1= Pi1/Pis

endif

(1) = (1) .

q LAlp= x 1)+ Vector
o = p;/pHg?

x(= x(1 4 o,p) oy : Scalar
rid= pG-1l — g .gq

check convergence |r|



Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)
for i= 1, 2, ..
(i-1)= 4 (i-1)
z r | * Dot Products
P, ;= rt-l zG-D
if i=1
p M= 70
else

B, 1= Pi1/Pis

endif

(1) = (1) .

q [Alp= x 1)+ Vector
o = p;,/pHg

x(= x(1 4 o,p) oy : Scalar
rid= pG-1l — g .gq

check convergence |r|



Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9)
for i= 1, 2, ..
z (i-1)= p(i-1)

Ppi = T (i-1) o (1-1)

iE s « DAXPY
D= A  Double

else

By = Ps1/Pis * {y}= a{x} + {y}

p(l)z Z(l_l) _|_ Bj_—]_ p(j—_l)

endif
(i) — (i) .
q [Alp™ x (1) Vector
o = p;/pHg?
x (= x{-1) 4 g .p) oy : Scalar

check convergence |r|



Procedures of Conjugate Gradient

C t ©= b-[A]x" :
o, Blx x () : Vector

z (i) = p(i-D) L. : Scalar

p._,= ri-D (-1 1
if 1i=1

pM= 7z

else

Bi-1= Pi-1/Pis

plil= zG1 4 B pG-
endif
q'= [Alp™
o = p;i/pHqg
x (= xG-1 4 g p()
r= pl-1 — g g
check convergence |r|
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Derivation of CG Algorithm (1/5)

Solution x minimizes the following equation if y is the exact
solution (Ay=b)

(x=y) [A)(x-)

(x= ) [A](x = y)= (6, Ax) = (v, Ax) = (x, Ay) + (v, Ay)

(o
= (x, Ax)—2(x, Ay)+ (v, Ay) = (x, Ax)— 2(x,b) + (v,b) CoONSt.

Therefore, the solution x minimizes the following f(x):

£(x) = (5, A)~(x.0)

f(x+h)=f(x)+(h,Ax—b)+%(h,Ah) Arbitrary vector h



£x) = A0)= ()

flx+n)=f(x)+(n, Ax—b)+%(h, Ah) Arbitrary vector h

f(x+h):%(x+h,A(x+h))—(x+h,b)

:%(x+h,Ax)+%(x+h,Ah)—(x,b)—(h,b)

:%(x, Ax)+%(h, Ax)+%(x, Ah)+%(h, AR)—(x,b)—(h,b)

:%(x, Ax)—(x.5)+ (i Ax)—(h,b)+%(h, Ah)

_ f(x)+(h,Ax—b)+%(h,Ah)
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Derivation of CG Algorithm (2/5)

CG method minimizes f{x) at each iteration.
Start from initial solution x(¥ and assume that approximate
solution: x® and search direction vector p¥ is defined at k-th iter.

X(k+1) — X(k) _|_a,kp(k)

Minimization of f{x**!)) is done as follows:

o+ @)=L 4p - (.- A ()
Bf (k)+6b’ (k) (k),b—A (k) (k), (k)

r =pb—Ax"™ residual vector
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Derivation of CG Algorithm (3/5)

Residual vector at (k+1)-th iteration:

41 k k (k+) _ A kD) (k) _ A (k)
r(+):r()_a,kAp() (2) r b—Ax""",r b— Ax
PR 00 A kD A —OtkAp(k)

Search direction vector p is defined by the following
recurrence formula:

(k+1) _ _.(k+1) (k) ,.(0) _ _.(0)
P =r + ﬂkp » I =P _(g)_

It's lucky if we can get exact solution y at (k+1)-th iteration:

_ (kD) (k+1)
y =X + a,k+1p



Derivation of CG Algorithm (4/5)

BTW, we have the following (convenient) orthogonality relation:

(k) o, _ (kD)) _
(4p™®, y—x**1)=0

k) KD ) (B Ay A KDY () 4 D)
(ap®,y—x )= (p®, Ay — Ax**0) = (p®, b — Ax)
- (o b Al 5 p )= (o b A - )
_ (p(k),r(k) —ozkAp(")): (p(k),r("))—ak (p(k),Ap(k))z 0

(p(k) , ,,(k))
p(k),Ap(k))

ca, = (
Thus, following relation is obtained:

(k) _ K+ ) [ f () (k+1) ) _ (k+1) (k) ) _
(Ap , y—X ) (Ap O\ D ) 0:>(p ,Ap ) 0
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Derivation of CG Algorithm (5/5)
(p(k+l),Ap(k))= (,,(k+1> +,6’kp(k),Ap(k))= (r(k“),Ap("))+,Bk (p(k),Ap(k))zO

. l"(k+1),Ap(k)
= A= ((p(“,Ap(k))) (2)

(p*™, 4p®)=0 p® & pk+1) are “conjugate (2£4&)” for matrix A

p® :search direction vector, “gradient” vector

Compute p@=r®= p-[A]x®

for i=1, 2, . (D) (i)
calc. O;_; (p v )
xM= x0- + o, ptt & :( (=D A (i—l))
r= rG1 — g [A]pGED P ,A4p
check convergence |r| _(r(i) Ap(i—l))
(if not converged) IBi—l — (i—l), =
calc. B, (p JAp )

p(l): r(l) -|- Bi—l p(i_l)
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Properties of CG Algorithm

Following “conjugate (#1%)” relationship is obtained for
arbitrary (i,j):

(p(i),Ap(j)): 0 (i " j)

Following relationships are also obtained for p® and r%:
(r(i),r”))zO(i;t i) (p(k),r(k)):(r(k),r(k))

In N-dimensional space, only N sets of orthogonal and linearly
independent residual vector »#¥. This means CG method
converges after N iterations if number of unknowns is N.
Actually, round-off error sometimes affects convergence.



Proof (1/3) ( (i) (1)) 0(i# f)

Mathematical Induction (pm Ap)=0(i # )

R Im IR

() (6) )

_(p
‘) ak_(p(’”,Ap(“)

(k+1) _ (k) (k)
(2) r =r" —a,Ap

(k+1) _ _.(k+1) (k) 0) _ ..(0)
3) p T =r""+6p", r°=p

(4, Ap®
4) B = ((p(k),Ap(k)))
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Proof (2/3) ( (i) (1)) 0(i# f)

Mathematical Induction B a ()
- o p L Ap)=0i# ]
MR RENE ( =0l

( *) 1s satisfied for i <k, j <k wherei # j
ifi<k (r("“),r(”)—( (i) <k+1))(3)( (i) .(h) akAp(k))
=l ( " Ap(“)(3) (p” =B p" . ap®)
a(p”, ap" )+ @ B (P, ap™ 2

Fo. <k>) ( (k) aAp("))
(k) <k))

(
o, :(,,< <k>) ( (k)—ﬁk_lp(k_l),%AP(k))

D% =1,0 4p0) (g)(rm <k>) (p(k),Ap("))(;)(r("),r(k))—(p("),r”‘))

(2) r* =7r® — g Ap™ (3)(r(k) (k)) (/Bk—lp(k_l) + r(k),r(k))

(3) p(k 1) (k 1) +:Bk (k) 2
_ (k-1) (k) }(2) ( (k=1) .(k=1) (k—l)]
( (k+1) Ap(k)) — _ﬁk—l( 24 )_ _ﬂk—l P » r o a,k—lAp

== {(p(k_l) rY )_ O (p(k_l) ’ Ap(k_l) )}(;)O

)(*)

ifi=k ( (k) (k))(:)
3)

—

(4) IBk = (p(k) , Ap(k))



Proof (3/3)

Mathematical Induction

ifi <k

ifi=k

R Im IR

( *)1s satisfied for i <k, j <k wherei # j

61

.r7)=0% )

(P, Ap)=0(i # j

(p(kﬂ),Ap(i) )(@(r(kﬂ) +,ka(k),Ap(i))

( ";)( FE Ap®)

()1
o,

((mn

9

F(i)

_rmﬂ)zo

)(*)

@mww)

()%= p™, Ap™®)

—-a, Ap

(2) r(k+1) — r(k) (k)

(3) p(k+1) — r(k+1) _l_lka(k)

(k4D (k)
(f’ , Ap )
@“A#W

(4) :Bk —

(p(k+1) A (k))(3)( (k+1) Ap(k))+,5k(p(k) Ap(k))

2



(r(k+1) (k))

(r(k+1) (k))

0

e 11 I

\

r

=
(i)( (k) (k)

. (r(k),r(k) ): (p(k) , ,,(k))

),,<k> (k)) ((k) a,Ap(k))

(k) (k)) (

- p. 1p(k Vo Ap(k))
o, (p®, Ap® )(;)(r(k) )= (p® ) =0

p(k),’,.(k)
(1)ak — ((p(k),Ap(k?)

