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Remedy for Data Dependency

Ordering/Reordering

— Red-Black, Multicoloring (MC)

— Cuthill-McKee (CM), Reverse-CM (RCM)
— Reordering and Convergence

Implementation
ICCG with Reordering




Parallelize ICCG Method

Dot Product: OK
DAXPY: OK
Matrix-Vector Multiply: OK

Preconditioning: Something special needed !
— Just inserting OpenMP directive is not enough



One Remedy for Data Dependency
= Coloring

e Parallel (concurrent) processing is possible
for iIndependent meshes without dependency
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One Remedy for Data Dependency
= Coloring

e Parallel (concurrent) processing is possible
for iIndependent meshes without dependency
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One Remedy for Data Dependency
= Coloring

* Applying same “color” to independent meshes
without dependency: Coloring

* Most simple case: Red-Black with 2 Colors

13 14 15 16
9 10 11 12
5 6 7 8
1 2 3 4

Numbering starts at O in the program, but
| would like to use this one starting at 1.
Please do not confuse !!




Red-Black (1/3)

#iprgma omp parallel for private (ip, i,k, VAL)
for (ip=0; ip<4; ip++) {
for (i=INDEX[ip]; i<INDEX[ip+1]; i++) {
if (COLOR[i]== “RED” ) {
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

J
W[Z][i] = WAL * W[DD][i];

13 14 15 16
9 10 11 12

5 6 7 8
1 2 3 4 L

#iprgma omp parallel for private (ip, i,k, VAL)
for (ip=0; ip<4; ip++) {
for (i=INDEX[ip]; i<INDEX[ip+1]: i++) {
if (COLOR[i]== “BLACK” ) {
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

J
W[Z][i] = WAL * W[DD][i];




Red-Black (2/3)

#iprgma omp parallel for private (ip, i,k, VAL)
for (ip=0; ip<4; ip++) {
il et 1
| |::
10 ‘11 12 WAL = WIZITil: | |
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

J
W[Z][i] = WAL * W[DD][i];

14 15 16

6 7 |8
2 13 4 L

* During operations on “red” meshes, only
“black” meshes appear in RHS.
— “red”: writing, “black”: reading

« During operations on “red” meshes, values on
“black” meshes do not change.

e Data dependency is avoided.



Red-Black (3/3)

BNV IBLR ) © During operations on “blac_k” meshes,
only “red” meshes appear in RHS.

— “plack”: writing, “red”: reading

S EEA:Y © During operations on “black” meshes,
> B . values on “red” meshes do not
change.

e Data dependency is avoided.

#iprgma omp parallel for private (ip, i, k, VAL)
for (ip=0; ip<4; ip++){ .
for (i=INDEX[ip]; i<INDEX[ip+1]1; i++) {
if (COLOR[i]== “BLACK” ) {
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

%[Z][i] = WVAL * W[DD][i];

9 10 11 12




Red-Black Ordering/Reordering

for (icol=0; icol<2; icol++) {
13 14 15 16 #pragma omp parallel for private (ip, i, j, VAL)

R e ekttt
_ : + ; ++
9 10 11 12 or (| ipl[icoll; i ip+11[icol]l; i

5 6 7 8

WVAL = W[Z][i]l;
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]l-1];
1 2 }

J
W[Z][i] = WVAL = W[DD][i];

INDEX[0]1[0]= 0 INDEX[01[1]= &8 [FPRN-BETLAN;
INDEX[11[0]= 2 INDEX[11[1]= 10 |SrBPRS

15 7 16 8 INDEX[2] [0]= 4  INDEX[2][1]= 12
INDEX[3] [0]= 6  INDEX[31[1]= 14 |kl
5 13 6 14 INDEX[4] [0]= 8 INDEX[41[11= 16 [EUME:Iage

(A REVEVE < Renumbering/reordering meshes
1 9 2 10 from “red” to “black

e Simpler, more efficient
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Remedy for Data Dependency

Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)

— Reordering and Convergence
Implementation
ICCG with Reordering




Effect of Reordering

Extracting parallelism, removing dependency
Reducing

— fill-in’s, “bandwidth of matrix”, “profile”

Blocking

Related to “four color problem”, “travelling
salesman problem” etc.

— applied to numerical analysis

12



Ordering/Reordering Method for
Parallel Computing

« Multicoloring (MC)
— Parallelism
— Red-Black with 2 colors

« CM (Cuthill-McKee), RCM (Reverse Cuthill-McKee)

— Reducing fill-in’s, matrix bandwidth, profiles
— Parallelism

13



Technical Terms for Matrix

B: S =k —1where maximum ID
number of non-zero column is k at I-
th row of the target matrix

Bandwidth: Maximum value of 3
Profile: Total sum of

Bandwidth, Profile, Fill-in

— smaller is better

— Both of “Bandwidth” and “Profile” of matrices affect
convergence of preconditioned iterative solvers.

14
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Non-zero off-diagonals
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6

Multicoloring (MC), Multicolor Ordering

 Meshes in same color are
Independent, and renumbered
according to the color ID.
— Red-Black: MC with 2 colors
— More colors needed for complicated
geometries
ISENARLTER-N « Parallel operations are possible for
SRk OEPE meshes in same color.

TR B °© Amesh anq Its neighboring meshes
belong to different colors.

1 9 2 10



Fundamental Algorithm of MC Method

1) m= mesh# / color#

(@ Color “m” independent meshes in ascending orders
according to initial mesh ID, then proceed to teg&tn
“color”

@ Repeat2), until every mesh is colored

@ Renumber meshes in ascending orders according to
color ID. In each color, numbering is in ascending
orders according to initial mesh ID.
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MC with 4 Colors

1314|1516

9 101112
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Modified MC Method

@ The mesh with minimum value of “degree” is set to “NEW mesh
ID= 1", “Color ID= 1", and “counter for color number” is 1.




“Degree”. Number of vertices
adjacent to each vertex




Modified MC Method

21

®» © ®

@ O

The mesh with minimum value of “degree” is set to “NEW mesh

ID= 1", “Color ID= 1", and “counter for color number” is 1.
Define “ITEMcou= ICELTOT/NCOLORtbtwherelTEMcouis
maximum number of meshes in each color.

Color ITEMcouindependent meshes in ascending order
according to initial mesh ID.

If ITEMcoumeshes are colored, or no more independent me
do exist, add “1” to the “counter for color number”, and
proceed to the next color.

Repeatd and®@, until all meshes have been colored.
“Final counter for color’ iIsSNCOLORtotk Renumber meshes

ascending orders according to color ID. In each color,
numbering is in ascending orders according to initial mesh |

shes

D.

In each color, new numbering of meshes is continuous.
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MC with 3 colors, finally 5 colors

13114 |15 |16




Ordering/Reordering Method for
Parallel Computing

« CM (Cuthill-McKee), RCM (Reverse Cuthill-McKee)

— Reducing fill-in’s, matrix bandwidth, profiles
— Parallelism

23
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Fundamental Algorithm for CM
Method (Cuthill-McKee)

@ The mesh with minimum value of “degree” is set to
“Level=1".

@ Meshes adjacent to “Level=k-1" meshes are set to
“Level=k”.

3 Repeat2), until all meshes are flagged to “levels”

@ Renumber meshes in ascending orders according to
“Level” ID. In each level, numbering is in ascenglin
orders according to value of “degree” and initiagn
ID. In each level, new numbering of meshes is
continuous.
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Example of CM Method

Level=1 Level=2

_.

Level=1 Level=2 Level=3

Level=1 Level=2 Level=3

Renumber meshes in
ascending orders according
to “Level” ID. In each level,
numbering is in ascending
orders according to value of
“degree” and initial mesh ID.

Level=l Level=2 Level=3




RCM: Reverse Cuthill-McKee

* Do operations for “CM” method
— Calculate “degree” at each mesh
— Flag “level k (1,2,...)” to meshes
— Repeat processes, final renumbering

 Renumbering Again
— Renumber meshes reordered by CM method in reverse
order.
— Fill-in’s (for full LU factorization) are fewer than CM

26



CM: 16 fill-in’s RCM: 14 fill-in’s

\
kK
\
kY
K
\,
\,
Ky
R

4

N Leve|:4

Level=1 Level=2 Level=3

27



13114 |15

Bandwidth
Profile
Fill-in

4
51
54

Initial Matrix

B Non-zero,

Fill-in

28



Bandwidth
Profile
Fill-in

4
46
44

B Non-zero,

Fill-in

29



Bandwidth
Profile
Fill-in

4
46
44

B Non-zero,

Fill-in

30



CM, RCM: Hyperline (i+j=const.)
3D: Hyperplane (i+j+k =cons.)

13

14

15

10

11

1,1 f2,1 3,1k

1+]=5
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Modified CM Method for Parallel
Computing

@ The mesh with minimum value of “degree” is set to
“Level=1".

(@ Meshes adjacent to “Level=k-1" meshes are set to
“Level=k". In each level, meshes must be independéent
(not directly connected). If a dependent pair s in
same color, one mesh is removed (In current
Implementation, a mesh found later is removed).

3 Repeat?), until all meshes are flagged to “levels”

@ Renumber meshes in ascending orders according to
“Level” ID. In each level, numbering is in ascemnglin
orders according to initial mesh | each level, new
numbering of meshes is continuous.
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Modified CM Method

8 9 10

In each level, meshes are
independent
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Modified CM Method

8 9 10

Renumber meshes in
ascending orders according to
“Level” ID. In each level,
numbering is in ascending
orders according to initial
mesh ID.
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Modified CM Method

13

16 13

14

15

16

9

10

11

12

13|14 |15 16
9 10|11 |12

Renumber meshes in
ascending orders according to
“Level” ID. In each level,
numbering is in ascending
orders according to initial
mesh ID.



MC and CM/RCM

 |In CM/RCM, sequence of computations, and
dependency between levels (color) are also
considered.

15 7 16 8
o 13 6 14

113 12 4
1 9 2 10

36



Remedy for Data Dependency

Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)

— Reordering and Convergence
Implementation
ICCG with Reordering




Incompatible Node #

Effect of Color Number on
Convergence of ICCG

10000 80
® 0 o
. =3
1000 o |l @ @ ¢ o o o
? ® o~ o
000 g0 o | e
100 [ 60 o ® 9.
=t ®
o W -
= R
10 50
o9 s ﬁ
1 1 L0 2 22l I T Au_u_._._._“_._"_ 40
1 10 100 1000 1 10 100 1000
COLOR# COLOR#

(203=8,000 meshe, EPSICCG=10"8)
(M :ICCG(L1), @:ICCG-MC, A :ICCG-CM, A:ICCG-RCM)
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Effect of Color Number on
Convergence of ICCG

« Number of Elements: 203

39

 Red-Black ~ 4-Colors < Initial Numbering ~ CM, RCM

Initial Numbering

Bandwidth
Profile
Fill-in

4-Colors
Bandwidth
Profile
Fill-in

4
51
54

10
57
46

Red-Black

Bandwidth
Profile
Fill-in

CM, RCM

Bandwidth
Profile
Fill-in

10
77
44

46
44



13114 |15

Bandwidth
Profile
Fill-in

4
51
54

Initial Matrix

B Non-zero,

Fill-in

40



Red-Black (2 -Colors)

15 7 16 8
o 13 6 14

1173 12 4
1 9 2 10

Bandwidth 10
Profile 11
Fill-in 44

B Non-zero,

Fill-in




Bandwidth
Profile
Fill-in

10
51
46

MC (4-Colors)

B Non-zero,

Fill-in

42



Bandwidth
Profile
Fill-in

4
46
44

B Non-zero,

Fill-in

43
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Color Number and Convergence

Incompatible Nodes

Doi, S. (NEC) et al. Propagation of effects
In Forward Substitution

Q)—2—@—2— § g g g g
1e—1)—18®—19—0 S e ey w
W—12—B—wW—0v S e e w
O—0—E&—9—Ww T —

“Incompatible Nodes” not affected by other nodes.
ID of such node is smaller than those of adjacent
nodes. If we have smaller number of
“incompatible nodes”, convergence is faster.



45

CM (Cuthill-McKee)
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Red-Black

Higher parallelism, but many “incompatible nodes”
Slower convergence in ICCG, Gauss-Seidel etc.

® O & O @ *——o 9

@ 0 @ O & ———0—
0 © 0 @ 0 —-—0——=0
&0 0 @ —— 10—
O © 0 © 0O 4 *—-—0




4-Colors

Still many “incompatible nodes”
Slower convergence in ICCG, Gauss-Seidel etc.

0 & © > 0 ——7— @

(N

@ B O O
20 O® & ) —— g
O 6®& 20 @ T
O 0 ® 0 *———'—0




Generally speaking,
convergence of ICCG Is better
for configurations with ...

More Colors

Smaller Bandwidth
Smaller Profile

Fewer Fill-in’s

Fewer Incompatible Nodes

48



Generally speaking, convergence
of ICCG Is better for
configurations with fewer fill-in’s

e ICCG (IC(0)-CG) ignores fill-in's
* More fill-in’s are ignored for configurations
(e.g. coloring) with more fill-in’s

— 1C(0) for configurations with more fill-in’s may be
weaker than that with fewer fill-in’s

 Distribution of fill-in’s may affect the
convergence

— Initial Matrix
— Red-Black (MC with 2-Colors)

49



13114 |15

Bandwidth
Profile
Fill-in

4
51
54

Initial Matrix

B Non-zero,

Fill-in

50



Red-Black (2 -Colors)

15 7 16 8
o 13 6 14

1173 12 4
1 9 2 10

Bandwidth 10
Profile 11
Fill-in 44

B Non-zero,

Fill-in




Effect of Reordering/Color #
on Convergence

* Other effects (e.g. B.C.) should be considered.

e It is difficult to provide very general remarks.

* e.g. RCM provides slightly faster convergence
than CM, although parameters (Bandwidth,
profile, fill-in’s) are same.

52



Effect of Reordering

 Reordering changes sequence of matrix operations,
and sometimes improves convergence.

— Parallelism, Faster Convergence

 We need some kind of reordering for parallel ICCG
on such simple meshes described in examples.

* Notice
— Reordering may change results.

— We need deep insight and understanding on background
physics and mathematics.

53



Iterations

Sec.

500

450 |
400 |
350 |
300 |

250 L

5.00
400 |
300 |
200 |
100 |

0.00

Color

I . ® o MC
: Iteratlons A RCM
—CM-RCM
o ° ° ®
A
1 10 100 1000
Color
® MC A RCM —CM-RCM ®
[
[
o [
Time (solver)
1 10 100 1000

sec./iteration

54

OBCX,

1-soket/24-cores,

1283

(@:MC, A:RCM, -:CM-

1.50E-02

1.00E-02 [

5.00E-03 |

0.00E+00

RCM)

® MC A RCM —CM-RCM
o
Time/lteration
1 .10 100 | 1000

Color



lterations

55

Comparison of Reordering Methods
3D Linear Elastic Problems
 MC: Slow convergence, unstable for heterogeneous cases

(ill-conditioned problems).
e Cyclic-Mulricoloring + RCM (CM-RCM) is effective

90

(0]
o

~
o

D
o

50

: Homogeneous e

1 10

color #

100

1000

lterations

280

240 F

220

§ Heterogeneous R

260 F

O o
A
e O
O 0 %
1 10 100 1000
color # ® MC
O CM-RCM

3D Linear-Elastic Problems with 32,768 DOF

A No reordering



Remedy for Data Dependency

Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)

— Reordering and Convergence
Implementation
ICCG with Reordering




Implementation: L2-color (1/2)

* Program for Coloring
— MC, CM, RCM, and CM-RCM

make

v N N n

cd multicore-c/L2/coloring/src

cd ../run
./L2-color

NX/NY/NZ ?

