Gaussian Quadrature

This configuration is widely
used. In 2D problem,
integration is done using
values of “f” at 4 quad. points.
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Gaussian Quadrature

This configuration is widely "
used. In 2D problem, (=11) (1. 1)
integration is done using

values of “f” at 4 quad. points.
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Homework

* Develop a program and calculate area of the following
quadrilateral using Gaussian Quadrature.
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Tips

* (Calculate Jacobian
* Apply Gaussian Quadrature (n=2)

+1  +1 m n
=[ [femdan=Y Y Www 1))
- J o1 ol n=2
implicit REAL*8 (A-H,0-2) gy (1. 1)

real*8 W(2)
real*8 POI(2)

W(1)= 1.0dO
W(2)= 1.0d0 ¢
POI(1)= -0.5773502692d0 0

POI(2)= +0.5773502692d0

Sul= 0.do._

(@) = ” R A e

do%anﬂ > =Ll “',”
FC = F(POI(ip),POI(Jp)) BWoS+a | EBAEHRW
SUM=SUM + W (Cip)*W gp)*FC 0.57735 02692 1.00000 00000

enddo

enddo
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What to do 7

* Final Target:

+1 +1

I:IdV:jjdxdy:j jdet[J]dgdn

* By Definition:

+1 +1

= | ff(é,n)dédn=izm: ZM W, (&)

-1 -1

* Therefore, det [J]=f
» Value of det [J] at quad. points should be calculated !

det|J(&,7,)]



Initialization (1/4)

implicit REAL*8 (A-H,0-2)

real*8 X(4), Y(4)

real*8 W(2), POS(2)

real*8 SHAPE(2,2,4)

real*8 PNQ(2,4), PNE(2,4), DETJ(2,2)

IC

1IC-- POINT data Node Coord.
X(1)= 1.0
Y(l): 1.0 yn
X(2)= 4.0
Y(2)= 2.0 1:(1.0, 1.0)

2:(4.0, 2.0)

X(3)= 3.0 3:(3.0, 5.0
Y(3)= 5.0 4:(2.0, 4.0)
X(4)= 2.0
Y(4)= 4.0

1C

I1C-- Quadrature points & weighting coef.

W(1)= +1.0000000000d+00
W(2)= +1.0000000000d+00

POS(1)= -0.5773502692d+00
POS(2)= +0.5773502692d+00



Initialization (1/4)

implicit REAL*8 (A-H,0-2)

real*8 X(4), Y(4)

real*8 W(2), POS(2)

real*8 SHAPE(2,2,4)

real*8 PNQ(2,4), PNE(2,4), DETJ(2,2)

1C

IC-- POINT data
X(1)= 1.0 B
Y(1)= 1.0 G
X(2)= 4.0 (=1.1) (1, 1)
Y(2)= 2.0
X(3)= 3.0 ;
Y(3)= 5.0 ;
X(4)= 2.0 POS: Quad. Points 0
Y(4)= 4.0 W: Weighting Factors. . -

1C

1C-- Quadrature points & weighting coef. (—1, —1) (1, —1)
w(1)= +1.0000000000d+00 :
w(2)= +1.0000000000d+00 BHS+ a BLEH W

0.57735 02692 1.00000 00000
POS(1)= -0.5773502692d+00

POS(2)= +0.5773502692d+00



Shape Fn., Derivatives at Quad. Points
(2/4)

:8—— SHAPE functions
04th= 0.25d0
itz QPIi)=(+&) oMI()=(-£)
SRR O EPI(j)= (1) EMI()=(1-7)
EM1= 1.d0 - POS(jp)

SHAPE(ip,jp,1)= 04th * QM1 * EM1
SHAPE(ip, jp.2)= 04th * QP1 * EM1
SHAPE(ip, jp.3)= 04th * QP1 * EP1
SHAPE(ip, jp.4)= 04th * QM1 * EP1

PNQ(jp,1)= - O4th * EM1

PNQ(Jp,2)= + 04th * EM1
PNQ(Jp,3)= + 04th * EP1
PNQ(Jp,4)= - 04th * EP1
PNE(Cip,1)= - 04th * QM1
PNECip,2)= - 04th * QP1
PNECip,3)= + 04th * QP1
PNE(Cip,4)= + 04th * QM1
enddo