(2) r* =r® — g Ap™

(3) p(k+1) — r(k+1) +,8kp

_ I”(k+1),Ap(k)
(4):Bk = ((p(k),Ap(k)))
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o, D

Usually, we use simpler definitions of ¢, £, as follows:

(p(k),b _ Ax(k)) (p(k),r(k))

(r(k) r® )
ak -

(p®.4p%)  (p®,4p")  (p™, 4p®)

( p®. ,,(k)): (,,(k) , r(k))

63



Procedures of Conjugate Gradient

Compute r(®= b-[A]x(9) :
forpi= 1, 2 x (1) Vector
2= o; : Scalar
p._,= ri-h zG-D
if i=1
pM= 7z . 3
else ﬂ . (I”(l ),}"(l )) (: pi—l)
Bii= Pia/Pis i1 ( (i-2) (i—2)) _
plil= zG1 4 B pl-D r » ( pi—Z)
endif _ -
T - (i-1) (z—l))
(1) = (1) (r ,r .
: AP SPNE o = : : (_ pi—l)
a, = p;,/pHag® i ( A (z))
xW= x4 g p) P .Ap
r(l): r(i—l) _ (qu(l)

check convergence |r|



Preconditioning for Iterative Solvers

e Convergence rate of iterative solvers strongly depends
on the spectral properties (eigenvalue distribution) of
the coefficient matrix A.

e Eigenvalue distribution is small, eigenvalues are close to 1
e |n “lll-conditioned” problems, “condition number” (ratio of
max/min eigenvalue if A is symmetric) is large (%K) .

e A preconditioner M (whose properties are similar to
those of A) transforms the linear system into one with
more favorable spectral properties (Fij0LIE)

M transforms Ax=b into A'x=b' where A'=M-1A, b'=M-"b

If M~A, M- 1A is close to identity matrix.

If M-1=A-1, this is the best preconditioner (Gaussian Elim.)

Generally, A'X’=b’ where A'=M,TAMz 1, b'=M b, X’=Mgx

M, /Mx: Left/Right Preconditioning (Z.” A &TALIE)




Preconditioned CG Solver

Compute r(®= b-[A]x() [M]= [M;] [M,]

for 1= 1, 2,

solve [M]z@ D= (-1 [A ]x"=b’

P, ,= ri1 zG-D [A"]=[M,;]7[A] [M,]?
i}_li=1 X'=[M2]X, b’=[M1]_lb
__pu4= - (0)

else p’=>[M,]lp, r’'=>[M] 'r

Bi—.1: pi—ll/pi—Z |
p(l)z Z(l_l) + Bj_—]_ p(l_l)
endif
gi= [A]p®
o = p;/pHg?
x(W= x4 g p)
r= pGl — g g
check convergence |r|

pr (1) — r’ (i-1) 4+ B’i—l pr (i-1)
M,]p®= [M]7'c@ D+ B7. [M]pW D

p(%)z [Mz]_l[Ml]_lr(i_l) + B., i-1 p )
p(l)z [M] _1r(l_l) + B,i—l p(l_l)

)
3
0.

B’ = (M]7TeCD), U1/
([M] —lr(i—Z), r(i—Z))

;= ([M]7'rth, @by
( p b, [AlpE )



In CG method, preconditioner usually satisties [M,]=[M,; ]!, such as

Incomplete Cholesky/Incomplete Modified Cholesky Factorizations.
In this problem, let us define [M,;] and [M,] as follows:

M, ]=[X] L [M,]=[X] [M]=[M,][M, ]

:A']x'Zb'

A=IM, T [A]IM, T =([X] T'[A]IXT = (X1 [A]IXT
x'=[X]x, b'=[X]"b, r'=[XI"r

(ra i) (IX]" 7 [X] 7 )

(p . ATp" ) (XTI AT [X] )
B ) (e i ] )
[([X]p“ OV xiT[ALp ) () (XX [A] )
] ) ) e

( (i_l),[A] p(i—l)) B (p(l D,[A] p(l 1)) B (p(i_l),[A] p(i—l))

o i-1

67



(X x]

([X]7 re [x] 7 P
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[X

)
)T
(([x]‘T )X
. ) :—T,,a—z)j ((r(i_Z))T: [L

) et (e

|
T (e

-1 r

77! H=2) )

(1) G )

- r(i—Z)) (r( 2),[M] L 2)) _(r

5 )
(i ),Z(l ))
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Preconditioned Conjugate Gradient
Method (PCG)

Compute r(®= b-[A]x(9)
for i= 1, 2, ..

Solving the following equation:

solve [M]z(@ D= r@(i-1) i |
P = £l 2l tzy=[M] "}
if i=1
pt= zi® “Approximate Inverse Matrix”
else
e-se -1 -1
b= pui/p M =[A]", [m]=]A]
p(,iL 260 1 B, pth
e T Ultimate Preconditioning:
a, = p,_,/pP gt Inverse Matrix
xW= x01 + oq,p@ -1 -1 .
r= rt-1 — g g [M] _[A] ’ [M]_[A]
check convergence |r| _ _ _
end Diagonal Scaling: Simple but weak

m["=[p[", [mM]=|D]



Diagonal Scaling, Point-Jacobi

M|=| ...

e solve [M]zG V= r(E-1) |gvery easy.
* Provides fast convergence for simple problems.



ILU(0), IC(0)

« Widely used Preconditioners for Sparse Matrices
— Incomplete LU Factorization

— Incomplete Cholesky Factorization (for Symmetric
Matrices)

 Incomplete Direct Method

— Even if original matrix is sparse, inverse matrix is not
necessarily sparse.

— fill-in
— ILU(0)/1C(0) without fill-in have same non-zero pattern with
the original (sparse) matrices

* More details are shown in the later stage of this
class
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« Background
— Finite Volume Method
— Preconditioned lterative Solvers

 PCG Solver for Poisson’s Equations

— How to run
- Data Structure
— Program
* |nitialization
« Coefficient Matrices
« PCG




Target Application

3D Poisson Equation/Poisson’s Equation
2 2 2
af+a?+a?+f:0
ox~ dy° 0z
Finite Volume Method (FVM)

— Arbitrary Shape Meshes, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions (B.C.) etc.
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers
— Conjugate Gradient + Preconditioner

73



3D Structured Mesh
Internal data structure Is “unstructured’

jJ S L L
YA A4

AZ

N
-
A
Y
\\\\
NN NN
Z
_<
>
X

NX
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Target Problem: Variables are defined
at cell-center’s

Poisson Equation/
Poisson’s Equation

2 2 2
ig+af+a?+f=0
ox~ dy~ 0z

Boundary Conditions
(BC) etC Flux of each cell

= dfloat (i+j+k) XVolume

° VOlume FIUX (i, 9,k)=XYZ (icel, (1,2,3))

* 0=0@Z=Z2__. ZM

X
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Poisson Equation by 535 325 5%
- . Sttt
Finite Volume Method o 9" o

(FVM)

Conservation of Fluxes through
Surfaces Diffusion:

f=0

Interaction with Neighbors

k ik

Sik _ ) —
2 (0 =9)+Vi0 =0

ki Volume Flux

: Volume
: Surface Area
: Distance between

Cell-Center &
Surface

: Volume Flux



Running the Program:
<$P-FVM>/run

mg
mesh generator

'

—
—

mesh.dat
mesh file

¥/

NO explicit mesh file
inactual computation.