4 4
You have
How many
#COLOR
#COLOR
CM if
RCM 1if
CMRCM 1f
=>

2D geometry with 16 meshes
16 elements.

colors do you need ?

must be more than 2 and

must not be more than 16

#COLOR .eqg. O

#COLOR .eqg.-1

#COLOR .le.-2

13114 |15 |16
9 /10|11 |12
5| 6| 7|8
11 2|3 4

57
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Results: L2-color

e 2 flles are created

— color.log Table of OLD-to-NEW mesh ID
Information of the matrix
— color.inp Colors/levels of meshes (ParaView)

INPUT: O INPUT: 3 INPUT: 4
(CM, 7 levels) (MC, 5 colors) (MC, 4 colors)



13114 |15 16
9 10|11 |12
S| 6|78
1123 4

10 | 13

11

N | O1 | ©

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QOO JdoO oI wWN—

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—_— —
WO JIPhPOOOWOOIN —

—_ o )t ot
SOOI B —

INPUT=0: CM, 7-Levels

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

~N~Nooocoooabhbh,,DLWOWWNN—



13114 |15 16
9 10|11 |12
S| 6|78
1123 4

10 | 13

11

N | O1 | ©

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QOO JdoO oI wWN—

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—_— —
WO JIPhPOOOWOOIN —

—_ o )t ot
SOOI B —

INPUT=0: CM, 7-Levels

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

~N~Nooocoooabhbh,,DLWOWWNN—



INPUT=-1: RCM, 7-Levels

13114 15|16
9 11011 12
S| 6|7 |8
112 3|4
-
1118 | 5| 3
1411219 | ©
.15 13 | 10

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QoW JdJOoO Ol wWwhN —

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

16
15
12
14
11

8
13
10

— N1 wWwWo © b~

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

~N~Nooocoooabhbh,,DLWOWWNN—



INPUT=3: MC, 5-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QOO JdoO oI wWN—

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O J TR~ NOOOOSDW—

—_— ek — — — —
GO BN W—

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

O PR WWWNDNDMNDNN = = -

62



INPUT=3: MC, 5-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QOO JdoO oI wWN—

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O J TR~ NOOOOSDW—

—_— ek — — — —
GO BN W—

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

O PR WWWNDNDMNDNN = = -
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INPUT=3: MC, 5-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QoW JdJOoO Ol wWwhN —

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O ~NOCOIT BN OO0 W—

—_— ek — — — —
GO BN W—

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

O PR WWWNDNDMNDNN = = -
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INPUT=3: MC, 5-Colors

#new 1 #old 1 color 1

13 14 15 16 #new 2 told 3 color 1
#new 3 told 6 color 1

#new 4 fold 8 color 1

9 10 11 12 #tnew 5 told 9 ocolor 1
#new 6 #old 2 color 2

#new 1 told 4 color 2

5 6 7 8 #new 8 told 5 color 2
#new 9 tfold 7 color 2

#new 10 #old 10 color 2

]_ 22 :3 41 #new 11 f#old 11 color 3
#new 12 #old 13 color 3

#new 13  #old 16 color 3

#new 14  f#old 12 color 4

#new 15 f#old 14 color 4

#new 16 #old 15 color 5

16/3=5= ITEMcou

Proceed to the next color, if
no more independent
meshes.




INPUT=3: MC, 5-Colors

#new 1 #old 1 color 1

13 14 15 16 #new 2 told 3 color 1
#new 3 told 6 color 1

#new 4 fold 8 color 1

9 10 11 12 #tnew 5 told 9 ocolor 1
#new 6 #old 2 color 2

#new 1 told 4 color 2

5 6 7 8 #new 8 told 5 color 2
#new 9 tfold 7 color 2

#new 10 #old 10 color 2

]_ 22 :3 41 #new 11 f#old 11 color 3
#new 12 #old 13 color 3

#new 13  #old 16 color 3

#new 14  f#old 12 color 4

#new 15 f#old 14 color 4

#new 16 #old 15 color 5

16/3=5= ITEMcou

Proceed to the next color, if
no more independent
meshes.




INPUT=3: MC, 5-Colors

#new 1 #old 1 color 1

13 14 15 16 #new 2 told 3 color 1
#new 3 told 6 color 1

#new 4 fold 8 color 1

9 10 11 12 #tnew 5 told 9 ocolor 1
#new 6 #old 2 color 2

#new 1 told 4 color 2

5 6 7 8 #new 8 told 5 color 2
#new 9 tfold 7 color 2

#new 10 #old 10 color 2

]_ 22 :3 41 #new 11 f#old 11 color 3
#new 12 #old 13 color 3

#new 13  #old 16 color 3

#new 14  f#old 12 color 4

#new 15 f#old 14 color 4

#new 16 #old 15 color 5

16/3=5= ITEMcou

Finally, 5 colors are needed.




INPUT=4: MC, 4-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QOO JdoO oI wWN—

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

O J TR~ N0 W—

S Qi G G
SCTLWwNNOO B~ —

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

AP PRARPRLCWWWNDNNDN = — - -
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INPUT=3: MC, 5-Colors

color.log: matrix info.

it INITIAL connectivit . 1= 14 INL(i)= 2 INU(i)=
= 1 INL(i)= INU(i)= 2 [AL: 10 13
]_:3 ].41 ].ES ].(5 [AL: IAU: 15 _ _
IAU: 2 5 _ I= 15 INL(i)= 2 INU(i)=
= 2 INL(i)= 1 INU(i)= 2 [AL: 11 14
IAL: 1 IAU: 16 _ _
IAU: 3 6 _ = 16 INL()= 2 INU(i)=
O 110111 12| :1="3 "= 1 ING= 2  IA: 12 15
[AL: 2 [AU:
IAU: 4 7 _
= 4 INL(i)= 1 INU(i)= 1
5 ) V4 8 1R COLOR number 5
= 5 INL(i)= 1 INU(i)= 2 #tnew 1 #old 1 color
IAL: 1 #new 2 told 3 color
1 ? 31 4 IAU: 6 9 _ finew 3 fold 6 color
I= 6 INL(i)= 2 INU(i)= 2 #new 4 told 8 color
IAL: 2 5 #new 5 told 9 color
IAU: 7 10 _ #new 6 #old 2 color
I= Ji INL(i)= 2 INU(i)= 2 #new 1 told 4 color
IAL: 3 6 #new 8 told 5 color
IAU: 8 11 . #new 9 fold 1 color
= 8 INL(i)= 2 INU(i)= 1 #tnew 10 #old 10 color
IAL: 4 7 #new 11  #old 11 color
IAU: 12 . . #new 12 #old 13 color
= 9 INL(i)= 1 INU(i)= 2 #tnew 13  #old 16 color
IAL: b #new 14 #old 12 color
[AU: 10 13 . #new 15  #old 14 color
I= 10 INL(i)= 2 INU(i)= 2 #new 16  f#old 15 color
[AL: 6 9
IAU: 11 14 _
= 11 INL (i)= 2 INU(i)= 2
[AL: 7 10
IAU: 12 15 _
[= 12 INL (i)= 2 INU(i)= 1
[AL: 8 11
IAU: 16 _
[= 13 INL(i)= 1 INU(i)= 1
[AL: 9
[AU: 14

GIAPRWWWNINNNN—————



INPUT=3: MC, 5-Colors

color.log: matrix info.

13114 |15 |16
9 (101112
5| 6|78
1123 | 4

#i# FINAL connectivity
= 1 TINC(D)=

I

I

I

I

I

I

I

I

I

I

I

I

IAL
_TAU:

AL
IAU:

CIAL:
_IAU:

AL
I

AL
I

AL
I

AL
I

AL
IAU:

IAL :
IAU:
= 10
IAL
IAU:
= 1
IAL
IAU:
= 12
IAL
IAU:
= 13
IAL
IAU:

2

3

4

5

9

6 8
INL(i)=

— — —h
o101 Y {e} —_ Y )

—

14

7.9
INL(i)=

8 9
INL(i)=

9 14
INL(i)=

10 12
INL (i)=
2 3
INL (i)=
4

INL (i) =
3 5

INL(i)=
3 4

INL (i)=

INL (i)=
10
16

INL(i)=

INL(i)=
16

0

0

0

10

INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=

INU(i)=

2

3
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Source Files: L2-color

$ cd multicore-c/L2/coloring/src

$ 1ls
13114 15| 16
9 10|11 |12
5,67 |8
112|314

Target geometry to be colored
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Main Program

#include <stdio.h> ...

int

main(int argc, char *xargv)

error-:

FILE *fp21;
int 1, ic, k;

if (POINTER_INIT()) goto error;

it ((fp21 = fopen(“color. log”, “w”)) == NULL) f{
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

}
i f (POI_GEN (fp21)) goto error;
if (OUTUCD()) goto error;

fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic—1]+1; i<=COLORindex[ic]; i++) {

J
J

(..)

fclose (fp21) ;
return 0;

return -1;

fprintf (fp21, “ #new%8d #old%8d color%8d¥n”,

I

NEWtoOLD[i-1]+1,

ic);
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Structure of L2-color

MAIN
main

INPUT

reading control info.
INPUT .DAT

POINTER_INIT

creating mesh
mesh.dat

MC
Multicoloring

POI_GEN
constructing matrices

CM
Cuthill-McKee

RCM
Reverse Cuthill-McKee

CMRCM
Cyclic-Multicoloring +
Reverse Cuthill-McKee
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Main Program

#include <stdio.h> ...

int

main(int argc, char *xargv)

error-:

FILE *fp21;
int 1, ic, k;

if (POINTER_INIT()) goto error;

it ((fp21 = fopen(“color. log”, “w”)) == NULL) f{
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

}
i f (POI_GEN (fp21)) goto error;
if (OUTUCD()) goto error;

fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic—1]+1; i<=COLORindex[ic]; i++) {

J
J

(..)

fclose (fp21) ;
return 0;

return -1;

fprintf (fp21, “ #new%8d #old%8d color%8d¥n”,

I

NEWtoOLD[i-1]+1,

ic);
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struct.h

#ifn(_ief __H_STRUCT ICELTOT:
#define __H_STRUCT Number of meshes (NX X NY X NZz)

#include <omp. h>
N:

int ICELTOT, ICELTOTp, N; Number of modes

int NX, NY, NZ, NXP1, NYP1, NZP1, IBNODTOT;
int NXc, NYc, NZc;
NX,NY,6NZ:

Number of meshes in x/y/z directions

double DX, DY, DZ, XAREA, YAREA, ZAREA:
double RDX, RDY, RDZ, RDX2, RDY2, RDZ2, R2DX, R2DY, R2DZ;
double *VOLCEL, *VOLNOD, *RVG, *RVN;

_ - NXP1l,NYP1l,KNZP1:

int #kXYZ, ++NEIBcell: Number of nodes in x/y/z directions
int ZmaxCELtot;

int *BC_INDEX, *BC_NOD; IBNODTOT:

int */maxCEL; = NXP1 X NYP1

int **xIWKX;

double *xFCV; XYZ[ICELTOT] [3]:

Location of mesh
int my_rank, PETOT, PEsmpTOT; ocation o mesnes

#tendif /x __H_STRUCT */ NEIBcell [ICELTOT] [6] :
Neighboring meshes




#ifndef __H PCG
#tdefine __ H PCG

static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU,
NL;

int METHOD, ORDER_METHOD;

double EPSICCG;

double *D, *PHI, *BFORCE;
double *AL, *AU;

int *INL, *INU, *COLORindex;
int *indexL, *indexU;
int *OLDtoNEW, *NEWtoOLD;
int *k[AL, **x[AU;
int *itemL, *itemU;
int NPL, NPU;

#tendif /* __H PCG */

e Sparse Matrix

e Only non-zero off-diagonal
components (CRS)

« Diagonal/Lower/Upper
components are stored separately

pcg.h
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#ifndef __H PCG
#tdefine __ H PCG
static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL;
int METHOD, ORDER_METHOQD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AL, *AU;

int *INL, *INU, *COLORindex;
int *indexL, *indexU;
int *OLDtoNEW, *NEWtoOLD;
int **]AL, **x[AU;
int *xitemL, *itemU;
int NPL, NPU;

ftendif /* __ H PCG */

INL[ICELTOT] # Non-zero off-diag. components (lower)

IAL[ICELTOT] [NL] Col. ID: non-zero off-diag. comp. (lower) 11
INU[ICELTOT] # Non-zero off-diag. components (upper) O
IAU[ICELTOT] [NU] Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL[ICELTOT+1] # Non-zero off-diag. comp. (lower, CRS)

indexU[ICELTOT+1] # Non-zero off-diag. comp. (upper, CRS)

NPL, NPU Total # of L/U non-zero off-diag. comp. —
itemL[NPL], itemU[NPU] Col. ID: non-zero off-diag. comp. (L/U, CRS)
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Auxiliary Arrays

Lower Part (Column ID)
IAL[i] [icou] < i

Upper Part (Column ID)
IAU[i] [icou] > 1




#ifndef __H PCG
#tdefine __ H PCG
static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL;
int METHOD, ORDER_METHOQD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AL, *AU;

int *INL, *INU, *COLORindex;
int *indexL, *indexU;
int *OLDtoNEW, *NEWtoOLD;
int *xk[AL, #*x[AU;
int *xitemL, *itemU;
int NPL, NPU;

ftendif /* __H PCG */

INL[ICELTOT] # Non-zero off-diag. components (lower)

IAL[ICELTOT] [NL] Col. ID: non-zero off-diag. comp. (lower) 1]
INU[ICELTOT] # Non-zero off-diag. components (upper) \
IAU[ICELTOT] [NU] Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL[ICELTOT+1] # Non-zero off-diag. comp. (lower, CRS)

indexU[ICELTOT+1] # Non-zero off-diag. comp. (upper, CRS)

NPL, NPU Total # of L/U non-zero off-diag. comp. —
itemL[NPL], itemU[NPU] Col. ID: non-zero off-diag. comp. (L/U, CRS)

pcg.h 78

Auxiliary Arrays

Lower Part (Column ID)
IAL[i] [icou] < i
INL[i] : Number@each row

Upper Part (Column ID)
IAU[i] [icou] > 1
INU[i] : Number@each row




INPUT=3: MC, 5-Colors

color.log: matrix info.

it INITIAL connectivit . 1= 14 INL(i)= 2 INU(i)=
= 1 INL(i)= INU(i)= 2 [AL: 10 13
]_:3 ].41 ].ES ].(5 [AL: IAU: 15 _ _
IAU: 2 5 _ I= 15 INL(i)= 2 INU(i)=
= 2 INL(i)= 1 INU(i)= 2 [AL: 11 14
IAL: 1 IAU: 16 _ _
IAU: 3 6 _ = 16 INL()= 2 INU(i)=
O 110111 12| :1="3 "= 1 ING= 2  IA: 12 15
[AL: 2 [AU:
IAU: 4 7 _
= 4 INL(i)= 1 INU(i)= 1
5 ) V4 8 1R COLOR number 5
= 5 INL(i)= 1 INU(i)= 2 #tnew 1 #old 1 color
IAL: 1 #new 2 told 3 color
1 ? 31 4 IAU: 6 9 _ finew 3 fold 6 color
I= 6 INL(i)= 2 INU(i)= 2 #new 4 told 8 color
IAL: 2 5 #new 5 told 9 color
IAU: 7 10 _ #new 6 #old 2 color
I= Ji INL(i)= 2 INU(i)= 2 #new 1 told 4 color
IAL: 3 6 #new 8 told 5 color
IAU: 8 11 . #new 9 fold 1 color
= 8 INL(i)= 2 INU(i)= 1 #tnew 10 #old 10 color
IAL: 4 7 #new 11  #old 11 color
IAU: 12 . . #new 12 #old 13 color
= 9 INL(i)= 1 INU(i)= 2 #tnew 13  #old 16 color
IAL: b #new 14 #old 12 color
[AU: 10 13 . #new 15  #old 14 color
I= 10 INL(i)= 2 INU(i)= 2 #new 16  f#old 15 color
[AL: 6 9
IAU: 11 14 _
= 11 INL (i)= 2 INU(i)= 2
[AL: 7 10
IAU: 12 15 _
[= 12 INL (i)= 2 INU(i)= 1
[AL: 8 11
IAU: 16 _
[= 13 INL(i)= 1 INU(i)= 1
[AL: 9
[AU: 14

GIAPRWWWNINNNN—————



INPUT=3: MC, 5-Colors

color.log: matrix info.