Shape Fn., Derivatives at Quad. Points
(2/4)

1C
1C-- SHAPE functions
04th= 0.25d0 SHAPE : Values of Shape Fn's.@(s;,77;)
dodps - 3 1
o 1p= 1, ) B
opi= 140 + Posip) N, (o) =5 (14 Y17,
EP1= 1.d0 + POSCip)
EM1= 1.d0 - POSCip)

SHAPE(Cip,Jp,2)= 04th * QP1 * EM1
SHAPE(Cip,Jp,3)= 04th * QP1 * EP1

)
SHAPE(ip.jp.1)= 04th * QUL * ENL N(é.,n)——(1+§-)(1—77,-)
)
)

SHAPE(ip.jp.4)= O4th * OM1 * EP1 1
PNQ(jp,1)= - 04th * EM1 N, (S, 7, )_—(1+§)(1+77,
PNQ(Jp,2)= + 04th * EM1 4

PNQ(Jp.3)= + O4th * EP1

PNQ(Jp.4)= - O4th * EP1 1

PNE(ip,1)= - 04th * QM1 N4(§iaﬂj) :_(l_éai )(1"'77,
PNECip,2)= - 04th * QP1 4

PNECip.3)= + O4th * OP1
PNECip.,4)= + 04th * QM1
enddo ° °
enddo
o
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Shape Fn., Derivatives at Quad. Points
(2/4)

1C

£ sues et
PNQ(J,k)— k(é: -1 =1;)
do jp= 1, 2 5
do 1p=1, 2 )
2 16 o o,
2P1= 1200 + POSCID PNE(J,k)=—=(5=&.,n=n,)
EM1= 1.d0 - POSCip) 577

SHAPE(ip,jp,1)= 04th * QM1 * EM1
SHAPECip,Jp,2)= 04th * QP1 * EM1
SHAPECip,Jp,3)= 04th * QP1 * EP1
* *

SHAPE 4)= 04th * QM1 * EP1 1 oN 1
(1p-3p.4) ° Ny =—~(1-n,) TG =—(-¢)

PNQ(jp,1)= - 04th * EM1 35 4

PG T o+ el e tion) M-t

PNQGB 4): — 04th * EP1 é: (5.#7) +Zl 77j (5.#7) T +§

PNE(ip,1)= - 04th * QM1 1

PNE€=B,2%: - 04th * 8P1 3(§,U )= *"—@f%ﬂj) 5 3(é,ﬂj)='FZ(L+§J

PNECip,3)= + 04th * QP1 5 4 n

52E(ip,4): + 04th * QM1 N, 1( ) 4 1(1 )

(0} . . — . . )=+—I1-&
gﬂddo aé (flanj) 4 1+77] 877 1271 ] +4 gl

1st order Derivatives at (&;,77,)
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Jacobian at Quad. Points (3/4)

o S —
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DETJ(ip,Jp

enddo
enddo




Numerical Integration (4/4)

1C
IC +—————- +
1IC | AREA |
IC +—————-
1C===
AREA= 0.dO
do jp= 1, 2
do 1p=1, 2
AREA= AREA + dabs(DETJ(ip,jp)) * W(ip) * W{p)
enddo
enddo
o +1 +1

1C—- A)I\éﬁlé\:(T;(((lél)_ §O>|Z%BON | _j J‘f(é: n)d&dn = Z ZM W, - 1(&,7, )]

YA2= Y(2) - Y(1) oo =
XA3= X(3) - X(1) R

YA3= Y(3) - Y(1)

XAd= X(4) - X(1)

YAd= Y(4) - Y1)

AREAa= 0.50d0 * (dabs(XA2*YA3-YA2*XA3) +dabs(XA3*YA4-YA3*XA4))
write (*,"(a,1lpel6.6)") "Gaussian quadrature®, AREA
write (*,"(a,1lpel6.6)") "analytical sol. ", AREAa

stop
end
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