solc

Poisson Solver
FVM

}

INPUT.DAT
Control File

J

—

—
A

test.inp
ParaView File

k/
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Running the Program

Compiling

cd <S$SP-FVM>/run

cc -O mg.c -0 mg

ls

mg

mg

cd

../src—-c

make

ls

../run/solc
solc

Mesh Generator: mg

Poisson Solver (FVM): solc
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Running the Program
Mesh Generation

$> cd ../run
$> ./mg
4 3 2 NX, NY, NZ
S> 1s mesh.dat
mesh.dat
// // // //
NZ
- >/NY

NX



4 3 2
24

1 0 2
2 1 3
3 2 4
4 3 0
5 0 6
6 5 7
/] 6 8
8§ 1 0
9 0 10
10 9 1
11 10 12
12 11 0
13 0 14
14 13 15
15 14 16
16 15 0

N

(@)
NN NS N — —
OPR~LhWNOOOO

read (21, (10i10)") NX ,

— — —
TR WOOOOOIDODOCTRAWN—-OOOO

16
17
18
19
20

—_
QOO ON—- OO0 U1

o

— — —

N—= OO OCITRARAWN—LOOOOOOOOOOOO

13 1
14 2
15 3
16 4
17 1
18 2
19 3
20 4
21 1
22 2
23 3
24 4
0 1
0 2
0 3
0 4
0 1
0 2
0 3
0 4
0 1
0 2
0 3
0 4
NY , NZ

read (21, (10i10)") ICELTOT

do i= 1, IGELTOT
“(10i10)" )

read (21,
enddo

WWWWNINDNN /=== —=WWWWNhNNNN—=— ——

mesh.dat (1/5)

ii, (NEIBcell (i, k), k=1, 6), (XYZ(i,j), j=1, 3)
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AR mesh.dat (2/5)
1 0 2 0 5 013 1 1 1

5 2 4.0 7 015 5 1 1

3 2 0 0 S S/

4 3 0 0 8 0 16 4 1 1 iy ey

5 0 6 1 9 017 1 2 1 P
6 5 7 2 10 0 18 2 2 1 11
7 6 8 3 11 019 3 2 1 NZ %
8 7 0 4 12 0 20 4 2 1 4

9 010 5 0 0 21 1 3 1

0 9 11 6 0 0 22 2 3 1 NY
11 10 12 7 0 0 23 3 3 1 - _

12 11 0 8 0 0 24 4 3 1 NIX

13 014 017 1 0 1 1 2

5 1416 016 50 5 1 3

6 15 0 0 20 4 0 4 1 2 Number of meshes
17 0 18 13 21 5 0 1 2 2 in X/Y/Z directions
18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, ‘(10i10)" ) ii, (NEIBcell (i, k), k=1, 6), XYZ(i, j), j=1, 3)
enddo



PRI mesh.dat (3/5)
1 0 2 0 5 0 13 1 1 1

% ; 2 8 (73 8}@ % } } Number of Meshes (Cells)
4 3 0 0 8 0 16 4 1 1 = NX x NY x NZ
5 0 6 1 9 0 17 1 2 1

6 5 7 2 10 0 18 2 2 1

7 6 8 3 11 019 3 2 1

8 7 0 4 12 0 20 4 2 1

9 010 5 0 0 21 1 3 1

10 9 11 6 0 0 2 2 3 1

11 10 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2

16 15 0 0 20 4 0 4 1 2

177 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21,’ (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, ‘(10i10)" ) ii, (NEIBcell (i, k), k=1, 6), XYZ(i, j), j=1, 3)
enddo
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IR mesh.dat (4/5)
1 0 2 0 5 013 1 1 1

2 % g 8 57; 8 }g 2 } } Neighboring Cells: NEIBcell(i,k)
5 0 6 1 9 0 17 1 2 1 // // A4
EERERLEEE

8 7 0 4 12 0 20 4 2 1 13|14 16

9 0 10 5 0 0 21 1 3 1 7

10 9 11 6 0 0 22 2 3 1 y 112134
1110 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2 X

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

210 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ

read (21, (10i10)") ICELTOT
. 1st Col.: Global ID of the Cell
do i= 1, ICELTOT

read (21, ‘(10i10)’ )& (NEIBcel I (i, k), k=1, 6), (XYZ(i, ), j=1, 3)
enddo




NEIBcell: ID of Neighboring Mesh/Cell
=0: for Boundary Surface

NEIBcell[icel][5]
* NEIBcell[icel][3]

NEIBcell[icel][0] < =l N E|Bcell[icel][1]

/ i+1= XYZ[icel][0]
J+1= XYZ[icel][1], k+1= XYZ[icel][2]
icel= K*NX*NY + j*NX + i

NEIBcell[icel][2] *

NEIBcell[icel][4] NEIBcell[icel][0]= icel — 1 + 1
NEIBcell[icel][1]= icel + 1 + 1

NEIBcell[icel][2]= icel — NX + 1
NEIBcell[icel][3]= icel + NX + 1
NEIBcell[icel][4]= icel = NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




PR mesh.dat (5/5)
1 0 2 0 5 013 1 1 1

2 1 3 0 6 0 14 2 1 1 Location in X,Y,Z-directions: XYZ(i,))
3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 0 17 1 2 1

6 5 7 2 10 0 18 2 2 1

56 412 02 4 5

9 010 5 0 0 21 1 3 1 S~
0 9 11 6 0 0 22 2 3 1

11 10 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1 . 13|14

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2 y 1123 |4
15 14 16 0 19 3 0 3 1 2

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2 X

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)” ) ii, (NEIBcell(i,k), k=1, 6), XYZ(i,J), j=1, 3)
enddo



NEIBcell: ID of Neighboring Mesh/Cell
=0: for Boundary Surface

NEIBcell[icel][5]
* NEIBcell[icel][3]

NEIBcell[icel][0] < =l NE[Bcell[icel][1]
/ i+1= XYZ[icel][0]
J+1= XYZ[icel][1], k+1= XYZ[icel][2]
NEIBosllicol]2] * icel= K*NX*NY + j*NX + i
NEIBcell[icel][4] RIS VERVIES + 1
NEIBcell[icel][1]=icel + 1 + 1
Z y NEIBcell[icel][2]= icel — NX + 1
‘ i NEIBcell[icel][3]= icel + NX + 1
NEIBcell[icel][4]= icel —= NX*NY + 1
X NEIBcell[icel][5]= icel + NX*NY + 1




Running the Program
Control Data: <$P-FVM>/run/INPUT.DAT
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32 32 32 NX/NY/NZ
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
« NX, NY, NZ
— Number of meshes in X/Y/Z dir.
« DX, DY, DZ —
— Size of meshes NZ ' ‘AZ
Ay
Z) vy / -
. EPSICCG o o

— Convergence Criteria for PCG
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Running the Program

S> cd <S$P-FVM>/run
$> ./solc

32 32 32 NX, NY, NZ
1 4.409359E+00 Residual at the 15t Iteration
101 1.807571E-02
201 2.194680E-08

208 9.354536E-09 Residual at convergence (<1078)

##ANSWER 32768 9.297409E+02 Result at @-point
$> 1ls test.inp
test.inp
ParaView

http://www.paraview.orq/




UCD Format (1/2)
Unstructured Cell Data

CENOY: 2

A & @ @2 -
. A
nn pt a 1] 1 0 2 1 J 4
13 line '
_ = =fAfk2
= tri A A A
T TANEY A
PY & A tet ! z2 1 4 2
7N E{F 3
7 8 pyr 0
_ M £ 2 mER 2
=AR prism 0 3 0o_7 3
FNEK hex 4 6
—REH r R )
#R2 line2
_ﬁﬁz =it
=fAR2 tri2
o A fiz2 quad?
PO E A2 tet2
A2 pyr2
=A2 prism2
JNmE A2 hex2

F—7—K
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UCD Format (2/2)

 Qriginally for AVS, microAVS
« Extension of the UCD file is “inp”

* There are two types of formats. Only old type can
be read by ParaView.
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« Background
— Finite Volume Method
— Preconditioned lterative Solvers

 PCG Solver for Poisson’s Equations

— How to run
« Data Structure
— Program
* |Initialization
« Coefficient Matrices
« PCG