13114 |15 |16
9 (101112
5| 6|78
1123 | 4

#i# FINAL connectivity
= 1 TINC(D)=

I

I

I

I

I

I

I

I

I

I

I

I

IAL
_TAU:

AL
IAU:

CIAL:
_IAU:

AL
I

AL
I

AL
I

AL
I

AL
IAU:

IAL :
IAU:
= 10
IAL
IAU:
= 1
IAL
IAU:
= 12
IAL
IAU:
= 13
IAL
IAU:

2

3

4

5

9

6 8
INL(i)=

— — —h
o101 Y {e} —_ Y )

—

14

7.9
INL(i)=

8 9
INL(i)=

9 14
INL(i)=

10 12
INL (i)=
2 3
INL (i)=
4

INL (i) =
3 5

INL(i)=
3 4

INL (i)=

INL (i)=
10
16

INL(i)=

INL(i)=
16

0

0

0

10

INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=
INU(i)=

INU(i)=

2

3
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Main Program

#include <stdio.h> ...

int
main(int argc, char *xargv)
FILE *fp21;
int 1, ic, k;
if (POINTER_INIT()) goto error;
it ((fp21 = fopen(“color. log”, “w”)) == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
} return -1;
i f (POI_GEN (fp21)) goto error;
i f (QUTUCD ()) goto error;
fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic-1]+1; i<=COLORindex[ic]; i++) {
} fprintf (fp21, “ #new%8d #old%8d color%8d¥n”,
}
(...)
fclose (fp21) ;
return 0;
error:

return -1;

I

NEWtoOLD[i-1]+1,

ic);
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pointer_init (1/3)

<{stdio. h>
<stdlib. h>
{string. h>
<errno. h>

#include
#include
#include
#include

“struct_ext. h”
“pcg_ext. h”
“pointer_init. h"l\IZ
“al locate. h”

#include
#include
#include
#include

Ny

NX

extern int
?OINTER_INIT(void)

ipe, i, J, k;

fprintf (stderr, “input NX NY NZ=>¥n");
fscanf (stdin, “%d%d%d”, &NX, &NY, &NZ);
fprintf (stderr, “NX=%d NY=%d NZ=%d¥n”,

int icel,

NX, NY, N2);

/%
* INIT.
*/

ICELTOT = NX * NY * NZ;

NXP1 = NX + 1;
NYPT = NY + 1;
NZP1 = NZ + 1;
NEIBcel | =
(int #x)al locate_matrix(sizeof (int), ICELTOT, 6) ;

XYZ =
(int #x)al locate_matrix(sizeof (int), ICELTOT, 3) ;

NX,NY,NZ:
Number of meshes in x/y/z directions

NXP1l,NYP1l,NZP1:

Number of nodes in x/y/z directions
(for visualization)

ICELTOT:
Number of meshes (NX X NY X NZz)

XYZ[ICELTOT] [3]:
Location of meshes

NEIBcell [ICELTOT] [6]:
Neighboring meshesc




83

pointer_init (2/3)

for (k=0; k<NZ; k++) {
for (j=0; j<NY; j++) {
for (i=0; i<NX; i++) {

J
J

J

icel =k * NX % NY + j % NX + i;
NEIBcell[icel][0] = icel - 1
NEIBcell[icel]l[1] = icel + 1
NEIBcell[icel][2] = icel = NX
NEIBcell[icel][3] = icel + NX
NEIBcell[icel][4] = icel = NX
NEIBcell[icel][5] = icel + NX
if(i == 0) NEIBcel | [icel][
if(i == NX-1) NEIBcell[icel][
if(j ==0) NEIBceII[iceI]%
[
[

==

T E 4+
— el ——) —— —) —

if(j == NY-1) NEIBcell[icel]
if(k ==0) NEIBcel | [icel]
if(k == NZ-1) NEIBcell[icel]

XYZ[icel][0]
XYZ[icel][1]
XYZ[icel][2]

1 1 T 1

*
*
]
]
]
]
]
]

OO OOO

0
1
2
3
4
5

+ 4+ +

— e —

il
j
k

“Icel” starts at O “NEIBcell” starts at 1

12

13

14 | 15 131141516

8

9

10| 11 9110|1112

4

5

6| 7 S| 6|78

0

1

2| 3 11234

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0 =g NEIBcell[icel][1]

z) y NEIBcell[icel][2]
Z, NEIBcell[icel][4]

X

i= XYZ[icel][0]
i= XYZ[icel][1], k= XYZ[icel][2]
icel= K*NX*NY + *NX + |

NEIBcell[icel][0]=icel — 1 +1
NEIBcell[icel][1]=icel + 1 +1
NEIBcell[icel][2]= icel — NX +1
NEIBcell[icel][3]= icel + NX +1
NEIBcell[icel][4]= icel — NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




pointer_init (3/3)

if (DX <= 0.0) {
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ = 1.0 / (double)NZ;

J

NXP1 = NX + 1

NYP1 = NY + 1

NZP1 = NZ + 1

IBNODTOT = NXP1 * NYP1;
N = NXP1 * NYP1 * NZP1;

return 0;
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Main Program

#include <stdio.h> ...

int
main(int argc, char *xargv)
FILE *fp21;
int 1, ic, k;
i f (POINTER_INIT()) goto error;
it ((fp21 = fopen(“color. log”, “w”)) == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
} return -1;
i f (POI_GEN (fp21)) goto error;
i f (QUTUCD ()) goto error;
fprintf (fp21, “¥n¥nCOLOR number%8d¥n¥n”, NCOLORtot) ;
for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic-1]+1; i<=COLORindex[ic]; i++) {
} fprintf (fp21, “ #new%8d #old%8d color%8d¥n”,
}
(...)
fclose (fp21) ;
return 0;
error:

return -1;

I

NEWtoOLD[i-1]+1,

ic);
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#include “allocate. h”
extern Int

I?OI_GEN(void) pOI_gen (1/4)

int nn;

int 1c0, icN1, icN2, icN3, icN4, icN5, icN6;

int 1, J, k, ib, ic, ip, icel, icou, icol, icouG;
int i1, jj, kk, nn1, num, nr, jO, j1;

double coef, VOLO, S1t, E1t;

int isL, ielL, isU, ieU;

NL=6; NU= 6;

IAL = (int **)al locate matrix(sizeof (int), ICELTOT, NL) ;
IAU = (int **)al locate_matrix(sizeof (int), ICELTOT, NU) ;
INL = (int *)allocate vector (sizeof (int), ICELTOT) ;
INU = (int x)allocate_vector (sizeof (int), ICELTOT) ;

for (i = 0; i <ICELTOT ; i++) {
BFORCE[i]=0.0;
DLi] =0.0; PHI[i]=0.0;
INL[i] = 0; INULi] = 0;
for (j =0: _j <6: J‘ ++) { / **TT***I****I************* | .
[ALLi1Lj1=0; 1AULi]Li]=0: **i**iii*i*ﬂi*ili*********/ allocate. ¢
void** allocate_matrix(int size, int m, int n)

}
for (i = 0; i <=ICELTOT ; i++) { {void *%aa
indexL[i] = 0; indexU[i] = 0; int i;
if ( (aa=(void ** )malloc( m * sizeof (voidx) ) ) == NULL ) {
fpri2¥;(stdout,”Error:Memory does not enough! aa in matrix ¥n”);
exit(l);

]

if ( ( aa[0]=(void * )malloc( m * n * size ) ) == NULL ) {
fpri2¥;(stdout,”Error:Memory does not enough! in matrix ¥n”);
exit(1l);

for (i=1;i<m; i++) aal[il=(charx)aali-1]+size*n;
return aa;



for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcell[icel][0];
icN2 = NEIBcell[icel][1];
icN3 = NEIBcell[icel][2];
icN4 = NEIBcell[icel][3];
icN5 = NEIBcell[icel] [4];
icN6 = NEIBcell[icel] [5];

if(icNb 1= 0) {
icou = INL[icel] + 1;

IAL[icel][icou-1] = icN5;
INL[icel] = icou;

if(icN3 1= 0) {
icou = INL[icel] + 1;

IAL[icel][icou-1] = icN3;

INL[icel] = icou;
if(icN1 1=0) {

icou = INL[icel] + 1;

IAL[icel][icou-1] = icN3;

INL[icel] = icou;

87

poi_gen (2/4)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

zZ) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Lower Triangular Part
NEIBcell[icel][4]= icel = NX*NY + 1

NEIBcell[icel][2]= icel — NX +1
NEIBcell[icel][0]=icel - 1 +1

1211314 |15 131141516
8|9 10 11 9110|1112
4 | 516 |7 5| 6|78

0|12 )3 11234




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcell[icel] [0];
icN2 = NEIBcell[icel][1];
icN3 = NEIBcell[icel][2];
icN4 = NEIBcell[icel][3];
icN5 = NEIBcell[icel] [4];
icN6 = NEIBcell[icel][5];

if(icN2 1= 0) {
icou = INU[icel] + 1;
IAULicel][icou-1] = icN2;
INU[icel] = icou;

if(icN4 1= 0) {
icou = INU[icel] + 1;
IAULicel][icou-1] = icN4;
INU[icel] = icou;

if(icN6 1= 0) {
icou = INU[icel] + 1;
IAULicel][icou-1] = icN6;
INU[icel] = icou;
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poi_gen (3/4)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

zZ) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Upper Triangular Part
NEIBcell[icel][1]=icel + 1 +1

NEIBcell[icel][3]= icel + NX +1
NEIBcell[icel][5]= icel + NX*NY + 1

“icel” starts at O “IAU” starts at 1

121314 | 15 13114 15|16
8|19(10|11 9110|1112
415|167 5| 6|78

O|1|2]|3 11234




N111:

fprintf (stderr, “¥n¥nYou have%8d elements¥n”, ICELTOT);
fprintf (stderr, “How many colors do you need ?¥n”);
fprintf (stderr, ” #COLOR must be more than 2 and¥n”);

fprintf (stderr, ” #COLOR must not be more than%8d¥n”, ICELTOT) ;

fprintf (stderr, “ if #COLOR= O then CM ordering¥n”);
fprintf (stderr, “ if #COLOR=-1 then RCM ordering¥n”);
fprintf (stderr, “ if #COLOR<-1 then CMRCM ordering¥n”) ;

fprintf (stderr, "=>¥n");
fscanf (stdin, “%d”, &NCOLORtot) ;
i f (NCOLORtot == 1 && NCOLORtot > ICELTOT) goto N111;

OLDtoNEW = (int *)cal loc (ICELTOT, sizeof (int));

i f (OLDtoNEW == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

}

NEWtoOLD = (int *)calloc (ICELTOT, sizeof(int));

i f (NEWtoOLD == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno)) ;
return -1;

}

COLORindex = (int *)calloc (ICELTOT+1, sizeof (int));

i f (COLORindex == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

J

i f (NCOLORtot > 0) {
MC (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if (NCOLORtot == 0) {
CM(ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if (NCOLORtot ==-1) {
RCM(ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if(NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,

J

fprintf (stderr, “¥n# TOTAL COLOR number%8d¥n”, NCOLORtot);
return 0;

OLDtoNEW) ;

OLDtoNEW) ;

OLDtoNEW) ;

OLDtoNEW) ;

POI_gen
(4/4)

Reading “initial” color
number
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N111:

fprintf (stderr, “¥n¥nYou have%8d elements¥n”, ICELTOT);
fprintf (stderr, “How many colors do you need ?¥n”);
fprintf (stderr, ” #COLOR must be more than 2 and¥n”);

fprintf (stderr, ” #COLOR must not be more than%8d¥n”, ICELTOT) ;

fprintf (stderr, “ if #COLOR= O then CM ordering¥n”);
fprintf (stderr, “ if #COLOR=-1 then RCM ordering¥n”);
fprintf (stderr, “ if #COLOR<-1 then CMRCM ordering¥n”) ;

fprintf (stderr, "=>¥n");
fscanf (stdin, “%d”, &NCOLORtot) ;
i f (NCOLORtot == 1 && NCOLORtot > ICELTOT) goto N111;

OLDtoNEW = (int *)calloc (ICELTOT, sizeof(int));

i f (OLDtoNEW == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror (errno));
return -1;

]

NEWtoOLD = (int *)calloc (ICELTOT, sizeof(int));

i f (NEWtoOLD == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

]

COLORindex = (int *)calloc (ICELTOT+1, sizeof(int));

i f (COLORindex == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

i f (NCOLORtot > 0) {
MC (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if(NCOLORtot == 0) {
CM(ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if(NCOLORtot ==-1) {
RCM(ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if (NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,

J

fprintf (stderr, “¥n# TOTAL COLOR number%8d¥n”, NCOLORtot);
return 0;

OLDtoNEW) ;

OLDtoNEW) ;

OLDtoNEW) ;

OLDtoNEW) ;

POI_gen
(4/4)

Allocate matrices
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i f (NCOLORtot > 0) {
MC (ICELTOT, NL, NU, INL, IAL, INU, IAU, pOI gen

&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW):

} else if (NCOLORtot == 0) {
CM(ICELTOT, NL. NU, INL, IAL. INU, IAU, 4/4
&NCOLORtot, COLORindex. NEWtoOLD, OLDtoNEW):

} else if (NCOLORtot ==-1) {
RCM(ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW);

} else if (NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD, OLDtoNEW) ;

J

fprintf (stderr, “¥n# TOTAL COLOR number%8d¥n“, NCOLORtot) ;
return 0;

INL, INU, IAL, IAU Info. after renumbering

OLDtoNEW, NEWtoOLD Reference table before/after renumbring

NCOLORtot Final number of colors (g.e. initial number)

COLORindex [NCOLORtot+1] Meshes from COLORindex[ic] 1O
COLORindex[ic+1]-1 are in (ic+1)-th color.
Meshes in same color are independent:
Parallel processing can be applied.

(ic)-th color: if color ID starts at O
(ict+1)-th color: if color ID starts at 1
In the program, color ID starts at 1 !!




COLORindex [NCOLORtot+1] Meshes from COLORindex[ic] tO
COLORindex[ic+1]-1 are in (ic+1)-th color.
Meshes in same color are independent:
Parallel processing can be applied.

(ic)-th color: if color ID starts at 0
(ic+1)-th color: if color ID starts at 1
In the program, color ID starts at 1 !!

for (ic=1; ic<=NCOLORtot; ic++) {
for (i=COLORindex[ic-1]+1; i<=COLORindex[ic]; i++) {
fprintf (fp21, “#new%8d #old%8d color%8d¥n”,
i, NEWtoOLD[i-1]+1, ic);

} COLOR number 5
} ftnew 1 told 1 color 1
ftnew 2 told 3 color 1
ftnew 3 told 6 color 1
ftnew 4 told 8 color 1
#tnew 5 told 9 color 1
#tnew 6 told 2 color 2
#tnew 1 #old 4 color 2
#tnew 8 told 5 color 2
#tnew 9 tfold 7 color 2
. #tnew 10 #old 10 color 2
COLOR'”deX Hnew 11 #old 11 color 3
#tnew 12 #old 13 color 3
#tnew 13 #old 16 color 3
#tnew 14 #old 12 color 4
#tnew 15 #old 14 color 4
92 #new 16 #old 15 color 5



Modified MC Method

93

®» © ®

@ O

The mesh with minimum value of “degree” is set to “NEW mesh

ID= 1", “Color ID= 1", and “counter for color number” is 1.
Define “ITEMcou= ICELTOT/NCOLORtdtwherelTEMcouis
maximum number of meshes in each color.

Color ITEMcouindependent meshes in ascending order
according to initial mesh ID.

If ITEMcoumeshes are colored, or no more independent me
do not exist, add “1” to the “counter for color number”, and
proceed to the next color.

Repeatd and®@, until all meshes have been colored.
“Final counter for color’ iIsSNCOLORtotk Renumber meshes

ascending orders according to color ID. In each color,
numbering is in ascending orders according to initial mesh |

shes

D.

In each color, new numbering of meshes is continuous.