#include <stdio. h>
#include <stdlib. h>
#include <string.h>
#include <errno. h>
#include “struct. h”
#tinclude “pcg. h”
#tinclude “input.h “ ...

int
main ()

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, icO, i;
double xN, xL, xU; Stime, Etime;

i f (INPUT()) goto error;

i f (POINTER_INIT()) goto error;
i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;
if (POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*ICELTOT) ;
ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

if(solve PCG(...)) goto error;}

i f (OUTUCD ()) goto error;
return 0;

error:
return -1;

}

Structure of
the Program

MAIN

main

INPUT

Control Information

POINTER_INIT

Mesh Generation

BOUNDARY_CELL
Boundary Cells

CELL_METRICS

Metric Calculation

POI_GEN

Coefficient Matrix

SOLVER PCG
PCG Solver

OUTUCD

Output for ParaView




struct.h: Variables/Arrays for FVM %

#ifndef _ H_STRUCT
#define _ H_STRUCT

#include <omp. h>

int [CELTOT, ICELTOTp, N;

int NX, NY, NZ, NXP1, NYP1, NZP1, IBNODTOT;
int NXc, NYc, NZc;

double DX, DY, DZ, XAREA, YAREA, ZAREA;
double RDX, RDY, RDZ, RDX2, RDY2, RDZ2, R2DX, R2DY, R2DZ;
double *VOLCEL, *VOLNOD, *RVC, *RVN;

int *xXYZ, **NEIBcell;

int ZmaxCELtot;

int *BC_INDEX, *BC _NOD;

int *ZmaxCEL;

int *xxIWKX;
double **FCV;

int my_rank, PETOT, PEsmpTOT;
#tendif /%« _H STRUCT */



struct.h: Variables/Arrays for FVM

Name Tép Size Content
NX, NY, NZ I Number of meshes in x/y/z directions
ICELTOT I Total number of meshes (NX x NY x NZ)
N I Total number of nodes (for visualization)
NXP1,NYP1, | Numt_)er oI nqdes in x/y/z directions
NZP1 (for visualization)
IBNODTOT I NXP1 x NYP1
XYZ | [[ICELTOT][3] Location of meshes
NEIBcell | [[ICELTOT][6] Neighboring meshes
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pcg.h: Variables/Arrays for
Sparse Matrix

#ifndef H PCG
ftdefine _ H PCG

int N2;

int NLUmax, NLU;

int METHOD, ORDER_METHOD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AMAT;

int *INLU, *indexLU, *itemLU;
int NPLU,

fendif /* __H PCG */




pcg.h: Variables/Arrays for
Sparse Matrix

96

Name Type Size Content

NLU | Maximum number of neighbors for each
mesh (=6)

EPSICCG R Convergence Criteria for PCG

NPLU | Total number of non-zero off-diagonal
components (CRS)

indexLU | | ICELTOT+1] cNgrrr?é)c?r: eogtgczg‘égr)o ofi-diagonal

: : Column ID of non-zero off-diagonal

temLU | NPLU] components (CRS)

PHI R |[ICELTOT] Unknown vector

BFORCE R | [ICELTOT] RHS vector

D R | [ICELTOT] Diagonal components of the matrix

: Non-zero off-diagonal components of the

AMAT R | [NPLU] matrix (CRS)
Number of non-zero off-diagonal

INLU | [ICELTOT] components for each mesh, to be used for
calculation of NPLU




Mat-Vec Multiplication: {g}=[Al{p}

for (1=0; I<N; I1++) {
qli]= D[] * pli];
for (j=indexLUJi]; j<indexLU[i+1]; j++) {
qli] += AMAT[j] * p[itemLU[j]];
|




#include <stdio. h>
#include <stdlib. h>
#include <string.h>
#include <errno. h>
#include “struct. h”
#tinclude “pcg. h”
#tinclude “input.h “ ...

int
main ()

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, icO, i;
double xN, xL, xU; Stime, Etime;

if (INPUT()) goto error;

if (POINTER _INIT()) goto error;
i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;
if (POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*ICELTOT) ;
ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

if(solve PCG(...)) goto error;}

i f (OUTUCD ()) goto error;
return 0;

error:
return -1;

}

Structure of
the Program

MAIN

main

INPUT

Control Information

POINTER_INIT

Mesh Generation

BOUNDARY_ CELL
Boundary Cells

CELL METRICS

Metric Calculation

POI_GEN

Coefficient Matrix

SOLVER PCG
PCG Solver

OUTUCD

Output for ParaView




input: reading “INPUT.DAT”

#include <stdio. h>; <stdI|b h>; <str|ng h>: <errno. h>

#include ”

“struct_ext.h “; “pcg_ext.h “; “input. h”

extern int
INPUT (void)

}

define BUF_SIZE 1024

char |ine[BUF _ SIZE]
char CNTFIL[81];
double OMEGA;

FILE *fp11;

if((fp11 = fopen ("INPUT.DAT”, “r”)) == NULL) ({
fp{lntf(stderr “Error: %s¥n” "strerror (errno))
return

fgets(line, BUF_SIZE, fpl11); sscanf(line, “%d%d%d”, &NX, &NY, &NZ);

fgets(line, BUF_SIZE, fpl
fgets(line, BUF_SIZE, fpl

fclose (fp11) ;
return 0;

1)
fgets(line, BUF_SIZE, fp1}§; sscanf (line, "%lellehle”, &DX, &DY, &D7) ;
1)

g sscanf(line. “%le”, &EPSICCG) "

32 32 32 NX/NY/NZ
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
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pointer_init (1/3): “mesh.dat”

#include <stdio. h>
#include <stdlib.h>
#include <string. h>
#include <errno. h>

#include “struct_ext.h”
#include “pcg_ext.h”
#include “pointer_init.h”
#include “allocate. h”

extern int
?OINTER_INIT(void)

int icel, ipe, i, j, k;

ICELTOT = NX * NY * NZ;

NXP1 = NX + 1;
NYP1 = NY + 1;
NZP1 = NZ + 1;

NEIBcell =

(int **)allocate_matrix(sizeof (int), ICELTOT, 6) ;

XYZ =

(int **)allocate_matrix(sizeof (int), ICELTOT, 3) ;

NX,NY,NZ:
Number of meshes in x/y/z directions

NXP1l, NYP1l,NZP1:

Number of nodes in x/y/z directions
(for visualization)

ICELTOT:
Number of meshes (NX X NY X NZz)

XYZ[ICELTOT] [3]:
Location of meshes

NEIBcell [ICELTOT] [6] :
Neighboring meshesc

allocate/deallocate
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pointer_init (2/3): “mesh.dat”

for(k:O;( k<NZ;<II\<lJYr+) { )i
for (j=0: J<NY; j++ i
oo B B NEIBcell[icel][5]

icel =k * NX * NY + j = NX + i; NEIBcell[icel][3]

NEIBcel I [icel][0] = icel - 1 + 1;
NEIBcel [ [icel][1] = icel + 1 + 1;
NEIBcell[icel][2] = icel — NX +1;
NEIBcel I [icel][3] = icel + NX +1; NEIBcell[icel][0 NEIBcell[icel][1]
NEIBcel I [icel1[4] = icel - NX * NY + 1;
NEIBcel | [icel]1[5] = icel + NX * NY + 1;
£ B e 28
:HJ % '(\R( X NEiEgZHE:gZH% %8 zy y_ NEIBcellicel][2]
DL e = v NEBoslcel4
if(k == NZ-1) NEIBcell[icel]l[5] = 0
e o 1= XYZ[
XYZ[icel1[2] = k + 1 I+1= XYZ['PG"][O] _
| J J+1= XYZ[icel][1], k+1= XYZ]icel][2]
) icel= K"NX*NY + j*NX + i
“icel” starts at 0 | “NEIBcell” starts at 1 | NEIBcell[icel][0]= icel — 1 +1
NEIBcell[icel][2]= icel — NX + 1
8|9 ]10/ M 9 |10]11 12 NEIBcell[icel][3]= icel + NX  +1
4|5 |6 |7 5/ 6|78 NEIBcell[icel][4]= icel — NX*NY + 1
i . .
0l 1123 112134 NEIBcell[icel][5]= icel + NX*NY + 1
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pointer_init (3/3): “mesh.dat”

i (DX <= 0.0) { If DX is no larger than 0.0
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ = 1.0 / (double)NZ;

}

NXP1 = NX + 1;

NYP1 = NY + 1;

NZP1 = NZ + 1;

IBNODTOT = NXP1 * NYPT;
N = NXP1 = NYP1 = NZP1;

return 0;



pointer |

if(DX <= 0.0) {
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ = 1.0 / (double)NZ;

]

NXP1T = NX + 1;

NYPT = NY + 1;

NZP1 = NZ + 1;

IBNODTOT = NXP1 * NYP1;

N = NXP1 * NYP1 * NZP1;

return 0;

nit (3/3): “mesh.dat”

o o
S

NXP1l,NYP1l,NZP1:

Number of nodes in x/y/z
directions

IBNODTOT:
= NXP1 X NYP1

N:
Number of modes
meshes (for visualization)
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#include <stdio.h>
#include <stdlib. h>
#include <string. h>
#include <errno.h>

boundary_cell

| i ) Meshes @ Z=Z__,
#include “struct_ext.h _
ftinclude “boundary cell.h” Number: ZmaxCELtot
#include “allocate. h Mesh ID: ZmaxCEL[::
extern int
?OUNDARY_CELL(void)
int IFACTOT;
int icou, icel, i, j, k;
IFACTOT = NX * NY; _
/maxCELtot = IFACTOT; 7 A
/maxCEL =
(int *)allocate_vector (sizeof (int), ZmaxCELtot) ;
icou = 0; -
k =NZ - 1;
X
for (j=0; j<NY; j++) {
for (i=0; i<NX; i+ { _ /il kkiok kool ok
icel = kxIFACTOT + j*NX + i+1; allocate vector al locate. ¢
ZmaXCEL [ | GOU] — icel; **************************/
lcout+, void* al locate_vector (int size, int m)

} void *a;

if ( (.a=(void * )malloc( m * size ) ) == NULL ) | B
fprintf (stdout, “Error :Memory does not enough! in vector ¥n”);

return a.

return 0; | exit (1)
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#include <stdio.h> ...

extern int

CELL_METRICS (void)

{ double VO, RVO;
Int 1,

VOLCEL =

(doublex)al locate_vector (sizeof (double), ICELTOT) ;

RVC =

(doublex)al locate_vector (sizeof (double), ICELTOT) ;

XAREA = DY * DZ;
YAREA = DZ * DX;
ZAREA = DX * DY;

RDX = 1.0 / DX;
RDY = 1.0 / DY;
RDZ = 1.0 / DZ;
RDX2 = 1.0 / (pow(DX, 2.0))
RDY2 = 1.0 / (pow (DY, 2.0))
RDZ2 = 1.0 / (pow(DZ, 2.0))
R2DX = 1.0 / (0.5 = DX) ;
R2DY = 1.0 / (0.5 * DY);
R2DZ = 1.0 / (0.5 * DZ);
VO = DX * DY * DZ;
RVO = 1.0 / VO,
for (i=0; i<ICELTOT; i++) {
VOLCEL[i] = VO;
RVCLi] = RVO;

return 0; }

105

cell metrics

Parameters for Computations

XAREA

L

DZ

i

X

DY

DX

XAREA=AY XAZ, YAREA=AZXAX,
ZAREA = AX XAY

RDX=—L3 RDYz—Lg RDZ=¥L
AX AY AZ
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#include <stdio.h> ...

extern int Ce”_m etriCS

CELL_METRICS (void)

{ double VO, RVO; .
voler Parameters for Computations
éeguble*)alIocate_vector(sizeof(double),ICELTOT):
(double;)alIocate_vector(sizeof(double),ICELTOT);
XAREA
XAREA = DY * DZ; Z
YAREA = DZ * DX; 4
ZAREA = DX * DY, DZ
RDX = 1.0 / DX;
RDY = 1.0 / DY; DY
RDZ = 1.0 / DZ;
2 DX

RDX2 = 1.0 / (pow(DX, 2.0)); y
RDY2 = 1.0 / (pow(DY, 2.0));
RDZ2 = 1.0 / (pow(DZ, 2.0)); "
R2DX = 1.0 / (0.5 * DX);
R2DY = 1.0 / (0.5 * DY) ;
R2DZ = 1.0 / (0.5 * DZ) ; | |

_ : RDX?2 = RDY?2 = RDZ?2 =
VO = DX * DY * DZ; 2 2 2
RVO = 1.0 / VO; AX AY AZ
for (i=0; i<ICELTOT; i++) { 1 1

VOLCEL[i] = VO; R2DX = , Y = ,

RVCLi] = RVO; 0.5%x 0.5xAY
return 0; } R2D7 = 1



#include <stdio.h> ...

extern int

CELL_METRICS (void)

{ double VO, RVO;
Int 1,

VOLCEL =

(doublex)al locate_vector (sizeof (double), ICELTOT) ;

RVC =

(doublex)al locate_vector (sizeof (double), ICELTOT) ;

XAREA = DY * DZ;
YAREA = DZ * DX;

ZAREA = DX * DY;
RDX = 1.0 / DX;
RDY = 1.0 / DY;
RDZ = 1.0 / DZ;
RDX2 = 1.0 / (pow(DX, 2.0))
RDY2 = 1.0 / (pow(DY, 2.0))
RDZ2 = 1.0 / (pow(DZ, 2.0))
R2DX = 1.0 / (0.5 * DX);
R2DY = 1.0 / (0.5 * DY);
R2DZ = 1.0 / (0.5 * D7) ;
VO = DX * DY * DZ;
RVO = 1.0 / VO;
for (i=0; i<ICELTOT; i++) {
VOLCEL[i] = VO;
RVC[i] = RVO;

return 0; }
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cell metrics

Parameters for Computations

XAREA

L

DZ

i

X

DY

DX

VOLCEL =V0=AX XAY XAZ

1

RVO=RVC =———
VOLCEL



#include <stdio. h>
#include <stdlib. h>
#include <string.h>
#include <errno. h>
#include “struct. h”
#tinclude “pcg. h”
#tinclude “input.h “ ...

int
main ()

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, icO, i;
double xN, xL, xU; Stime, Etime;

i f (INPUT()) goto error;

i f (POINTER_INIT()) goto error;
i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;
if (POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*ICELTOT) ;
ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

if(solve PCG(...)) goto error;}

i f (OUTUCD ()) goto error;
return 0;

error:
return -1;

}

Structure of
the Program

MAIN

main

INPUT

Control Information

POINTER_INIT

Mesh Generation

BOUNDARY_CELL
Boundary Cells

CELL_METRICS

Metric Calculation

POl _GEN
Coefficient Matrix

SOLVER PCG
PCG Solver

OUTUCD

Output for ParaView




extern int
?OI_GEN(void)

int nn;

int 1c0, icN1, icN2, icN3, icN4, icN5, icN6;

int 1, j, k, ib, i1c, ip, icel, icou, icol, icouG;
int 11, Jjj, kk, nnl, num, nr, jO, j1;

double coef, VOLO, S1t, E1t;

int isLU;

NLU= 6;

BFORCE =(double *)allocate vector (sizeof (double), ICELTOT) ;
D =(double *)allocate vector (sizeof (double), ICELTOT) ;
PHI =(double *)allocate vector (sizeof (double), ICELTOT) ;

INLU =(int *)allocate vector (sizeof (int), ICELTOT) ;
indexLU=(int *)al locate vector (sizeof (int), ICELTOT+1) ;

for (i = 0; i <ICELTOT ; i++) {

09

POI_gen |
(1/6)

BFORCE[i1=0.0; /ktskokkkoolokol ook otk
D[i] =0.0: ' al locate matrix al locate. ¢
q sefokollokiokkoiokiokokiokotolokokok /
I:I)H|I_l5 i:] ]—O- 0(')_ void#x allocate_matrix(int size, int m, int n)
I : ’
| void *+*aa;
int i;
e . if ( ( aa=(void ** )malloc( m * sizeof (void*) ) ) == NULL ) {
fOl’_ (i =0, 2 <=ICELTOT ; i++) { | fpriﬁ%f (\slgtliout, ”ETﬁor?ﬁlemrgry (Sicl)ggonozoénough! aa in matrix ¥n”);
indexLULi] = 0; exit(1);