#include <stdio. h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

#include “mc. h”

int

MC(int N, int NL, int NU, int *INL, int *kIAL, int *INU,

int *NCOLORtot, int *COLORindex,

int NCOLORK;

int *IW, *INLw, *INUw;

int *k[ALw, *x[AUw;

int INmin, NODmin, I[TEMcou;

int i, j, k, icon, icou, icouk,

{

int *NEWtoOLD,

icoug, icol, ic,

int *x[AU,
int *OLDtoNEW)

ik, JL, JU;

mc (1/8)
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IW = (int ®¥)calloc(N, sizeof(int));
if (IW == NULL) f{

fprintf (stderr, “Error: %s¥n”,

strerror (errno)) ;
return -1;

J
NCOLORk = *NCOLORtot;

for (i=0; i<N; i++) {
NEWtoOLD[i] = i;
OLDtoNEWLi] = i;

J

INmin = N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = INL[i] + INU[i];
if (icon < INmin) {
INmin = icon;
NODmin = i;
}
}

OLDtoNEW[NODmin]
NEWtoOLD[O ]

memset (IW, 0, sizeof (int)*N) ;
IWINODmin] = 1;

ITEMcou = N / NCOLORK;

1;
NODmin+1;

95

mc (2/8)

IW:
Work array

“Color ID” of each mesh
IW=0 at initial stage

NODmin:
ID of the mesh with minimum
value of “degree”




IW = (int *)calloc(N, sizeof(int));

i f (IW == NULL) {

fprintf (stderr, “Error: %s¥n”,

strerror (errno)) ;
return -1;

J
NCOLORKk = *NCOLORtot;

for (i=0; i<N; i++) {
NEWtoOLD[i] = i;
OLDtoNEWLi] = i;

J

INmin = N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = INL[i] + INULi];
if (icon < INmin) {
INmin = icon;
NODmin = i;

J

OLDtoNEW[NODmin]
NEWtoOLD [0 ]

1;
NODmin+1;

memset (IW, 0, sizeof (int)*N) ;

IW[NODmin] = 1;
ITEMcou = N / NCOLORK;

mc (2/8)

New mesh ID of NODmin is setto O
Color ID of NODmin is setto 1

OLDtoNEW[NODmin]= 1
NEWtoOLD [ 0O]= NODmin+l

IW[NODmin]=1: Color ID



IW = (int ®)calloc(N, sizeof(int));
i f(IW == NULL) {

fprintf (stderr, “Error: %s¥n”,

strerror (errno)) ;
return -1;

J
NCOLORKk = *NCOLORtot;

for (i=0; i<N; i++) {
NEWtoOLD[i] = i;
OLDtoNEWLi] = i;

J

INmin = N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = INL[i] + INULi];
if (icon < INmin) {
INmin = icon;
NODmin = i;

J

OLDtoNEW[NODmin]
NEWtoOLD[O ]

memset (IW, 0, sizeof (int)*N) ;
IWINODmin] = 1;

ITEMcou = N / NCOLORK;

1;
NODmin+1;

mc (2/8)

ITEMcou= N/NCOLORk:

(Maximum) number of meshes in
each color
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INPUT=3: MC, 5-Colors

#new 1 #old 1 color 1

13 14 15 16 #new 2 told 3 color 1
#new 3 told 6 color 1

#new 4 fold 8 color 1

9 10 11 12 #tnew 5 told 9 ocolor 1
#new 6 #old 2 color 2

#new 1 told 4 color 2

5 6 7 8 #new 8 told 5 color 2
#new 9 tfold 7 color 2

#new 10 #old 10 color 2

]_ 22 :3 41 #new 11 f#old 11 color 3
#new 12 #old 13 color 3

#new 13  #old 16 color 3

#new 14  f#old 12 color 4

#new 15 f#old 14 color 4

#new 16 #old 15 color 5

16/3=5= ITEMcou

Finally, 5 colors are needed.
Affected by
revaluation/devaluation




icou = 1;
icouk = 1;
for (icol=0; icol<N; icol++) {
NCOLORk = jicol + 1;
for (i=0; i<N; i++) {
if(IW[i] <= 0) IW[i] = 0;}
for (i=0; i<N; i++) {
/* already COLOREDx/

if(IW[i] == icol+1) {
for (k=0; k<INL[i]; k++) {
ik = lAL[I][k]
| if(IW[ik-1] <= 0) IW[ik-1] = -1;
for (k=0; Kk<INU[i]; k++) {
ik = TAULi ][k]
if(IW[ik-1] <= 0) IW[ik-1] = -1;
}
/* not COLORED */
if(IW[i] == 0) {
cou++; |couK++
IW[i] = icol + 1;
for (k=0; k<INL[|] k++) |
ik = lAL[I][k]
| if(IW[ik-1] <= 0) IW[ik-1] = -1;
for (k=0; k<INU[i]; k++) {
ik = TAULi ][k]
if(IW[ik-1] <= 0) IW[ik-1] = -1;

}
if(icou == N) goto N200;
if (icouK == ITEMcou) goto N100;

}
N100:
icouk = 0;

J
N200:

mc (3/8)

icou
icoukK:

- Global Counter

Intra-Color Counter



icou =1;

icouK = 1;
for (icol=0; icol<N; icol++) { [eleJoNe]aW@el[e]fs
NCOLORk = icol + 1;

for (i=0; i<N; i++) {
if (IN[i] <= 0) IW[i] = 0;]}
for (i=0; i<N; i++) {
/* already COLOREDx/

iT(IW[i] == icol+1) {
for (k=0; k<INL[i]; k++) {
ik = lAL[I][k]
| if(IW[ik-1] <= 0) IW[ik-1] = -1;
for (k=0; k<INU[i]; k++) {
ik = TAULi ][k]
if(IW[ik-1] <= 0) IW[ik-1] = -1;
}
/* not COLORED */
if(IW[i] == 0) {
i cou++; |couK++
IWLi] = icol + 1;
for (k=0; k<INL[|] k++) |
ik = lAL[I][k]
| if(IW[ik-1] <= 0) IW[ik-1] = -1;
for (k=0; k<INU[i]; k++) {
ik = TAULi ][k]
if(IW[ik-1] <= 0) IW[ik-1] = -1;
}
if(icou == N) goto N200;
i f (icouK == ITEMcou) goto N100;
N100:
icouK = 0;

J
N200:

mc (3/8)

100



icou = 1; 101

icouk = 1;
for (icol=0; icol<N; icol++) | ( )
i, ot mc (3/8
= ++
TN <0 i = o) NCOLORK :
/% already ooLoREg/ Current number of colors
T et KON Ll ke |
++ )
Y lAL[|]I[k] | IW[i]=0:
, IFOWCAIT < 0 WEIk1D = =15 f j-th mesh (original numbering)
for (k20; KCINUL: K -
or e 0 Kb el is not colored.
f (IWLik-11 <='0) IW[ik-1] = -1;

J
/* not COLORED */

if(IW[i] == 0) {
i cou++; |couK++
IWLi] = icol + 1;
for (k=0; k<INL[i]; k++) {
ik = TAL[i][k];
} if(IW[ik-1] <= 0) IW[ik-1] = -1
for (k=0; k<INU[i]; k++) {
ik = lAU[l][k]
if(IW[ik-1] <= 0) IW[ik-1] = -1

}
if(icou == N) goto N200;
i f (icouK == ITEMcou) goto N100;

N100:
icouk = 0;

J
N200:



icou = 1; 102

icouk = 1;
for (icol=0; icol<N; icol++) { Ill ( )
NCOLORk = icol + 1; C 3/8
for (i=0; i<N; i++) {
if (IW[i] <= 0) IW[i] = 0;}
for (i=0; i<N; i++) {

/x already COLOREDS/ |
I i] == icol+
for (k=0; K<INL[il; k+) | Loop on Colors

ik = TAL[i] Tk : _ _ .
} If(IWLik-11 <= 0) MWLik-11 = -1: |f mesh is already assigned to
for (k=0; k<INULi1; k++) { the “current color”, components
ik = TAULi Tk i
if (IWN[ik-1] <= 0) IW[ik-11 = -1; Of IW array for adjacent meshes

} } are set to “-1".

/% not COLORED */ Remove meshes connected to

if(IW[i] = 0) { meshes assigned to the “current
| cou++; |couK++ ’
L = teal e b { color”, because they cannot be
oL AL LT T into the “current color”.
} if(IW[ik-11 <= 0) IW[ik-1] = -1;
for (k=0; k<INU[i1; k++) {
ik = TAULi][K];
if(IW[ik-11 <= 0) IW[ik-1] = -1;

}
if(icou == N) goto N200;
i f (icouK == ITEMcou) goto N100;

N100:

icouk = 0;

J
N200:




icou =1;
icouk = 1;
for (icol=0; icol<N; icol++) {
NCOLORK = icol + 1;
for (i=0; i<N; i++) {
if (IW[i] <= 0) IW[i] = 0;}
for (i=0; i<N; i++) {
/* already COLOREDx/
if(IW[i] == ico
for (k=0; k<I
ik = IAL
} if(IWLik-
for (k=0; k<

I
ik = TAULi
if(IWLik-1

|+

NL[i

[i
1

I
O
=
=
—
X
—L
[

I

|

—

NU[i
4

;l;l,—| u;l,—|_L

O
=
=
—
>~
—
[
I
|
—

J

/* not GOLORED */ .
if(IW[i] ==0) {
icout+; |couK++
IW[i] = icol + 1;
for (k=0; k<INL[ l]:
ik = IAL[i] [k]
if (IWLik-1]

for (k=0; k<INU[i];
ik = TAULi] [k]
if(IW[ik-1]

.k++) {

.k++) {

}
if(icou == N) goto N200;
i f (icouK == ITEMcou) goto N100;

N100:
icouk = 0;

J
N200:

E'0) IW[ik-1] = -1;

E'0) IW[ik-1] = -1;
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mc (3/8)

If IW[i]=0:

eicou =icou+l
e icouK=icouK+1
eIW[i]=icol+1l:

Color ID

eIW[ik]=-1 where ik-th mesh
Is adjacent to i-th mesh



icou =1;

icouk = 1;

for (icol=0; icol<N; icol++) {
NCOLORK = icol + 1;
for (i=0; i<N; i++) {

for (i=0; i<N;
/* already COLOREDx/
if(IW[i] == icol+1

i++) |

for (k=0; Kk<INL[i

ik = IAL[i
i (IWLik-1

[
]
]
ULi
]
]

J

/* not COLORED x*/
if(IWLi] == 0)
|cou++ icou
IWLi] = icol
for (k=0; k<I
ik = TAL
} if(IW[ik-
for (k=0; k<I?U

{
K++;
+
NL
[i
1

ik = 1AU
i f(IWLik

}
if(icou == N) goto N200;
ITEMcou) goto N100;

if(icouK ==

icouk = 0;

J
N200:

{
;_k++) {
='0) IW[ik-1]

+

[
]
]
[
]
1]

mc (3/8)

- Global Counter
Intra-Color Counter

icou
icoukK:

k++) {

0) IW[ik-1] If icou=N (ICELTOT) :

*All meshes are colored
(completed).

If icouK=ITEMcou:
e jicouK=0
*Proceed to the next color.

; k) |
0) IW[ik-1]
; k) |
0) IW[ik-1]

*Proceed to the next color.

If icouK<ITEMcou.and.i=N:
*No more independent meshes.
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INPUT=3: MC, 5-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QOO JdoO oI wWN—

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O J TR~ NOOOOSDW—

—_— ek — — — —
GO BN W—

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

O PR WWWNDNDMNDNN = = -
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INPUT=3: MC, 5-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QoW JdJOoO Ol wWwhN —

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O ~NOCOIT BN OO0 W—

—_— ek — — — —
GO BN W—

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

5 independent meshes

O PR WWWNDNDMNDNN = = -
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INPUT=3: MC, 5-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QoW JdJOoO Ol wWwhN —

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O ~NOCOIT BN OO0 W—

—_— ek — — — —
GO BN W—

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

Proceed to the next color, if
no more independent

meshes.

O PR WWWNDNDMNDNN = = -
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INPUT=3: MC, 5-Colors

13114 |15 16
9 10|11 |12
S| 6|78
1123 4

#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new
#new

—
QoW JdJOoO Ol wWwhN —

—_— ek — — — —
DOk~ wWwhN —

#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old
#old

—
O ~NOCOIT BN OO0 W—

—_— ek — — — —
GO BN W—

color
color
color
color
color
color
color
color
color
color
color
color
color
color
color
color

16/3=5= ITEMcou

Proceed to the next color, if
no more independent

meshes.

O PR WWWNDNDMNDNN = = -
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/******************

* Final Coloring *
******************/

*NCOLORtot = NCOLORK:

memset (COLORindex, 0, sizeof (int)*x(N+1));

icoug = 0;
for (ic=1; ic<=(*NCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if(IW[i] == ic) {
NEWtoOLD[icoug]
OLDtoNEWLi ]
cou++;
icoug++;

}
}
COLORindex[ic] = icou;

i+1;
icoug+1;

J

for (ic=1; ic<=(xNCOLORtot); ic++) {
COLORindex[ic] += COLORindex[ic-1];

109

mc (5/8)

NCOLORtot= NCOLORKk:
Final number of colors.

NCOLORtot g.e. (Initial

number of colors provided by
user)



/******************

* Final Coloring *
******************/

*NCOLORtot = NCOLORK:

memset (COLORindex, 0, sizeof (int)*x(N+1));

icoug = 0;
for (ic=1; ic<=(xNCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if(IN[i] == ic) {
NEWtoOLD[icoug]
OLDtoNEWLi]
icout+;
coug++;

}
}
COLORindex[ic] = icou;

i+1;
icoug+1;

for (ic=1; ic<=(xNCOLORtot); ic++) {
COLORindex[ic] += COLORindex[ic-1];

mc (5/8)

Renumber meshes in ascending
orders according to color ID.

OLDtoNEW[01ldID]= NewID+1
NEWtoOLD [NewID]= 0l1ldID+1
starting@”1”

COLODindex[ic]:
At this stage, number of meshes in
each color (ict+1) is stored.
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/******************

* Final Coloring *
******************/

*NCOLORtot = NCOLORK:

memset (COLORindex, 0, sizeof (int)*x(N+1));

icoug = 0;
for (ic=1; ic<=(*NCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if(IW[i] == ic) {
NEWtoOLD[icoug]
OLDtoNEWLi ]
cou++;
icoug++;

}
}
COLORindex[ic] = icou;

i+1;
icoug+1;

J

for (ic=1; ic<=(*NCOLORtot); ic++) {
COLORindex[ic] += COLORindex[ic—1];

mc (6/8)

COLODindex[ic]:

Now it is 1D index.
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II%IIZYNE (intNﬁ)LE)all{oc(N, sizeof (int));
| w ==
fprintf (stderr, “Error: %s¥n”, strerror(errno)); mC (6/8)
} return -1;
for (j=0: j<NL; j++) | Arrays for Work

for (i=0; i<N; i++) |
IW[i] = [AL[NEWtoOLD[i]-11Ljl:

bor (=0: ;i) | * INLw (N)

} TALLIiT[51 = IWLiD; e INUw (N)
} e IALw (NL, N)
for (j=0; j<NU; j++) { * IAUw (NU, N)

for (i=0; i<N; i++) {
} IW[i] = IAU[NEWtoOLD[il-11[j];
for (i=0: i<N: i+ | Lower/upper components

} IAUCITL)] = IWLiD; (column ID) are reordered
} according to new numbering.