]
if ( (aal[0]=(void * )malloc(m * n * size ) ) == NULL ) {
fprintf (stdout, “Error :Memory does not enough! in matrix ¥n”);

exit(1);

for (i=1;i<m; i++) aalil=(char*)aali-1]+size*n;

return aa,



pcg.h: Variables/Arrays for
Sparse Matrix

110

Name Type Size Content

NLU | Maximum number of neighbors for each
mesh (=6)

EPSICCG R Convergence Criteria for PCG

NPLU | Total number of non-zero off-diagonal
components (CRS)

indexLU | | ICELTOT+1] cNgrrr?é)c?r: eogtgczg‘égr)o ofi-diagonal

: : Column ID of non-zero off-diagonal

temLU | NPLU] components (CRS)

PHI R |[ICELTOT] Unknown vector

BFORCE R | [ICELTOT] RHS vector

D R | [ICELTOT] Diagonal components of the matrix

: Non-zero off-diagonal components of the

AMAT R | [NPLU] matrix (CRS)
Number of non-zero off-diagonal

INLU | [ICELTOT] components for each mesh, to be used for
calculation of NPLU




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcel I [icel][0];
icN2 = NEIBcel I [icel][1];
icN3 = NEIBcel I [icel][2];
icN4 = NEIBcell[icel] [3];
icN5 = NEIBcel | [icel] [4];
icN6 = NEIBcell[icel][5];
if(icN5 1= 0) {

J

if(icN3 1= 0) {

J

if(icN1 1= 0) {

J

if(icN2 1= 0) {

J

if(icN4 1= 0) {

J

if(icN6 '= 0) {

}

INLU[icel]l = INLU[icel]l + 1;

INLULicel]l = INLU[icel]l + 1;

INLU[icel] = INLU[icel] + 1;

INLULicel]l = INLU[icel]l + 1;

INLULicel]l = INLU[icel]l + 1;

INLU[icel] = INLU[icel] + 1;

111

poi_gen (2/6)

NEIBcell[icel][5]
NEIBcell[icel][3]

NEIBcell[icel][0] ? NEIBcell[icel][1]

zh y NEIBcell[icel][2] *
Z NEIBcell[icel][4]

X

Lower Triangular Components
NEIBcell[icel][4]= icel = NX*NY + 1
NEIBcell[icel][2]= icel — NX + 1
NEIBcell[icel][0]= icel — 1 + 1

Upper Trianqular Components
NEIBcell[icel][1]= icel + 1 + 1
NEIBcell[icel][3]= icel + NX + 1
NEIBcell[icel][5]= icel + NX*NY + 1




for (i=0; i<ICELTOT; i++) {

indexLULI+1]=1ndexLULIT + INLULIT: '
| pOI_gen
NPLU= indexLU[ICELTOT]: (3 /6)

itemLU= (int*)allocate vector (sizeof (int), NPLU) ;
AMAT = (doublex)al locate vector (sizeof (double), NPLU) ;

for (i=0; i<ICELTOT; i++) {
for (j=indexLU[i]; j<indexLU[i+1]; j++) {

itemLU[j]1=0;
AMAT[j]=0.0;
free (INLU) ;
for (|=0, |<N, i++) { Name Type Size . Contt—'j-nt
_ D o _ NLU I mZélr:n(urg)number of neighbors for each
e I I, -
q[] ) [] p[ ], N ) ) EPSICCG R Convergence Criteria for PCG
for (]=|ndeXLU[|]; J<|ndeXLU[l+1 ], J++) { NPLU | Total number of non-zero off-diagonal
. o s . ) components (CRS)
qli] += AMATI[j] * p[itemLU[j][; indexLU | [[ICELTOT+1] | oo o 0ok ey O diagonal
; Column ID of non-zero off-diagonal
} itemLU | | [NPLU] Con;’ponents (CRS§ 1ag
PHI R [[ICELTOT] Unknown vector
BFORCE R |[ICELTOT] RHS vector
D R | [ICELTOT] Diagonal components of the matrix
AMAT R | [NPLU] Non-zero off-diagonal components of the

matrix (CRS)

Number of non-zero off-diagonal
INLU I [ICELTOT] components for each mesh, to be used for
calculation of NPLU
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Poisson Equation by 5 a3 2%
Finite Volume Method o o~ o
(FVM)

Conservation of Fluxes through

Surfaces Diffusion:
Interaction with Neighbors

Sik _ )
2 (0 =9)+Vi0 =0

ko ik ki Volume Flux

f=0

V., : Volume

S : Surface Area

d;; : Distance between
Cell-Center &
Surface

Q : Volume Flux




Constructing Coefficient Matrix
Conservation for i-th mesh

Sik _ ) —
D +dki(¢k 6,)+V,0,=0

k ik

D (diagonal) AMAT BFORCE
(off-diag.) (RHS)
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for (icel=0; icel<ICELTOT, i gl++) { 115

c
icN1 = NEIBcell[icel][0]; .
icN2 = NEIBcell[icel][1];
2 2 NElBoel Hioeld [ pol_gen (4/6)
icNd = NEIBcell[icel][3];
icN5 = NEIBcell[icel][4]
icN6 = NEIBcell[icel][5]
VOLO = VOLCEL[icel]; -
IsLU =indexLU [ icel ] , NEIBcell[icel][3]
icou= 0; | |
If (ICN5 !: O) NEIBcell[icel][0] P NEIBcell[icel][1]
coef = RDZ * ZAREA;
D [ | ce | ] _ Coef : Z]Z> NEIBcell[icel][2]
itemLU[icou+isLU]= icN5 - 1 NEIBclceli4]

AMAT [icou+isLU]= conef;

. _ 41
I COU I COU 1 ’ ¢neib[icd][0] _¢icel AyAZ + ¢neib[icel][l] _¢icel AyAZ n
Ax
i f ( | CN3 ' = O) { ¢neib[icel][Z] _¢icel &Ax+ ¢neib[icel][3] _¢icel &Ax+
c%ef :]RDY * YAREA; Ay Ay
Dlicel] —= coef; Drciviicenia) ~ Dicer Drciviicenis) — Picel
. . ; ’ . AxAyH AxAy+ f.  AxAyAz =0
itemLU[icou+isLU]= icN3 - 1 Az Y Az Y+ frealXAY

AMAT [icou+isLU]= conef;
lcou= icou + 1;

if(icN1 1= 0) {
coef = RDX * XAREA;
D[licel] —= coef;

itemLU[icou+isLU]= icN1 - 1
AMAT [icou+isLU]= conef;
lcou= icou + 1;



Calculations of Coefficients

NEIBcellficel][5] —
NEIBcell[icel][3] if(icN5 1= 0) {
coef = RDZ * ZAREA;

D[licel] —= coef;
NEIBcellficel][0] =P NEIBcellficel][1] itemLU[icou+isLU]= icN5-1
AMAT [icou+isLU]= coef;

icou= icou + 1;
Z) y NEIBcell[icel][2] * }
‘4 NEIBcell[icel][4]

X

%

¢neib[icel][0] o ¢l
Ax

cel AyAZ+ ¢neib[icel][1] — Yicel AyAZ_l'
Ax

¢neib[icel][2] o ¢icel MA)C + ¢neib[icel][3] o ¢icel MA)C

Ay Ay
¢neib[icel][4] _¢icel AXAy n ¢neib[icel][5] _¢icel AXAy + ]Cl

AZ AZ cel

_I_

AxAyAz =0




Calculations of Coefficients

NEIBcellficel][5] —
NEIBcell[icel][3] if(icN5 1= 0) {
coef = RDZ * ZAREA;

D[licel] —= coef;
NEIBcellficel][0] =P NEIBcellficel][1] itemLU[icou+isLU]= icN5-1
AMAT [icou+isLU]= coef;

icou= icou + 1;
Z) y NEIBcell[icel][2] * }
‘4 NEIBcell[icel][4]

X

AyAz AyAz
Ax (¢neib[icel o] ¢icel ) + T (¢neib[icel][1] — ¢icel ) +
AzAx AzAx

(¢neib[icel][2] o ¢icel ) + (¢neib[icel][3] o ¢icel ) +

Ay
ZAREA | AxAy
RDZ Az

Ay

AxAy
Az

(¢neib[icel][4] o ¢icel + (¢neib[icel][5] o ¢icel ) + -ficelA’XAyAZ — O




if(icN2 1= 0) {
coef = RDX * XAREA;
D[icel] —= coef;

itemLU[icou+isLU]= icN2 - 1
AMAT [icou+isLU]= conef;
icou= icou + 1;

if(icN4 1= 0) {
coef = RDY * YAREA;
D[icel] —= coef;

itemLU[icou+isLU]= icN4 - 1
AMAT [icou+isLU]= conef;
icou= icou + 1;

if(icN6 '=0) {
coef = RDZ * ZAREA;
D[icel] —= coef;

itemLU[icou+isLU]= icN6 — 1
AMAT [icou+isLU]= conef;
icou= icou + 1;

i1 = XYZ[icel][O0]:
jj = XYZ[icel][1]"
kk = XYZ[icel][2];

BFORCE[icel]= —(double) (ii+]jj+kk) *
VOLCEL [icel];

poi_gen (5/6)
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if(icN2 1= 0) {
coef = RDX * XAREA;
D[icel] —= coef;
itemLU[icou+isLU]= icN2 - 1
AMAT [icou+isLU]= conef;
icou= icou + 1;

if(icN2 '=0) {
coef = RDY * YAREA;
D[icel] —= coef;

itemLU[icou+isLU]= icN4 - 1
AMAT [icou+isLU]= conef;
icou= icou + 1;

if(icN6 '=0) {
coef = RDZ * ZAREA;
D[icel] —= coef;

itemLU[icou+isLU]= icN6 — 1
AMAT [icou+isLU]= conef;
icou= icou + 1;

11 = XYZ[icel][0]:
jj = XYZ[icel][1];
kk = XYZ[icel][2];
BFORCE[icel]= —(double) (ii+]jj+kk) *

VOLCEL [icel];

poi_gen (5/6)

Volume Flux

f =dfloat(iy + j, + k)

i, = XYZ[icel][0],
Jo = XYZlicel][l],
k, = XYZlicel][2]

XYZ[icel][k](k=0,1,2)

Index for location of finite-
difference mesh in X-/Y-/Z-
axis.
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/% TOP SURFACE / pOi_gen (6/ 6)

for (ib=0; ib<ZmaxCELtot; ib++) {

icel = ZmaxCEL[ib]; : .
e o OR RD7 = ZAREA: Calculation of Coefficients
Dlicel-1] -= coef; on Boundary Surface @ Z=Z2,_,
} return 0; i 0=-0, E
DZ
o o ®
¢=¢o
® o ®
o o ®

18t Order Approximation:

Mirror Image according to Z=Z,, surface.
d=-0¢, at the center of the (virtual) mesh
O=0@Z=Z,., surface




Dirichlet B.C.

k

1

ik

Sik

2

k

dik + dki

D (diagonal)

3

2

k

(off-diag.)

Sik _ ) —
2 (0. -4)+Vi0, =0

ki

Sik ¢
k

dik + dki

AMAT

} = _ViQi

BFORCE
(RHS)
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Dirichlet B.C.

________________

. N | .
A Z i (¢k_¢i)+‘/iQi=0

D7 k dik + dki

DX DX E S A\ Ve

l

D (diagonal) AMAT BFORCE
(off-diag.) (RHS)

S'k S’k ¢N _¢' .
i + E ’ + “AxAy =-V.0., =—0,
d, +d, }Q { rd, +d, ¢k:| Az ’ Qo O f



________________

Dirichlet B.C.

5 ik
dik + dki

2

k

_ Sik
e

D (diagonal)

Az

Az

(¢k _¢i)+‘/iQi =0

S,
-+ ’
& {Z dy+d,

AMAT

(off-diag.)

+ =20 Axay =0

123

} = _ViQi

BFORCE
(RHS)

+ ¢N _¢i AxAy :_‘/iQi’ ¢N :_¢i
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Dirichlet B.C.

________________

- N e S :
N > Sk (g, —¢)+V,0,=0
Pz k dik d,;
Iy
o~ —@
W DX $ DX E S A\ :
l _Zd d¢i+zd d¢k=_Vin‘
® ® Dz ® k ik+ ki k ik+ ki
S

D (diagonal) AMAT BFORCE
(off-diag.) (RHS)

Sa \% - 20, :
— l .+ ’ + £ AxAy =+V.0.
|:Z dik + dki :|¢l |:Z dik + dki ¢k:| AZ y lQl

k k
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Dirichlet B.C.

________________

- N e S :
i ' Z . (¢k_¢i)+ViQi=0
Pz k dik dki
Iy
@< —@
W DX $ DX E S A\ :
l _Zd py ¢i+zd d¢k =-V.0,
® ® Dz ® k ik + ki k ik + ki
S

D (diagonal) AMAT BFORCE
(off-diag.) (RHS)
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Dirichlet B.C.

________________

N S, .
i ; ’ —0.)+V.0. =0
i A DzE Zk:dik—l_dki (¢k ¢l) o
|y
o~ @
W DX $ DX E S A\ :
l _zd y ¢i+zd d¢k =-V.0,
® ® bz ® K Gy Tdy Ky Ty
S

D (diagonal) AMAT BFORCE
(off-diag.) (RHS)

- for (ib=0; ib<ZmaxCELtot; ib++) |
S S icel = ZmaxCEL[ib]:
- Zd y 0+ Y O, coef = 2.0 % RDZ % ZAREA:
Ay Tay Ay Tay _ Dlicel-1] —= coef;
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;s s 0s41 Taylor Series
o——o o Expansion

O+, =29 +2><(A2x,) (azfj +2><(Ax) (84‘”}

‘ E— Truncation Err.: 2" Order
0..-20,+9. (&) (&) (' 2nd Order Accuracy
(Axy  lax® ) | If Ax is not uniform: 1st or
Lower Order Accuracy
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Dirichlet B.C. “N” is very thin (=€)
1storder (or lower) Accuracy
Zd Sfd (9.~ 9)+V.0, =0

——} DZ r Qi

@ I > @
w DX %‘ DX E { S,
:

A\ :
’ .+ ’ =—-V.Q0.
; dik + dki :|¢l |:; dik + dki ¢k:| lQl
D (diagonal) AMAT BFORCE
(off-diag.) (RHS)

S, s 5 —d |
— ! -+ ! + L AXA — —V . — O, £ ~ O
|:Z di dki :|¢l |:Z dl- + dkl- ¢k:| AZ . £ y le ¢N
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D|r|chlet B.C. using Mirror Image

________________

y | > k(g -¢)+V0, =0

PZ- k ik ki

S,
_ i 4 VO.
' oz {Zk: dik+a’ki}¢l {Z dlk+d,a ¢k} ©
AMAT | BFORCE
(off-diag.) (RHS)




i Higher Order
o Approximation for

‘ v? ...... .--2_,  Dirichlet B.C.In 1D
¢ : Problem

more complicated in
2D/3D cases

¢=az’ +bz+c
#(z=0)=c=0
¢ =al>—bl+c=al’-bl, ¢_ =9al*-3bl+c=9al’—3bl

¢_, —30 ¢_ —9¢ 5 1
a=-— Lo b=+ =@, =al"+bl=—¢_ —2¢
61° 6/ i 37
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#include <stdio. h>
#include <stdlib. h>
#include <string.h>
#include <errno. h>
#include “struct. h”
#tinclude “pcg. h”
#tinclude “input.h “ ...

int
main ()

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, icO, i;
double xN, xL, xU; Stime, Etime;

i f (INPUT()) goto error;

i f (POINTER_INIT()) goto error;
i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;
if (POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*ICELTOT) ;
ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

if(solve_PCG(...)) goto error;}

i f (OUTUCD ()) goto error;
return 0;

error:
return -1;

}

Structure of
the Program

MAIN

main

INPUT

Control Information

POINTER_INIT

Mesh Generation

BOUNDARY_CELL
Boundary Cells

CELL_METRICS

Metric Calculation

POI_GEN

Coefficient Matrix
SOLVER PCG
PCG Solver

OUTUCD

Output for ParaView
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« Background
— Finite Volume Method
— Preconditioned lterative Solvers