~ j= 1~NL/NU

ID’s of column ID are by old
numbering.

i= 1~N
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for (i=0; i<N; i++) { mC (7/8)
IWNLi] = INLINEWtoOLD[i1-11;

fente Information for number of
Lo b ) lower/upper components |

IW[i] = INU[NEWtoOLD[i]-1]; based on new numbering is
#or(i:O; i<N; i+ | stored into:

INUwLi] = IWLil;

. . : eINL —> INLw
for (j=0; J<NL; j++) {

for (i=0; i<N; i++) { eINU —> INUw
if (IALLi][j] == 0) {
IALw[i]l[j] = 0;
} else {
IALw[i][j] = OLDtoNEW[IALL[i][j1-1];

J
J

for (j=0; j<NU; j++) {
for (i=0; i<N; i++) {
if(IAULIT[j] == 0) {
IAUW[i][j] = 0;
}else { -
IAUw[i1[j] = OLDtoNEW[IAULi][jI-11;
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for (i=0; i<N; i++) { mC (7/8)

IWLi] = INL[NEWtoOLD[i]-1];

}
for(iﬁ&:v[HN; }ﬁ)i] { “Renumbered” lower/upper
oo components (column ID) are
for (i=0; i<N; i++) { o
; IW[i] = INU[NEWtoOLD[i]-1]; stored into:
for (i=0; i<N; i+ {

INUw[i]l = IW[il; eTAL -—> IALwW

eTAU —> IAUwW

for (j=0; J<NL; j++) {
for (i=0; i<N; i++) {
if (IALLi][j1 = 0) {
IALw[i1[j] = 0;
else
IALw[i][j] = OLDtoNEW[IALLil[j1-11;

J
J

for (j=0; j<NU; j++) {
for (i=0; i<N; i++) {
if (IAULI]L] == 0) {
IAUW[i]1[j] = 0;
} else { o
IAUw[i1[j] = OLDtoNEW[IAULi1[j1-11;



memset (INL, 0, sizeof (int)*N) ; 115

$em%¢téINUZNO,_sife?f(int)*N):
=0, , ++
o n|1emse1|:(IAL|[i], 0, sizeof (int)*NL) ;] mC (8/8)
for (i=0; i<N; i++) |
memset (IAU[i], 0, sizeof (int)*NU):} Operation for lower triangular
forﬁoé (i)§N2 LER) components (column ID) in the
u=0; - original matrix. “Renumbered”
for (j=0; Jj<INLw[il; j++)
FAALWLiT0] > 1+ components (column ID) are
| . -
“IALLITLILD = TAWEiT L tabw -> IAL,IAU
| Jlas for (i=0; i<N; i++) {
} jL = 0;
ju=0;
for (j=0; j<INUW[il; j++) for (j=0, j<INLw[il; j++) {
iAW) > i) 1 if (TALw[i1[j] > i+1) {
-Ijﬁ_lg_E!][_]U] = TAUWLi1[4]; IAULi1 U] = TALwLil[j];
} else { jU+H;
IALLIT[JL] = TAUWLi1 4] } else {
L+, IALLi][jL] = TALw[il[j],
| } jL++;
INL[IT = jL: }
} INUCIT = U; } J
free (IW) ;
free (INLw) : free (INUw) :
return 0; be larger than i according to

new numbering.
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Why do we need these operations ?

Original 5 Color

INL[7-1]= 2 INL[9-1]= 3

IAL[6] [0]= 3, TAL[6][1]= 6 IAL[8][0]= 2, TAL[8][1]=3
[AL[8][2]= 4

INU[7-1]= 2

[AU[6] [0]= 8, TAU[6][1]=11 INU[9-1]= T

[AU[8][0]=11

Magnitude correlation with adjacent meshes could
change after renumbering.
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?emietéINUZNO,_sige?f(int)*N):
=0; i<N; i++
o rllemse;:(IALl[i], 0, sizeof (int)*NL) ;} mC (8/8)
for (i=0; i<N; i++) {
memset (IAU[i], 0, sizeof (int)*NU);}
{

for (i=0; i<N; i++)
jL = 0;
ju =0;
for (j=0; jJ<INLw[i]; j++)
i f(TALw[i][j] > i+1)
IALw[i]l[j];

IAUTIT[5U] =
JU++;
} else {
IAL[i][jL] = TALw[i][j];
JL++;
}
for (j=0; Jj<INUW[il; j++) Operation for upper triangular
i f(TAUWLiTLj] > i+1) :
TAULITTS01 = TAUWLIT L components (column ID) in the
| olae i original matrix. “Renumbered”
IELILLY = TR components (column ID) are
| } stored into:
INLLi] = jL;
y ni= U «IAUwW —> IAL,IAU
free (IW) ;
free (INLw) ; free (INUw) ;
free (IALw) ; free (IAUW) ;
return O0;



memset (INL, 0, sizeof (int)*N) ; 118
memset (INU, 0, sizeof (int)*N) ;

for (i=0; i<N; i++) I‘r]
o n|1emse1|:(IAL|[Jir?|r, (g sizeof (int)*NL) ;} C (8/8)
for (i=0; i<N; i++) {
memset (IAU[i], 0, sizeof (int)*NU);}
{

for (i=0; i<N; i++)
jL = 0;
ju =0;
for (j=0; jJ<INLw[i]; j++)
i f(TALw[i][j] > i+1)

IAULIT[jUT = TALw[il[]];
JU++;

} else {
IALLi1[jL] = TALw[il[j];
JL++;

}
for (j=0; j<INUw[i]; j+T)

if(TAUWLil[j] > i+
IAULITT 0T = TAUWLi1L4];
JU++;
} else {
IALLITL)L] = TAUWCi1 [0 _
| Jbs “Final” number of upper/lower
oo components (column ID) in the
INLLi] = jL; .
INU[iT = JU; renumbered new matrix.
bree i Free (INUW)
Froe (IALW) Froe (TAU) *INL
e INU
return 0;
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Modified CM Method for Parallel
Computing

@ The mesh with minimum value of “degree” is set to
“Level=1".

(@ Meshes adjacent to “Level=k-1" meshes are set to
“Level=k". In each level, meshes must be independéent
(not directly connected). If a dependent pair s in
same color, one mesh is removed (In current
Implementation, a mesh found later is removed).

3 Repeat?), until all meshes are flagged to “levels”

@ Renumber meshes in ascending orders according to
“Level” ID. In each level, numbering is in ascemnglin
orders according to initial mesh | each level, new
numbering of meshes is continuous.
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Procedure of CM Method

 Meshes adjacent to “Level=k-1" meshes are set to
“Level=k” (Repeat until all meshes are flagged into

“levels”)

— In each level, meshes must be independent (not directly
connected). If a dependent pair is found in same color, one mesh
IS removed (In current implementation, a mesh found later is
removed).

« Renumber meshes in ascending orders according to
“Level” ID.
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RCM: Reverse Cuthill-McKee

« Do operations for “CM” method
— Calculate “degree” at each mesh
— Flag “level k (1,2,...)" to meshes
— Repeat processes, final renumbering

 Renumbering Again

— Renumber meshes reordered by CM method in reverse
order.

— Fill-in's are fewer than CM
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cm (1/5)

#include <stdio. h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

#include “rcm. h”

extern int
CM(int N, int NL, int NU, int *INL, int *x[AL, int *INU, int **xIAU,
: int *NCOLORtot, int *COLORindex, int *NEWtoOLD, int *OLDtoNEW)

int *k[W;

int *INLw, *INUw;

int *k[ALw, *x[AUw;

int KC, KCT, KCTO, KMIN, KMAX;

int JC, JN;

int II;

int i, j, k, ic, jL, jU;

int INmin, NODmin;

int icon, icol, icouG, icou, icou0, in, inC;



IW = (int *x)calloc(2, sizeof (int *));
if(IW == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;

for (i=0; i<2; i++) |
IW[i] = (int *)calloc(N, sizeof (int));

INmin N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = 0;
for (k=0; k<INL[i]; k++) |
icon++;

]
for (k=0; k<INU[il; k++) {
icon++;

if(icon < INmin) {
INmin = icon;
NODmin i

J
i f (NODmin == -1) NODmin = O;
IW[1][NODmin] = 1;

NEWtoOLD [0]

NODmin+1;
OLDtoNEW[NODmin] :

1

icol = 0;

cm (2/5)

IW[O] [i]:

Work array

IW[1][4i]:
“Level ID” of each mesh
starting at “1”
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IW = (int *x)calloc(2, sizeof (int *));
if(IW == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1;

for (i=0; i<2; i++) {
IW[i] = (int *x)calloc(N, sizeof(int));

INmin N;
NODmin = -1;

for (i=0; i<N; i++) {
icon = 0;
for (k=0; k<INL[il; k++) {
icon++;

#or(k=0: k<INULi1; k++) |
icon++;

if(icon < INmin) {

e
}
i f (NODmin == -1) NODmin = O;
IW[1] [NODmin] = 1;
NEWtoOLD[0] NODmin+1;

OLDtoNEW[NODmin] = 1;

icol = 0;

cm (2/5)

NODmin:
ID of the mesh with minimum
value of “degree”
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IW = (int *x)calloc(2, sizeof (int *)); 2/5
if(IW == NULL) { Cl I l (
fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1;

for (i=0; i<2; i++) {
IW[i] = (int *x)calloc(N, sizeof(int));

INmin N;
NODmin = -1;

for (i=0; i<N; i++) |
icon = 0;
for (k=0; k<INL[i]; k++) |
icon++;

}
for (k=0; k<INU[il; k++) {
icon++;

'f(iﬁﬁ?n< lNTéQ%; { New mesh ID of NODmin
NODmin = 1 is set to 0.
} Level ID of NODmin is set to 1
i f (NODmin == -1) NODmin = 0;
IW[1] [NODmin] = 1; OLDtoNEW [NODmin]= 1
NEWtoOLD[0] NODmin+1; NEWtoOLD [ 0]= NODmin+l

OLDtoNEW[NODmin] = 1;
icol = 0: IW[1] [NODmin]=1: Level ID



icouG = 1;

for (icol=1; icol<N; icol++) {
icou = 0;
icou0 = 0;

for (i=0; i<N; i++) {
if(IN[1][i] == icol) {
for (k=0; k<INL[i]; k++) {
in = TALLi][k];
if(IW[1][in-1] == 0) {

IW[1][in-1] = =(icol + 1);

| cou++;
IW[O] [icou-1] = in;

¥or(k20: k<INU[il; k++) {
in = TAULH] (K]
if (IW[1][in-1] == 0) {

IW[1][in-1] = =(icol + 1);

| cou++;
IW[O] [icou-1] = in;

J
J
J

if(icou == 0) {
for (i=0; i<N; i++) |
if(IW[11LiT = 0) {

icou++;

IW[1] [ ] = -(icol + 1);
IW[O][icou-1] =i + 1;
break;

J
J
J

cm (3/5)

icouG: Global Counter
icou : Intra-Level Counter

Loop on Levels
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lcouG = 1;

for (icol=1; icol<N; icol++) {
icou = 0;
icou0 = 0;

for (i=0; i<N; i++) {
if(IW[1][i] == icol) {
for (k=0; k<INL[i]; k++) {
in = TAL[i][k];
if(IW[1][in-1] = 0) {
IW[1][in-1] = =(icol + 1);
i cou++;
IN[O] [icou-1] = in;

}
for (k=0; k<INULi]; k++) {
in = TAULi][k];
if(IW[1][in-1] = 0) {
IW[1]1[in-1] = -(icol + 1);
icou++;
IWN[0] [icou-1] = in;

}
}
J

if(icou == 0) {
for (i=0; i<N; i++) |
if(IW[11LiT = 0) {
icou++;
IW[1] [ 1 = -(icol + 1);
IN[O] [icou-1] =i + 1;
break;

J
J
J
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cm (3/5)

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If (in—1) *®* mesh is adjacent to it
mesh where IW[1] [i]=icol, and
level of (in-1) *® mesh is not
finalized, (in-1) *®* mesh could be a
candidate for meshes in (icol+1)*®k
level.

eIW[1l] [in-1l]= - (icol+l)
eicou= icou + 1

*IW[O0] [icou-1]= in: This array
Indicates “when” this mesh was
found, and nominated as a candidate.

mesh, color: starting from O
IAL[:][:]: starting from 1



1314 15|16
9110|1112
9|1 6|7 |8

21|13| 4
icol+1=4

IW[1l] [i]= icol=3: i=3,6,9

What does it mean ?

8

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If (in—1) *®* mesh is adjacent to it
mesh where IW[1] [i]=icol, and
level of (in-1) *® mesh is not
finalized, (in-1) *®* mesh could be a
candidate for meshes in (icol+1)*®k
level.

eIW[1l] [in-1l]= - (icol+l)
eicou= icou + 1

*IW[O0] [icou-1]= in: This array
Indicates “when” this mesh was
found, and nominated as a candidate.

mesh, color: starting from O
IAL[:][:]: starting from 1



i=3,6,9

13114 /15| 16

9 |10]11 |12

(| 8

3|4

icol+1l=4
IW[1l][i]= icol=3:

IW[1][ 3(= 4-1)]= -4
IW[1][ 6(= 7-1)]= -4
IW[1][ 9(=10-1)]= -4
IW[1][12(=13-1)]= -4

IW[O] [0]= 4
IW[O] [1]= 7
IW[O0] [2]= 10
IW[O0] [3]= 13

What does it mean ?

9

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If (in—1) *®* mesh is adjacent to it
mesh where IW[1] [i]=icol, and
level of (in-1) *® mesh is not
finalized, (in-1) *®* mesh could be a
candidate for meshes in (icol+1)*®k
level.

eIW[1l] [in-1l]= - (icol+l)
eicou= icou + 1

*IW[O0] [icou-1]= in: This array
Indicates “when” this mesh was
found, and nominated as a candidate.

mesh, color: starting from O
IAL[:][:]: starting from 1



icouG = 1;

for (icol=1; icol<N; icol++) {
icou = 0;
icoud = 0;

for (i=0; i<N; i++) {
if(AW[1][i] == icol) {
for (k=0; k<INL[i]; k++) {
in = TIAL[i][k];
if(IW[1][in-1] == 0) {
IW[1][in-1] = =(icol + 1);
| cou++;
IW[O] [icou-1] = in;

}
for (k=0; k<INU[i]; k++) {
in = [AULi][k];
if(AW[1][in-1] = 0) {
IW[1][in-1] = -(icol + 1);
| cou++;
IW[O] [icou-1] = in;

J
J
J

if(icou == 0) {
for (i=0; i<N; i++) {
if (IN[11Li] = 0) {
i cou++;
IW[1][i 1 = =C(icol + 1);
IN[O][icou-1] =i + 1;
break;
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cm (3/5)

icouG: Global Counter
icou : Intra-Level Counter

Loops for Each Element

If icou=0, a mesh, which satisfies
the following conditions, is the
candidate (usually, this does not
happen):

Level of this mesh is not finalized.
Mesh ID according to the initial
numbering is the smallest.
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for (icol=1: icol<N; icol+) { cm (4/5)

for (ic=0; ic<icou; ic++) |
inC = IW[0][ic];

if (IN[1][inC-1] 1= 0) { .
for (k=0; K<INLL[inG-11; k++) { Candidates for icol**® level are
in = TAL[inC-1] [k], :
if IW[1][in-1] <= 0) { stored in:
IW[1][in-1] = 0;

1°or(k=o; K<INULInC-11: k++) | *IW[0] [ic], ic= O~icou

in = IAU[inC-1][k];
if (IW[1][in-1] <= 0) {
IW[1][in-1] = 0; Remove such meshes that are

} } adjacent to other candidates,
] ] because neighboring meshes cannot
for (ic=0; ic<icou;_ ict++) { belong to same level.
e et 1= o) |
I 1nU— =
i GOUG++; | If we have such removed mesh in-1,
IW[1][inC-1] = icol + 1; : :
} apply the following operations:

if (icouG == N) break; ° tn—11=
] IW[1] [in-1] 0



What does Is mean ?

Candidates for (icol+1) t* level are
stored in:

eIW[O0] [ic], ic= O~icou

- Remove such meshes that are
Mgéh (1) belongs to (icol)*" adjacent to other candidates,
because neighboring meshes cannot

level
belong to same level.

If we have such removed mesh in-1,
apply the following operations:

*IW[1] [in-1]= O



What does Is mean ?

Candidates for (icol+1) t* level are
stored in:

eIW[O0] [ic], ic= O~icou

Remove such meshes that are
(2),(4) and (5) are candidates for adjacent to other candidates,
(icol+1)*tk |evel because neighboring meshes cannot
belong to same level.

IW[1] [2-1]= —-(icol+l)

IW[1][4-1]= - (icol+1l) If we have such removed mesh in-1,
IW[1] [5-1]= - (icol+l) apply the following operations:
IW[1][O0]= 2 eIW[1l] [in-1]= O

IW[1l][1]= 4

IW[1][2]= 5



What does Is mean ?

Candidates for (icol+1) t* level are
stored in:

eIW[O0] [ic], ic= O~icou

Remove such meshes that are

Considering dependency: adjacent to other candidates,
because neighboring meshes cannot
IW[1] [2-1]= —(icol+1) belong to same level.
IW[1] [4-1]= —-(icol;1)
IW[1] [5-1]= O If we have such removed mesh in-1,

apply the following operations:
IW[1][O]
IW[1l][1]
IW[1] [2]

*IW[1] [in-1]= O

nu
U N



for (icol=1; icol<N; icol++) {

for (ic=0; ic<icou; ic++) {
inC = IW[O] [ic];
if (IW[1][inC-1] = 0) {
for (k= O K<INL[inC-11; k++) |
in = IAL[inC- 1][k]
if(IW[1][in-1] <= 0) {
IW[1][in-1] = 0;

}
for (k=0; k<INU[inC-1]; k++) {
in = TAULinC- 1][k]
|f(lW[1][|n 1] <= 0) {
IW[1][in-1] = 0;

J
J
J

for (ic=0; ic<icou; ic++) {
inC = IW[0][ic];
if(IW[1]1[inC-1] 1= 0) {
icouG++;
IW[1][inC-1] = icol + 1;

}
ff(icouG == N) break;
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cm (4/5)

icouG: Global Counter
icou : Intra-Level Counter

Finally, meshes which satisfies
IW[1l] [inC-1]=-(icol+l),
belong to (icol+1) t® level.