 PCG Solver for Poisson’s Equations

— How to run
e Data Structure

— Program
* [nitialization
« Coefficient Matrices
 PCG




Solving Linear Equations

« Conjugate Gradient, CG

* Preconditioning

— Point Jacobi, Diagonal Scaling

« PCG
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solve PCG (1/6)

#include <stdio. h>

#include <stdlib.h> ICELTOT — N
#include <string. h>

#include <errno. h> BFORCE — B
#include <math. h> etc. PHI 5 X
#include “solver PCG. h” EPSICCG— EPS
extern int

solve PCG (int N, int *indexLU, int *itemLU,
double *D, double *B, double *X, double *AMAT,
{ double EPS, int *ITR, int *IER)
double **W;
double VAL, BNRM2, WVAL, SW, RHO, BETA, RHO1, G1, DNRM2;
doble ALPHA, ERR;

o WIOILil= WIRILi} = {r]
e e R PR Wi L= WIZILE) = (2)
nt R =0 WC11Lil= WIQ1[i} = {a}
int @ = 1: W21 [il= WIP1[i} = f{p}
int P = 2;
int DD = 3

WL31Lil= WIDD]1[i} ={1/d}
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solve PCG (2/6)

W = (double **)mal loc (sizeof (double *)*4) ;

if (W == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1,

for (i=0; i<4; i++) {
WLi] = (double *)mal loc (sizeof (double)*N) ;
iTW[i] == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror (errno));

return -1;
J " :
U Reciprocal numbers (#%%) of diagonal
ot (st Trgr T | components are stored in
W1ILi] = 0.0; WIDD][i]. Gomputational cost for
Wial i 2 00 division is usually expensive.

Although it was said (division):(+,-,7) Is
10:1 before, the difference is much
for (i=0; i<N; i++) { smaller now. Generally, multiplying is
UUVIRREE R RVVAIREEEN Sii|| faster than division.
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solve PCG (3/6)

for (i=0; i<N; i++) { Compute r(®= b-[A]x(?
VAL = D[i] * X[i]; for i= 1, 2, ..
for (j=indexLU[i]; j<indexLU[Li+1]; j++) solve [M]z@ L= p-D
{ p._,= ri-1 zG-D
VAL += AMAT[ ] * X[itemLU[j]-1]; iE 121
J _ . _ _p(1)= - (0)
WIRI[i]l = B[i] - VAL;
else

Bi—lz Pi1/Pis

BNRM2 = 0.0; pW= zG1 ¢ B pG-D
for (i=0; i<N; i++) { endif
BNRM2 += B[i]*B[i]; gi= [A]p®

} o, = p; /pPg®
xW= xE-1 4+ g p®
ri= rE-1 — g,q@
check convergence |r|

end
BNRM2= | b | 2

to be used for convergence evaluation



*ITR = N;

for (L=0; L<(*ITR); L++) {
/*******************

*x {z} = [Minv] {r} *

*******************/

for (i=0; i<N; i++) |

WIZILi]l = WIRILi]=W[DD] [i]:

/xpkkkkkookokokokkdok
* RHO = {r} {z} =*
srtookokskfokokokkfokokok /
RHO = 0.0;
for (i=0; i<N; i++) {
RHO += W[R][i] * W[Z][i];

/kskkskorsorskokoksdoksokskokokskokokskokokkokdokskokokok
*x {p} = {z} if ITER=0 *
* BETA = RHO / RHO1 otherwise *
skkokokskoksokskokskskokokskoksk ok okskokok ok okskokok /

ifT(L =0 |
for (i=0; i<N; i++) {
WIPILi] = W[ZILi]l;
} else |{

BETA = RHO / RHOT;
for (i=0, i<N; i++) {

WIPTL[i]l = WLZI[i] + BETA = W[PI[i]:

37

solve PCG
(4/6)

Compute r(®= b-[A]x(9)
for 1= 1, 2, ..
solve [M]z(@ 1= p@(-1)
0, = ri-1) zE-1)
if i=1
pM= z(
else
B:i1= Pi-1/Pi>
pil= zG1) ¢ B pG-D
endif
q'= [A]p™
o = p;,/pHqg
x (= x(-1 4 o,p)
ri= -1 — o g
check convergence |r]|

0]
3
0.



/****************

* {a} = [A]l{p} *

sokskokRokok Rk kKR
for (i=0; i<N; i++) {
VAL = D[i] * W[P][i];

for (j=indexLU[i]; j<indexLU[i+1]; j++) {
VAL += AMAT[j] * W[P][itemLU[j]];

}
WLQ][i] = VAL;

/RxkAAFRR kR KR AR KKK A A K
* ALPHA = RHO / {p} {a} =*

************************/
C1 =0.0;

for (i=0; i<N; i++)

| C1 += W[PI[i] = W[QI[i];

ALPHA = RHO / C1;

/***************************
* {x} = {x} + ALPHA * {p} *
* {r} = {r}] — ALPHA *x {q} *
***************************/

for (i=0; i<N; i++) {

XLi] += ALPHA * W[P][i];
WIRI[i] —= ALPHA * W[Q][i];

solve PCG
(5/6)

Compute r(®= b-[A]x(9)
for 1= 1, 2, ..
solve [M]zUG D= rG-1)
P, ;= rt-l zG-1
if i=1
pL= 7(0)
else
Bii= Pi1/Pis
pil= z(-1 4 B pG-D
endif
q¥’= [A]lp®
a, = p;,/pHgq
xW= x@-1) 4 g p
ril= p-1) — g gt
check convergence |r|

0]
3
0.
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solve_PCG (6/6)

DNRM2 = 0.0; Compute r(®= b-[A]x(®
for (i=0; i<N; i++) { for i= 1, 2, .. |
DNRM2 += W[RIL[iI«W[RI[i]; solve [M]zG D= p@E-D
| P, ;= ri1 zGE-1
if i=1

ERR = sqrt (DNRM2/BNRM2) ; pl= z(0
i f((L+1)%100 ==1) { else

fprintf (stderr, “%5d%16. 6e¥n”, L+1, ERR); Bisi= Pi1/Piv |
} p(1)= Z (1-1) 4+ Bi—l p(l_l)
if (ERR < EPS) { endif |

*[ER = 0; goto N90O; qlt) = [A]p(l)l |

b else | o = p;,/pPHat

RHO1 = RHO; x (D= x(E-1) 4 (xip(i)

| = -1 — o g
} check convergence |r|

end

*[ER = 1;
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solve PCG (6/6)

DNRM2 = 0. 0;
for (i=0; i<N; i++) { for
DNRM2 += W[R] [iJ+W[R][i]:

}
ERR = sqrt (DNRM2/BNRM2) ;

£ ((L+1)%100 ==1) | B o2
fprintf (stderr, “%5d%16. 6e¥n”, L+1, ERR);
}
if (ERR < EPS) { -
*IER = 0; goto N9oo; X= B=IRIx
R DNRMZ:‘r :
RHO1 = RHO; BNRM2= | b
. ERR= |z|/|b]
*[ER = 1; end

b| : 2/ L2/ Euclidean —norm (||r

ut

27

Compute r(®= b-[A]x(9)

i: 1, 2, eee
solve [M]zG@1l= p@-1)
D, .= p(i-1) z(i-1)

| |p—AA

ERR :\/DNormZ B

= < Eps
b P
Pi-1= Pi—1/Pi-
pil= zG-1 4 B pG-D

endif

qP'= [A]lp™

o = p;,/pHg

xW= x0-D 4+ o, pd
ri= rd-b — g g
check convergence |r|

[9”2) Ax=b= aAx=ab

r=b—Ax=>R=ob—-—0Ax=aor



In next two weeks ...

You will receive 2 e-mail’s from me, if you have
officially registered for this class

Please check your mail-box

Please contact me at nakajima(at)cc.u-tokyo.ac.jp if
you HAVE NOT received those at noon May 10 (T).

— Only officially registered students will receive this info.

Subject: Info-1
— 180XYZ User ID for Odyssey Supercomputer

Subject: Info-2
— Initial Password with 8 characters
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