For such meshes, apply
IW[1l][inC-1]= icol + 1.

Finally, icouG= icouG + 1



What does Is mean ?

Finally, meshes which satisfies
IW[1l] [inC-1]=-(icol+1l),
belong to (icol+1) t |evel.

For such meshes, apply
IW[1] [inC-1]= icol + 1.

Considering dependency: Finally, icouG= icouG + 1
IW[1] [2-1]= —(icol+1l)
IW[1][4-1]= —(icol+l)
IW[1] [5-1]= O
IW[1] [0]= 2
IW[1][1]= 4
IW[1] [2]= 5

Finally:
IW[1][2-1]= icol+l
IW[1][4-1]= icol+l
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for (icol=1; icol; icol+#) | cm (4/5)

for (ic=0; ic<icou; ic++) {

C = IWO : )
T ek icouG: Global Counter
for (k=0; k<INLLinC-11; k++) { icou : Intra-Level Counter

in = IAL[inC- 1][k]
if(IW[1][in-1] <= 0) {
IW[1][in-1] = 0;

}
for (k=0; k<INU[inC-1]; k++) {
in = TAULinC- 1][k]
|f(lW[1][|n 1] <= O) {
IW[1][in-1] = 0;

J
J
J

for (ic=0; ic<icou; ic++) |

If icouG=N (ICELTOT) :

inC = IW[0][ic]: *All meshes are colored
| Liel:
IN[11[inC-1] = icol + 1;
} Otherwise, proceed to the next

}if(icouG == N) break; level.
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/xkkokkkokkkkFokkFokk KK I I I 5 / 5
/* FINAL COLORING */ C (

/xkkokkkokkkkFokkFokk KK

R AIERE = eoll &1 NCOLORtot= NCOLORK :

for (jo=1:_ie¢=(NGOLORtot) ; o+ { Final number of colors.
lcou = 0,

for (i=0; i<N; i++) {

if(IWMTLHT = ic) NCOLORtot g.e. (Initial

{
NEWtoOLD[icouG] = i+1; g
OLDtoNEW[i ] = icouG+: number of colors provided by
i cou++; user)
icouG++;
} : :
COLORindex[ic] = icou: Renumber me_shes In ascending
} orders according to level ID.
COLORindex[0] = 0;
for (ic=1; ic<=(*NCOLORtot) ; ic++) { OLDtoNEW[O1ldID]= NewID+1
COLORindex[ic] = COLORindex[ic—1] + NEWtoOLD [NewID]= 01dID+1
} GOLORindex[ic];
[HFkkkkkkdokokokkkdokokokok COLODindex[ic]:
* MATRIX transfer At this stage, number of meshes

*******************/

In each level (ic+1) is stored.
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/xkkokkkokkkkFokkFokk KK I I l 5 / 5
/* FINAL COLORING */ C (
/xkkokkkokkkkFokkFokk KK

*NCOLORtot = icol + 1;
icouG = 0;

for (ic=1; ic<=(*NCOLORtot); ic++) {
icou = 0;
for (i=0; i<N; i++) {
if(IW[1][i] == ic)
NEWtoOLD [ i couG]
OLDtoNEW[ i 1
| cou++;
couG++;

1+1;
icouG+1;

I —

}
} COLORindex[ic] = icou;

COLORindex[0] = O;
for (ic=1; ic<=(*NCOLORtot); ic++) {

COLORindex[ic] = COLORindex[ic-1] +
COLORindex[ic];

COLODindex[ic]:
Now it is 1D index.

}

/*******************

* MATRIX transfer *
sookokokokkkokkdokkFkok Kok /
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Features of MC & CM/RCM
e MC
— Good parallel performance & load balancing

— More Colors -> Better Convergence
 Smaller number of meshes per color, and per thread
e Small Granularity (#LF), Larger Synchronization Overhead
 Finally, lower parallel performance

« CM/RCM

— Faster convergence than MC.

— Generally, many levels (and number is
unknown before computation)

« Same problems on parallel efficiency as MC

* Number of meshes in each level is random
— At the 1sYLast Level: Only One Mesh/Level

e Convenient method needed
— Fast convergence
— Low overhead with smaller number of colors




More Colors: Synch. Overhead

for (ic=0; ic<NCOLORtot; ic++) {
#ipragma omp parallel for private (i, WVAL)
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];
J

WLZI[i] = WVAL * W[DD] [i];
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Remedy: CM -RCM

« RCM + Cyclic Mulricoloring [Dol, Osoda, Washio]

 Procedures
— Apply RCM

— Define “Nc” (Color number of Cyclic Multicoloring (CM))

e 15-Color in CM-RCM: 1%, (Nc+1)™, (2Nc+1) ™ ... levels in RCM

e 2"-Color in CM-RCM: 2" (Nc+2)™, (2Nc+2) ™ ... levels in RCM

e kih-Color in CM-RCM: ki, (Nc+k)™, (2Nc+k) ™ ... levels in RCM
« Each level of RCM is colored in cyclic manner (cycle=Nc).

— If “k” reaches “Nc”, and all levels of RCM are colored, it's
completed.
 Renumber meshes in ascending orders according to “Color” ID.

— If dependency between levels in same color, start from the
beginning of the cyclic multicoloring with Nc=Nc+1.



RCM: 1sYLast Level: Only 1 Mesh/Level

ROOOO0:
)OROODO G-
ROOROO DD -
N A B 2
1> EOQEHIDYEDE ) -
: DORODROO:
 DOORDDRE®
)OOOVOD®:

1
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D et ed

09999029

CM-RCM(NC
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CM-RCM

e How to run
— "NCOLORtot=-Nc” in INPUT.DAT

— Already implemented in L2

e cmrcm.f, cmrcm.c



Iterations

Sec.

500

450 |
400 |
350 |
300 |

250 L

5.00
400 |
300 |
200 |
100 |

0.00

Color

I . ® o MC
: Iteratlons A RCM
—CM-RCM
o ° ° ®
A
1 10 100 1000
Color
® MC A RCM —CM-RCM ®
[
[
o [
Time (solver)
1 10 100 1000

sec./iteration
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OBCX,

1-soket/24-cores,

1283

(@:MC, A:RCM, -:CM-

1.50E-02

1.00E-02 [

5.00E-03 |

0.00E+00

RCM)

® MC A RCM —CM-RCM
o
Time/lteration
1 .10 100 | 1000

Color



lterations
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Comparison of Reordering Methods
3D Linear Elastic Problems
 MC: Slow convergence, unstable for heterogeneous cases

(ill-conditioned problems).
e Cyclic-Mulricoloring + RCM (CM-RCM) is effective

90

(o]
o

~
o

D
o

50

: Homogeneous e

1 10

color #

100

1000

lterations

280

240 F

220

§ Heterogeneous R

260 F

O o
A
e O
O 0 %
1 10 100 1000
color # ® MC
O CM-RCM

3D Linear-Elastic Problems with 32,768 DOF

A No reordering



Remedy for Data Dependency

Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)

— Reordering and Convergence
Implementation
ICCG with Reordering
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Implementation of Reordering to ICCG

e Apply “L2-color” to “L1-sol”

e Calling “mc”, “cm”, “rcm” and “cmrcm” after
computation of “INU, INL, IAL, IAU” in “poi_gen”.

 Computing “D,AL,AU” by new numbering.
« B.C., and RHS are applied by new numbering.
e Calling “ICCG”

 Renumbering components of “PHI (results)” into
Initial numbering.

.+ OUPUT UCD (UCD file)



L1-sol

MAIN
main

INPUT

control info.

POINTER_INIT

mesh info.

BOUNDARY_CELL
boundary meshes

CELL_METRICS

area/volume

POI_GEN
matrix

SOLVER_ICCG

ICCG: METH=1

SOLVER_ICCG2

ICCG: METH=2

FORM_TILUO

- -1
Iij =a; = ) I W, Dljk

)
=1

=

SOLVER_PCG
PCG: METH=3
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Minv{r}={z} (1/2)
Forward substicution [WEEON (00

for (i=0; i<N; i++) {
WVAL = W[Z] [i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= ALJ[ ] * Wl[Z] [itemL[j1-11:

}
W[z] [i] = WVAL * W[DD] [i];

}

Data Dependency
: : T —
DU fZ={Z Nz Zppears in ot

of LHS and RHS.

for (i=N-1; i>=0; i--) {
SW = 0.0;
for (j=indexU[i]; j<indexU[i+1l],; j++)
SW += AU[:] * W[Z][itemU[j]—l];
}
W[Z] [1]= W[z] [i] - W[DD][i] * SW;

Reordering may
eliminate this data
dependency.
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Minv{r}={z} (2/2)
Forward substicution [WEEON (00

for (icol=0; icol<NCOLORtot; icol++) {
for (i=COLORindex[icol]; i<COLORindex[icol+1l]; i++) {
WVAL = W[Z] [1i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —-= AL[Jj] * W[Z] [itemL[]j]-1];

}
W[z] [i] = WVAL * W[DD] [i];

“Z” components in RHS do not belong to

. “Icol-th” color.

Meshes in same color are independent.
(No Data Dependency)
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Minv{r}={z} (2/2)
Forward substicution [WEEON (00

for (icol=0; icol<NCOLORtot; icol++) {
for (1=COLORindex[icol]; i<COLORindex[icol+1l]; i++) {
WVAL = W[Z] [i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL -= AL[Jj] * W[Z] [itemL[]j]-1];

}
W[z] [i] = WVAL * W[DD] [i];

Parallel processing can be applied to

. these loops.
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Files

$S> cd multicore—c/L2/solver/src

S> make
S$S> 1s ../run/L2-sol
L2-sol



Running the Program
<$P-L2>/solver/run

L2-sol
Poisson Solver
FVM

l

}

INPUT.DAT
Control File

J

—
¥/

test.inp

ParaView File
\_//
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Running the Program
Control Data: <$P-L2>/solver/run/INPUT.DAT

32 32 32

1.00e-00 1.00e-00 1.00e-00

1.0e-08

 NX, NY, NZ

— Number of meshes

In X/Y/Z dir.
e DX, DY, DZ
— Size of meshes

« EPSICCG

— Convergence
Criteria for ICCG

NX/NY/NZ
DX/DY/DZ
EPSICCG

AZ
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Running the Program

<$P-L2>/solver/run/

$ cd <$P-1L2>/solver/run

$ ./L2-so0l

You have 8000 elements.

How many colors do you need °?
#COLOR must be more than 2 and
#COLOR must not be more than 8000
CM if #COLOR .eqg. O
RCM if #COLOR .eg.-1

CMRCM if #COLOR .le.-2

=> XXX

$ 1ls test.inp

159
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Target Problem: Variables are defined
at cell-center’

Poisson Equation

2 2 2
aq0+a¢+a¢+f 0]

oy or
Boundary Conditions
(B.C.) etC. Flux of each cell
= dfloat (i+j+k) XVolume
e VVolume Flux (i,3,k)=XYZ (icel, (1,2,3))

° (p=O@Z=ZmaX Z[ Y:

X



Main Program

#include <stdio.h> ...

int
main ()

error:

double *WK;
int NPL, NPU; ISET, ITR, IER:; icel, icO, i;
double xN xL, xU; Stime, Etime;

iféINPUT()) ﬁoto error;

i f (POINTER_INIT()) goto error;
|f§BOUNDARY CELL(;) goto error;
i T(CELL_METRICS()) goto error;
if(POI_GEN()) goto error;

ISET = 0;
WK = (double *)malloc (sizeof (double)*ICELTOT) ;
if (WK == NULL) { B
fprintf (stderr, “Error: %s¥n”, strerror (errno)) ;
goto error,;
if(solve_ICCG_mc (ICELTOT, NL, NU, indexL, itemL, indexU, itemU,
D, BFORCE, PHI, AL, AU, NCOLORtot COLORindex.
EPSICCG, &ITR, &IER)) goto error;

for (ic0=0; icO<ICELTOT; icO++) { - b "
icel = NEWtoOLD[jcO]: Renumbering of “PHI

WKLicel-1] = PHITic0]: to original numbering

for (icel=0; jcel<IGELTOT; icel++) {
PHI[icel] = WK[icel];

i f (OUTUCD()) goto error;
return O;

return -1;
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MAIN
main

INPUT

reading control info.
INPUT.DAT

Structure of L2-s0|

POINTER_INIT

creating mesh
mesh.dat

MC
Multicoloring

BOUNDARY_CELL
boundary meshes

CM
Cuthill-McKee

CELL_METRICS

surface area/volume
of meshes

RCM
Reverse Cuthill-McKee

POI_GEN
constructing matrices

CMRCM
Cyclic-Multicoloring +
Reverse Cuthill-McKee

SOLVE_ICCG_mc
ICCG solver
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Variables/Arrays for Matrix (1/2)

163

Name Type Content
D [N] R | Diagonal components of the matrix (N= ICELTOT)
BFORCE [N] R | RHS vector
PHI [N] R | Unknown vector
indexL[N+1] I | # of L/U non-zero off-diag. comp. (CRS)
indexU[N+1]
NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
itemL [NPL] I | Column ID of L/U non-zero off-diag. comp. (CRS)
itemU[NPU]
AL[NPL] R | L/U non-zero off-diag. comp. (CRS)
AU [NPU]

Name Type Content
NL, NU I | MAX. # of L/U non-zero off-diag. comp. for each mesh (=6)
INL[N] I | # of L/U non-zero off-diag. comp.
INU[N]
IAL[N] [NL] I | Column ID of L/U non-zero off-diag. comp.

IAU([N] [NU]




Variables/Arrays for Matrix (2/2)
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Name Type Content
NCOLORtot I |Input:
reordering method + initial number of colors/levels
=2: MC, =0: CM, =-1: RCM, -2=: CMRCM
Output:
Final number of colors/levels
COLORindex I | Number of meshes at each color/level
[NCOLORtot+1] 1D compressed array
Meshes in icol®® color/level are stored in this array
from COLORindex[icol]
t0 COLORindex[icol+1]-1
NEWtoOLD [N] I | Reference array from New to Old numbering
OLDtoNEW [N] I | Reference array from Old to New numbering




NEIBcell : ID of Neighboring Mesh/Cell
=0: for Boundary Surface

NEIBcell[icel][5]
* NEIBcell[icel][3]

NEIBcell[icel][0] < =g NE|Bcell[icel][1]

/ i= XYZ[icel][0]

j= XYZJicel][1], k= XYZ]icel][2]
NEIBcell[icel][2] * icel= K*\NX*NY + j*NX + i

N[ 1EIE o=l (Y NE!Bcell[icel][0]= icel — 1 +1

NEIBcell[icel][1]=icel + 1 +1
NEIBcell[icel][2]= icel — NX +1
NEIBcell[icel][3]= icel + NX +1
NEIBcell[icel][4]= icel — NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




Main Program

#include <stdio.h> ...

int
main ()

error-:

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, icO, i;
double xN, xL, xU; Stime, Etime;

iféINPUT()) ﬁoto error;

if (POINTER_INIT()) goto error;
|f§BOUNDARY CELL(;) goto error;
i T (CELL_METRIGCS()) goto error;
if (POl GEN()) goto error;

ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

if (WK == NULL) { B
fprintf (stderr, “Error: %s¥n”, strerror (errno)) ;
goto error,;

i f(solve_ICCG_mc (ICELTOT, NL, NU, indexL, itemlL, indexU,

D, BFORCE, PHI, AL, AU, NCOLORtot COLOR i ndex,

EPSICCG, &ITR, &IER)) goto error;
for (ic0=0; icO<ICELTOT; icO++) {
icel = NEWtoOLD[icO];
WKLicel-1] = PHI[ic0];

for (icel=0; icel<ICELTOT; icel++) f{
PHI[icel] = WK[icel];

if (OUTUCD()) goto error;
return 0;

return -1;
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#include “allocate. h”
extern iInt
POI_GEN (void)
{ int nn;
int icO, icN1, icN2, icN3, icN4, icN5, icN6;
int i, J, k, ib, ic, ip, icel, icou, icol, icouG;
int i1, jj, kk, nn1, num, nr, jO, j1;
double coef, VOLO, S1t, E1t;
int isL, ielL, isU, ieU;
NL=6; NU= 6;
IAL = (int *x)allocate_matrix(sizeof (int), ICELTOT, NL) ;
IAU = (int **)al locate_matrix(sizeof (int), ICELTOT, NU) ;

BFORCE = (double *)al locate_vector (sizeof (double), IGELTOT) ;

D = (double *)allocate_vector (sizeof (double), ICELTOT) ;
PHI = (double *)al locate_vector (sizeof (double), IGELTOT) ;
INL = (int *)al locate_vector (sizeof (int), ICELTOT) ;
INU = (int *)al locate_vector (sizeof (int), ICELTOT) ;

for (i = 0; i <IGELTOT ; i++) {
BFORCE[i]=0.0;
DLi] =0.0; PHI[i]=0.0;
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poi_gen (1/8)

]Icwr: E.II ]_ O?_j 2 6 _ .II .':I_.lﬂ)[ i{] = 0; [RKRKksk A RARRRRR KA AAAAAAKKK
=V JND, U | locate matri | locate.
IALLi]1[j]=0; TAULi]1[j1=0; **:**:::*:*zi*iii*********/ 4 00d1e. L
} Yoid** al locate_matrix(int size, int m, int n)
for (i = 0; i <=ICELTOT ; i++) { void **aa;
indexL[i] = 0; indexU[i] = 0; int i;
if ( (aa=(void %« )malloc( m * sizeof (void%) ) ) == NULL ) {
fprintf (stdout, “Error:Memory does not enough! aa in matrix ¥n”);
! exit(1);
if ( ( aa[0]=(void * )malloc(m * n * size ) ) == NULL ) {

fprintf (stdout, “Error :Memory does not enough! in matrix ¥n”);

exit(1);

for (i=1;i<m; i++) aalil=(charx)aali-1]+size*n;

return aa;



for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcell[icel][0];
icN2 = NEIBcell[icel][1];
icN3 = NEIBcell[icel][2];
icN4 = NEIBcell[icel][3];
icN5 = NEIBcel I [icel] [4];
icN6 = NEIBcell[icel][5];

if(icNb 1= 0) {
icou = INL[icel] + 1;

IAL[icel][icou-1] = icN5;
! INL[icel] = icou;
if(icN3 1=0) {

icou = INL[icel] + 1;

IAL[icel][icou-1] = icN3;
! INL[icel] = icou;
if(icN1 1=0) {

icou = INL[icel] + 1;

IAL[icel][icou-1] = icN3;

INL[icel] = icou;

}
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poi_gen (2/8)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

zZ) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Lower Triangular Part
NEIBcell[icel][4]= icel = NX*NY + 1

NEIBcell[icel][2]= icel — NX +1
NEIBcell[icel][0]=icel - 1 +1

121314 |15 131141516
8|9 10 11 9110|1112
4 | 516 |7 5| 6|78

01|23 11234




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcell[icel] [0];
icN2 = NEIBcell[icel][1];
icN3 = NEIBcell[icel][2];
icN4 = NEIBcell[icel][3];
icN5 = NEIBcell[icel] [4];
icN6 = NEIBcell[icel][5];

if(icN2 1= 0) {
icou = INU[icel] + 1;
IAULicel][icou-1] = icN2;
INU[icel] = icou;

if(icN4 1= 0) {
icou = INU[icel] + 1;
IAULicel][icou-1] = icN4;
INU[icel] = icou;

if(icN6 1= 0) {
icou = INU[icel] + 1;
IAULicel][icou-1] = icN6;
INU[icel] = icou;
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poi_gen (3/8)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

zZ) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Upper Triangular Part
NEIBcell[icel][1]=icel + 1 +1

NEIBcell[icel][3]= icel + NX +1
NEIBcell[icel][5]= icel + NX*NY + 1

“icel” starts at O “IAU” starts at 1

121314 | 15 13114 15|16
8|19(10|11 9110|1112
415|167 5| 6|78

O|1|2]|3 11234




pPoI_gen
(4/8)

N111:

fprintf (stderr,
fprintf (stderr,
fprintf (stderr,
fprintf (stderr,
fprintf (stderr,

“¥n¥nYou have%8d elements¥n”, ICELTOT) ;
“How many colors do you need ?¥n”);
“ H#COLOR must be more than 2 and¥n”);

if #COLOR= 0 then CM ordering¥n”);
fprintf (stderr, if #COLOR=-1 then RCM ordering¥n”) ;
fprintf (stderr, if #COLOR<-1 then CMRCM ordering¥n”);
fprintf (stderr, “=>¥n");

fscanf (stdin, “%d”, &NCOLORtot) ;

i f (NCOLORtot == 1 && NCOLORtot > ICELTOT) goto N111;

OLDtoNEW = (int *)calloc (ICELTOT, sizeof (int));

i f (OLDtoNEW == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror (errno));
return -1;

}

NEWtoOLD = (int *)calloc (ICELTOT, sizeof (int));

i f (NEWtoOLD == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror (errno));
return -1;

]

COLORindex = (int *)calloc (ICELTOT+1, sizeof (int));

i f (COLORindex == NULL) {
fprintf (stderr, “Error: %s¥n”, strerror (errno));
return -1;

J

i f (NCOLORtot > 0) {
MC (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if (NCOLORtot == 0) {
CM(ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if (NCOLORtot ==-1) {
RCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,
&NCOLORtot, COLORindex, NEWtoOLD,
} else if(NCOLORtot <-1) {
CMRCM (ICELTOT, NL, NU, INL, IAL, INU, IAU,
| &NCOLORtot, COLORindex, NEWtoOLD,

fprintf (stderr, “¥n# TOTAL COLOR number%8d¥n”, NCOLORtot);
return 0;

#COLOR must not be more than%8d¥n”, ICELTOT);

OLDtoNEW) ;

OLDtoNEW) ;

OLDtoNEW) ;

OLDtoNEW) ;
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indexL = 171
(int *)allocate_vector (sizeof (int), [CELTOT+1) ;

ind(z)i(gtz*)al locate_vector (sizeof (int), ICELTOT+1) ; p O I_g e n (5/8)
i it flew numbenng is
| applied after this point

J
NPL = indexL[IGELTOT];
NPU = indexU[ICELTOT];

itemL = (int *)al locate_vector (sizeof (int), NPL) ; Name Type Content
itemU = (int *%)al locate_vector (sizeof (int) , NPU) ; D[N] R | Diagonal components of the matrix (N= ICELTOT)
AL = (double *)allocate_vector (sizeof (double), NPL) ; BFORCE [N] R | RHS vector
AU = (double *)allocate_vector (sizeof (double),NPU); oo R | Unknown vector
memset(itemL, 0, Si zeof(int) *NPL) : ::.ndexL[N+1] I |# of L/U non-zero off-diag. comp. (CRS)
memset (itemU, 0, sizeof (int)*NPU) ; indexU[N+1]
memset (AL, 0.0, sizeof (double) *NPL) ; NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
memset (AU, 0.0, sizeof (double)*NPU) ; itemL[NPL] I | Column ID of L/U non-zero off-diag. comp. (CRS)
itemU[NPU]
for (i=0; i<ICELTOT; i++) { L/U non- ff-diag. _(CRS
for (k=0;k<INLLi]:k++) { i R | U non-zero offidiag. comp. (CRS)

kk= k + indexL[i];
itemL[kk]l= IAL[i][k];

1° (k=0; k<INULi]; k++) { “ItemL” /"itemU” for (IE07 I<N; ) ¢
or (k=0, | ], K++
kk='k + indexUli]: ! en;;tart Ia?T qli]= D[] * pli;
PR = DL for (j=indexL][i]; j<indexL[i+1]; j++) {

! li] += AL[j] * plitemLj}-1];

free (INL) ; free (INU) ; }

free (IAL) ; free (IAU) ; 9 110111112

for (j=indexUl[i]; j<indexU[i+1]; j++) {

>/ 6]7|8 qlil += AU[j] * plitemU[j]-1];
112|134 }
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;icel<N; icel++) {
NEWtoOLD[icel];

for (icel=
1cO

icN1 = NEIBcel | [ic0-1][0]; "

N = elneal | e 11 Fo] pol_gen (6/8)
icN3 = NEIBcel I [ic0-1][2]; —_—

icN4 = NEIBcel | [icO-1][3];

i cNS

1 1 1 1 1 Y | B )

NEIBcel | [icO-1][4];

icN6 = NEIBcel | [ic0-1][5];
VOLO = VOLCEL[ic0];
isL =indexL[icel 1]; ieL =indexL[icel+1]; - - -
isU =indexUicel 1. el =indextficel+1].  Calculation of Coefficients
if(icN5 1= 0) {
icN5 = OLDtoNEW[icN5-1]; N
coef = RDZ * ZAREA; ® ¢ ®
D[icel] —= coef;
ot e [ cy
or J:|$ ; J |_e ; _]‘f“*‘ .4 > _>.
f(itemL[j] == icN5) { !
| AI\L?T] - coef!c W DX DIX E
} break;
) ° e o
} else { S
for (j=isU; j<iel; j++) {
i f (,&E(Eml]m] ::ficNB) {
j] = coef; — —
break uAy+MAy+
} } AX AX
} _ _
} A p+ B A = £ axny
Ay Ay



New Numbering

13

14

15

16

10

11

12

e Coloring by MC/CM/RCM/CM-RCM

« Renumber meshes in ascending orders according
to “Level/Color” ID.
— 1st-Color: 1,2,3,4,5 (Original: 1,3,6,8,9)
— 2nd-Color: 6,7,8,9,10 (2,4,5,7,10)
— 3rd-Color: 11,12,13 (11,13,16)
— 4%-Color: 14,15 (12,14), 5"-Color: 16 (15)
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New Numbering (cont.)

13114 |15 |16
9 /10|11 |12
5|6 |78
11234

NCOLORtot= 5
COLORindex[0]= O, COLORindex[l]= 5, COLORindex[2]= 10
COLORindex[3]= 13, COLORindex[4]= 15, COLORindex[5]= 16

e NEWtoOLD, OLDtoNEW
— OLDtoNEW[6-1]=3, NEWtoOLD[3-1]=6
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for (icel=0; icel<N; icel++) | -
ic0 = NEWtoOLD[icel]; p()| gen (6/8)
icN1 = NEIBceII%icO—q%O%: —
iIcN2 = NEIBcel [ [icO-1][1]; .
icN3 = NEIBcel | [ic0-1][2]; NEIBcelllicell{5] |
icNd = NEIBcell[ic0-1][3]; NEIBcellficel][3]
icN5 = NEIBcel | [icO-1][4];
IcN6 = NEcheI![icQ—1][5];
WOLY = HOLHELL Jetd): NEIBcell[icel][0] =P NEIBcellficel][1]
isL =indexL[icel 1; ieL =indexL[icel+1];
isU =indexU[icel 1; ieU =indexU[icel+1];
if(icN5 1= 0) { NEIBcell[icel][2]
icNb = OLDtoNEW[icN5-11; .
coef = RDZ * ZAREA: NEIBcell[icel][4]

D [ icel ] -= coef; ¢neih[icel][0] - %Ce| AyAZ +

if(icN5-1 < icel) { AX
for (j=isL; j<ielL; j++) { _
if(itemL[j] == icN5) { Breitjicenz] ~ Beel AVAZ+
ALLj]1 = coef; Ax Y
break;
} } (aneit{icel][Z] ¢?ce| AZAX"‘
} else { Ay
for (j=isU; j<ieU; j++) { _
if(itemU[j] == icN5) { Preitticens) ~ Heel pny 4
AU[j] = coef; Ay
break;
} } ¢neit{icel][4] chl A)(Ay+
} Az
}

¢%aqmau5]"¢%e|1kxcgl+_f
Az

AxAyAz =0

icel



for (icel=0; icel<N; icel++) {
icO = NEWtoOLD[icel];
icN1 = NEIBcel I [ic0-1][0];
icN2 = NEIBcel I [icO-1][1];
icN3 = NEIBcel I [ic0-1][2];
icN4 = NEIBcel I [icO-1][3];
icN5 = NEIBcel | [ic0-1][4];
icN6 = NEIBcel I [icO-1][5];
VOLO = VOLCEL[ic0];
isL =indexL[icel 1; ieL =indexL[icel+1];
isU =indexU[icel 1; ieU =indexU[icel+1];
if(icN5 1=0) {

icN5 = OLDtoNEW[icN5-11;
coef = RDZ * ZAREA;
Dlicel] —= coef;

if(icN5-1 < icel) {
for (j=isL; j<ielL; j++) {
if(itemL[j] == icNb) {
AL[j] = coef; _
break ; ICN5 < icel

) } Lower Part

} else {
for (j=isU; j<iel; j++) {

if(itemU[j] == icN5) {
AULj] = coef;
break;

}

}
}
}
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poi_gen (6/8)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0] el NE|Bcell[icel][1]

NEIBcell[icel][2]

NEIBcell[icel][4]

Greiiiceno] ~ Hicel AyAZ +
AX

Dreirgicena) ~ Peel
AX

AyAz +

¢%dqmduzl_-¢%eIZXaﬁXf+
Ay

Dreivgicennz] ~ Beel
Ay

AzZAX +

¢Aaqmem4]_-¢%e'ZXXZ¥y'*
Az

¢%dqmdnsl_-¢ke|ZXX£ﬂ/+'f
Az

AxAyAz =0

icel



for (icel=0; icel<N; icel++) {

icO = NEWtoOLD[icel];

icN1 = NEIBcel I [ic0-1][0];

icN2 = NEIBcel I [icO-1][1];

icN3 = NEIBcel I [ic0-1][2];

icN4 = NEIBcel I [icO-1][3];

icN5 = NEIBcel | [ic0-1][4];

icN6 = NEIBcel I [icO-1][5];

VOLO = VOLCEL[icO];

isL =indexL[icel 1; ieL =indexL[icel+1];
isU =indexU[icel 1; ieU =indexU[icel+1];
if(icN5 1=0) {

icN5 = OLDtoNEW[icN5-11;
coef = RDZ * ZAREA;
Dlicel] —= coef;

if(icN5-1 < icel) {
for (j=isL; j<ielL; j++) {
if(itemL[j] == icNb) {
ALLj] = coef;
break;

}

} else {
for (j=isU; j<iel; j++) |
if(itemU[j] = icNb) {
AU[j]_= coef;
| SGELS: icN5 > icel
| } Upper Part
}
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poi_gen (6/8)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0] el NE|Bcell[icel][1]

NEIBcell[icel][2]

NEIBcell[icel][4]

Greiiiceno] ~ Hicel AyAZ +
AX

Dreirgicena) ~ Peel
AX

AyAz +

¢%dqmduzl_-¢%eIZXaﬁXf+
Ay

Dreivgicennz] ~ Beel
Ay

AzZAX +

¢h§qmem4]_-¢%e'ZXXZ¥y'*
Az

¢%aqmau5]"¢%e|1kxcgl+_f
Az

AxAyAz =0

icel



if(icN6 1= 0) {
icN6 = OLDtoNEW[icN6-1];
coef = RDZ * ZAREA;
Dlicel] —= coef;

if(icN6-1 < icel) {
for (j=isL; j<ielL; j++) {
if(itemL[j] == icN6) {

ALLj] = coef;
break;
}
}
} else {
for (j=isU; j<iel; j++) {
if(itemU[j] == icN6) {
AULj] = coef;
break;
}
}
}
} BFORCE

ii = %g%icg—H %(1)%: using original
jj = 1c0- ;
i = XYZ[ico-1][2]; [MeshiiD

BFORCE[icel]= —(double) (ii+jj+kk) * VOLO;

poi_gen (7/8)

Gneitficenfo] ~ el AyAZ +
AX

Preitficenrr) ~ Peel AYAZ +

AX

Rreijiceni2] ~ Heel AZAX +
Ay

¢ _— -
neiicel][ 3] qqcel AZAX"‘

Ay

Dreitficenfa] ~ Heel AxAy +

Az

Dreitficel[5) _'¢%e'13xzxy-+
Az

f

icel

AxAyAz =0
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for (ib=0; ib<ZmaxCELtot; ib++) {
ic0 = ZmaxCEL[ib] - 1;
coef = 2.0 * RDZ * ZAREA;
icel = OLDtoNEW[icO];
D[icel-1] —= coef;

return O;
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poi_gen (8/8)
Calculation of Coefficients
on Boundary Surface @ Z=Z7,,,

______________________________________________

==, |
DZ
® ® ®
=,
o ® ®
o ® ®

15t Order Approximation:

Mirror Image according to Z=Z,, surface.
@=-@, at the center of the (virtual) mesh
e¢=0@Z=Z,,,, surface




Main Program

#include <stdio.h> ...

int
main ()

error:

double *WK;
int NPL, NPU; ISET, ITR, IER; icel, icO, i;
double xN, xL, xU; Stime, Etime;

if (INPUT()) goto error;
|f§POlNTER lNlT(); goto error;
i  (BOUNDARY CELL ()) goto error;

i f (CELL_METRICS()) goto error; :
|f§P01 i es ) goto ¢ Matrix, RHS are calculated

[SET = 0: according to new numbering

WK = (double x)mal loc (sizeof (double)*ICELTOT) ;
iT (WK == NULL) {

fprlntf(stderr “Error: %s¥n”, strerror(errno));
goto error;}
i f (solve_ICCG mc(IGELTOT NL, NU, indexL, itemL, indexU, itemU,
BFORCE, PHI, AL, AU, NCOLORtot COLORindex.
EPSICCG &ITR, "&IER)) goto error;

for (ic0=0; icO<ICELTOT; icO++) {
icel = NEWtoOLD[icO];
WK[icel-1] = PHI[icO];

for (icel=0; icel<ICELTOT; icel++) {
PHI[icel] = WK[icel];

i f (OUTUCD()) goto error;
return 0;

return -1;
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solve ICCG _mc (1/7)

#include <stdio. h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>
#include <math.h> etc.

#include “solver_ICCG. h”

extern int
solve _ICCG_mc(int N, int NL, int NU, int *indexL, int *itemL, int *indexU,
int *itemU,
double *D, double *B, double *X, double *AL, double *AU,
: int NCOLORtot, int *COLORindex, double EPS, int *ITR, int *IER)
double *xW;

double VAL, BNRM2, WVAL, SW, RHO, BETA, RHO1, C1, DNRM2, ALPHA, ERR;
int i, j, ic, ip, L, ipl;

int R =0;
int Z=1,;
int Q =1,
int P = 2;
int DD = 3;
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solve ICCG_mc (2/7)

W = (double **)mal loc (sizeof (double *)%*4) ;

if(W==NULL) {

fprintf (stderr, “Error: %s¥n”, strerror (errno));

return -1;

for (i=0; i<4; i++) {

WLi]l = (double *)malloc (sizeof (double)*N) ;

iTOW[i] == NULL) |
fprintf (stderr, “Error: %s¥n”,
strerror (errno)); return -1;

Incomplete

“Modified” Cholesky
Factorization

for (ic=0; ic<NCOLORtot; ic++) {

for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {

VAL = D[i];

for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL—= AL[j]*AL[j1+W[DD][itemL[j] - 11;

%[DD][i] =1.0 / VAL;

Compute r(®= b-[A]x(®
for i= 1, 2,
solve [M]z@ D= rG-D
p._,= ri1l zG-D
if i=1

x= x0E-D 4+ g p@
rit)= rG-b — g, g@
check convergence |r|

0]
3
@F



solve ICCG_mc (2/7)

W = (double **)malloc (sizeof (double *)x*4) ;
iT(W == NULL) {

fprintf (stderr, “Error: %s¥n”, strerror(errno));
return -1; i1 -1
— 2 1 1
for (i=0; i<4; i++) | di =| & _Zlik Edk — 1
W[i] = (double *)malloc (sizeof (double)*N) ; -
if(W[i] == NULL) { k=1
fprintf (stderr, “Error: %s¥n”,
strerror (errno)); return -1;
} *
i-1 -1
2 -1
Incomplete d=|a —Za,.k d, | =1
“Modified” Cholesky k=1
Factorization
for (ic=0; ic<NCOLORtot; ic++) { W[DD][l]: d;
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) { DIil:
VAL = D[] [i]: a
for (j=indexL[i]; j<indexL[i+1]; j++) {
} VAL—= AL[j]*AL[j1+W[DD][itemL[j] - 11; _ i "
WIDD][i] = 1.0 / VAL; Item_ []]
AL[j]: a i
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Incomplete “Modified” Cholesky
Factorization

for (i=0; i<N;_i++) {
VAL = D[i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL—= AL[j]*AL[jI+W[DD] [itemL[j] - 11;

J
WIDD] [i] = 1.0 / VAL;

Mesh “i” and “itemL(k)” in RHS
belong to different “colors”.

NO data dependency.

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
VAL = D[i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL-= AL[j]*AL[j]*=W[DD][itemL[j] - 1];

J
W[DD][i] = 1.0 / VAL;



solve ICCG_mc (3/7)

for (i=0; i<N; i++) {

VAL = D[i] * X[i];

for (j=indexL[i]; j<indexL[i+1]; j++) {

} VAL += AL[j] * X[itemL[j]1-1];

for (j=indexU[i]; j<indexU[i+1]; j++) {

} VAL += AU[j] * X[itemU[j]1-1];
WIRI[i]l = B[il - VAL;

BNRM2 = 0.0;
for (i=0; i<N; i++) {

J

BNRM2 += B[i]*B[i]:

Compute r(®= b-[A]x(®
for i= 1, 2,
solve [M]zW@ D= rG-D
p._,= ri1l z{-D
if i=1

Bi—ll= pi—ll/pi—z |
ptl= z@-1 4 Bi—l p 1
endif
gi'= [A]pD
ai = pi_l/p(l)q(l)
xW= xE-1 4+ g pd
r(l)= r(i_l) — alq(l)
check convergence |r|

)
o
0.
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solve ICCG_mc (4/7)

*ITR = N;
for (L=0; L<(xITR); L++) {

for (i=0;

I<KN;i++) |

WIZITil = WIRILi]:

for (ic=0; ic<NCOLORtot; ic++) {

}

for (i=COLORindex[ic];

J

WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++)

WVAL —= AL[j] = W[Z][itemL[j]-1];

J
W[Z][i] = WVAL = W[DD][i];

for (ic=NCOLORtot-1; ic>=0; ic—) {

for (i=COLORindex[ic];

SW=20.0;
} SW += AU[j] * W[Z][itemU[j]1-1];
WLZ1[il= W[Z1[i]l - W[DD][i] * SW;

i<COLORindex[ic+1];

{

i<COLORindex[ic+1];
for (j=indexU[i]; j<indexU[i+1]; j++)

i ++)

{

i ++)

{

{

Compute r®= b-[A]x©®
for i= 1, 2,
solve [M]z(E 1= p(-1)

i
if 1=1
p M= z(0)
else
Bi—lz pi—l/pi—Z
p(l)z Z(i_l) _|_ B 1 p(i_l)
i
endif

a, = p, /pPgd

xW= xE-1 4 g pd
rii= p@- — g g
check convergence |r|
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i i (M= (ol fat={r)

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[il; j<indexL[i+1]; j++) { T
"WAL = ALL} % WEZ) Eiten E51-11; Forward Substitution

}
WIZITiD = WAL * WIDDIi1: () Y =
} (LY ={r}

for (ic=NCOLORtot-1; ic>=0; ic—) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
SW=20.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] * W[Z][itemU[]1-1];

J
WLZITil= W[zI[il - WIDDI[i] * SW;
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i i (M= (ol fat={r)

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[il; j<indexL[i+1]; j++) { T
"WAL = ALL} % WEZ) Eiten E51-11; Forward Substitution

}
WIZITiD = WAL * WIDDIi1: () Y =
} (LY ={r}

for (ic=NCOLORtot-1; ic>=0; ic—) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
SW=20.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] * W[Z][itemU[]1-1];

J
WLZITil= W[zI[il - WIDDI[i] * SW;
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i i (M= (ol fat={r)

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[il; j<indexL[i+1]; j++) { T
"WAL = ALL} % WEZ) Eiten E51-11; Forward Substitution

}
WIZITiD = WAL * WIDDIi1: () Y =
} (LY ={r}

for (ic=NCOLORtot-1; ic>=0; ic—) {

for(éﬁCOLgRéndex[ic]: i<COLORindex[ic+1]; i++) { 8
for (j=indexU[il; j<indexU[i+11; j++) |
W += AULGT * W[Z][itemU[j1-11:
6

J
WLZITil= W[zI[il - WIDDI[i] * SW;
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i i (M= (ol fat={r)

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
WVAL = W[Z][i];

for (j=indexL[il; j<indexL[i+1]; j++) { T
"WAL = ALL} % WEZ) Eiten E51-11; Forward Substitution

}
WIZITiD = WAL * WIDDIi1: () Y =
} (LY ={r}

for (ic=NCOLORtot-1; ic>=0; ic—) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++) {
SW=20.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] * W[Z][itemU[]1-1];

J
WLZITil= W[zI[il - WIDDI[i] * SW;
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i i (M= (ol fat={r)

for (ic=0; ic<NCOLORtot; ic++){ . .
for (i=COLORindex[icl; i<COLORindex[ic+1]1: i++) | Forward Substitution
WAL = WZI[il;
for (j=indexL[i]; j<indexL[i+11; j++) {
WVAL —= ALTi] * W[Z][itemi[j1-1]:

]
WZICE) = WAL £ WO LT () Wk = )
]
for (ic=NCOLORtot-1: ic>=0: ic—) | it
o %gr(éwchgg(i)r_]dexl[?c]: iéSOLORindex[icH]: i++) | BaCk\Nard SUbStItUtIOﬂ
for (j=indexULi1; j<indexU[i+11; j++) {
SW += AULJT % WZ] [itemU[jI-11:

J
WLZ1[il= WIZ1[i]l - WIDD][i] * SW;

- U )d={2
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solve ICCG_mc (4/7)

for (L=0; L<(*ITR); L++) {

i i (M= (ol fat={r)

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[icl; i<COLORindex[ic+1]; i++) {

If order of computations in same . . -
color is changed: NO effect %jtﬁ ; { Forward Substitution

i= COLOR]ic], COLOR(ic+1) (L){ z} — {r}
i= COLOR]ic+1], COLORic], -1

for (ic=NCOLORtot-1; ic>=0; ic—) {

for(é‘T’CQLgR(i)r_]dex[ic]: i<COLORindex[ic+1]; i++) { Backward SUbStitUtiOn
for (j=indexULil; j<indexU[i+11; j++) { .
"N = AUL]] % WIZ] LitenULi]-11;

J
WLZ1[il= WIZ1[i]l - WIDD][i] * SW;

- U )d={3
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Forward/Backward Substitution
ALERIEBA

for (i=0; i<N; i++) {
WVAL = W[Z]L[i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

}
W[ZI[i]l = WVAL % W[DD][i];
for (i=N-1; i>=0; i—) {
SW=0.0;
for (j=indexU[i]; j<indexU[i+1]; j++) {
SW += AU[j] * W[Z][itemU[j]1-1];

J
WLZITil= W[zI[i]l - WIDDI[i] * SW;

*

for (ic=0; ic<NCOLORtot; ic++) {
for (i=COLORindex[ic]; i<COLORindex[ic+1]; i++){
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-11;

}
W[ZI[i]l = WVAL % W[DD][i];
}
for (ic=NCOLORtot-1; ic>=0; ic—) {
for(éwGOLgRéndex[ic]: i<COLORindex[ic+1]; i++) {
for?j:}naexU[i]; j<indexULi+1]; j++) {
} SW += AU[j] * W[Z][itemU[jI-11;
WLZILil= W[ZI[il - WIDDJ[i] = SW;

J



solve ICCG_mc (5/7)

/xppkkkololokokokokok
* RHO = {r} {z} =
sorkkkkkolololokokokok /

RHO = 0.0;
for (i=0; i<N; i++) |
RHO += W[RI[i] * W[Z]I[i];

/ Skskkskokskokskskksk ok sk ok sk ok sk ok sk ok sk sk sk sk sk sk sk k sk sk >k k
* {p} = {z} if ITER=0  x
* BETA = RHO / RHO1 otherwise *
Skskkskokskokskskksk ok sk ok sk ok sk ok sk ok sk sk sk sk sk sk sk sk sk sk >k k /

if(L==0) {
for (i=0; i<N; i++) {
WIPILi]l = W[ZILil;
} else {

BETA = RHO / RHOT;
for (i=0; i<N; i++) {

WIPI[i]l = W[ZI[i] + BETA = W[P][i];

Compute r®= b-[A]x©®
for i= 1, 2,
solve [M]zW@ D= rG-D
pi—1= r(i-1) 5 (i-1)
if i=1
p(1)= Z(O)
else

Bi—1= Pi-1/Pi—

piil= zG-1) 4 B, pli-D

o, = p,_,/pPg®
) 1 .

x (1) = xl-1) 4 (xiE)(l)

r(l)z r(l_l) — alq(l)

check convergence |r|

0]
3
Q.
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solve ICCG_mc (6/7)

/Frskrsorskorsokokdokdok (0)= p-— (0)
« {a} = [A]{p] * Compgte r b-[A]x
skokskokoksokskokokskokokkokok / for 1= 1, 2,
for (i=0: i<N;_i++) | sodve [ 28 et
VAL = D[i] * W[P1[i]; D= ri1 zG1
for (j=indexL[i]; j<indexL[i+1]; j++) { L
VAL += AL[J1 * WP][itemL[j1-1]; if i=1
b . . . pM= 70
for (j=indexU[i]; j<indexU[i+1]; j++) {
| VAL += AU[ ] * W[P][itemU[j]-1]; else
WIQI[i] = VAL: Bisi= Pi-1/Pis
} p(l)z Z(i_l) _|_ Bi—l p(i_l)
endif

q¥’= [A]lp®

a; = P /pHgt

xW= xE1 4+ o pd
rii= pGE-1) _ g g
check convergence |r|

0]
3
O,



solve ICCG_mc (7/7)

/KRR KRR AAFAFAAK
* ALPHA = RHO / {p} {a} *
ok KRR KRR AR A K/
C1 =0.0;
for (i=0; i<N; i++) {

C1 += W[PI[i]l * W[QI[i];

ALPHA = RHO / C1;

/ Skskeskskesksksksk sk sk sk ok kk ok ok ok ok ok Sk Sk Sk sk sk sk sk sk
* Ex} = {x + ALPHA * Ep} *
* {r} = {r} — ALPHA * {q} *
Skskskskskesksksk sk sk sk ok sk k ok ok ok ok ok ok Sk Sk sk sk sk sk sk /
for (i=0; i<N; i++) {
X[i] += ALPHA * W[PI[i];
WIRI[i] —= ALPHA = W[Q][i];

DNRM2 = 0.0;
for (i=0; i<N; i++) {
DNRM2 += W[R][iJ+W[RI[i]:

ERR = sqrt (DNRM2/BNRM2) ;
if((L+1)%100 ==1) {

fprintf (stderr, “%5d%16. 6e¥n”, L+1, ERR);

J
if (ERR < EPS) {
*[ER = 0; goto N90O;

} else {
RHO1 = RHO;

J
*[ER = 1;

Compute r(®= b-[A]x(®
for i= 1, 2,
solve [M]z{ D= rG-D

i
if 1=1
p @M= z(0)
else
Bi—lz pi—l/pi—Z
p(l)z Z(i_l) _|_ Bi—l p(i_l)
endif

check convergence |r|
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Incompatible Node #
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Effect of Color Number on
Convergence of ICCG
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Remedy for Data Dependency

Ordering/Reordering
— Red-Black, Multicoloring (MC)
— Cuthill-McKee (CM), Reverse-CM (RCM)

— Reordering and Convergence
mplementation
CCG with Reordering

CCG with Reordering on Multicores
— Just apply OpenMP to L2-sol
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