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Parallel (Krylov ) Iterative Solvers

Both of convergence (robustness)
and efficiency (single/parallel) are
Important

Communications needed I I

— SpMV (P2P communications,
MPI_Isend/Irecv/Waitall): Local Data —
Structure with HALO

— Dot-Products (MPI_Allreduce)
v effect of latency
— Preconditioning (up to algorithm)

Remedy for Robust Parallel ILU Preconditioner
— Additive Schwartz Domain Decomposition

— HID (Hierarchical Interface Decomposition, based on global
nested dissection) [Henon & Saad 2007], ext. HID [KN 2010]

)




Communication/Synchronization
Avoiding/Reducing/Hiding

for Parallel Preconditioned Krylov Iterative Methods

y SpMV Algorithm 1 Preconditioned CG
— Overlapp|ng Of 1: 19 1= b — ‘4.1'()2 Ug = ,-"\[_11'0'. Po = U
. 2: for:=0,... do
Computations & iy
Communications L& o= (ru) f (s,0)
. S: < i = Iy T OPy
— Matrix Powers Kernel B i iy
7 Uiyl :— ;\.[_ll'i_{_l
* Dot Products S B T
— Pipelined Methods % Pigd =i+ Ppy
10: end for

— Gropp’s Algorith,



Communication Avoiding/Reducing
Algorithms for Sparse Linear Solvers
utilizing Matrix Powers Kernel

Matrix Powers Kernel: Ax, A2x, A3x ...

Krylov Iterative Method without Preconditioning
— Demmel, Hoemmen, Mohiyuddin etc. (UC Berkeley)

s-step method

— Just one P2P communication for each Mat-Vec during s
iterations. Convergence may become unstable for large s.

Communication Avoiding ILUO (CA-ILUO) [Moufawad &
Grigori, 2013]

— First attempt to CA preconditioning

— Nested dissection reordering for limited geometries (2D FDM)

Generally, it is difficult to apply Matrix Powers Kernel to
preconditioned iterative solvers
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Hiding Overhead by Collective
Comm. in Krylov Iterative Solvers

e Dot Products in Krylov Iterative Solvers
— MPI1_Allreduce: Collective Communications
— Large overhead with many nodes

* Pipelined CG [Ghysels et al. 2014]

— Ultilization of asynchronous collective communications (e.g.
MPI_lallreduce) supported in MPI-3 for hiding such overhead.

— Algorithm is kept, but order of computations is changed

— [Reference] P. Ghysels et al., Hiding global synchronization
latency in the preconditioned Conjugate Gradient algorithm,
Parallel Computing 40, 2014

— When | visited LBNL in September 2013, Dr. Ghysels asked
me to evaluate his idea in my parallel multigrid solvers



4 Algorithms [Ghysels et al. 2014]

Alg.1 Original Preconditioned CG

Alg.2 Chronopoulos/Gear
— 2 dot products are combined in a single reduction

Alg.3 Pipelined CG (MPI_lallreduce)
Alg.4 Gropp’s asynchronous CG (MPI_lallreduce)

Algorithm itself is not different from the original one

— Recurrence Relations: #i{t =

— Order of computation changed -> Rounding errors are
propagated differently
« Convergence may be affected (not happened in my case)
« update of r= b-Ax needed at every 50 iterations (original paper)



Original Preconditioned CG (Alg.1)

Original Preconditioned CG (Alg.1)

1: 79 :=b— Axg; up:= ;‘[_11'()2 Po ‘= U
g fori=10,... do
3 7 ;“—l : —
‘_‘ Pi s = Ap
4: a:=(r;,u;)/(s,pi) vt
5% e | =T + ap; Xi"'l - X‘ ai pi
6 Fitl .= Tj — QS ri+1=b—AXi+1:b—AXi—a’iApi
: {;'fr_l' _ M i _ =r—a,Ap, =1, —a;s
8 L= (rix1,%it1) /[ (7i, us)
9 Pi4+1 = Ujg1 T+ Lpi

10: end for
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Chronopoulos /Gear CG (Alg.2)

2 dot products are combined into a single reduction
s-step algorithm with s=1

Chronopoulos/Gear CG (Alg.2)

T - = h — Azxg: wug = j\[_ll‘()i wo = Aug
ap = (ro,u0) / (wo,u0); Lo :=0; 0 := (ro,uo)
. for1=0,... do
pi == u; + Bipi—1 S=AU+LS,, P =U+LEp =S =Ap
S; := w; + BiSi—1 Xi+1 — Xl +ai pi

Titl = Tj T Q;P;

Tidl i= T — Q;8; fy =b—AX,, =b-AX -a,Ap
Uiy =M T =T —a’iApi = —as
Witl .= fl”i—l—l
, i+1s Wi41
12 Biy1 = A.'i+1/fni"'

et ek
e P BN ST W M

. ~ \ = /
iy1 = Yit1/ (0 — Biy1vit1/ )
14: end for

[a—
o

* S=Ap, Is not computed explicitly: by recurrence



11

Pipelined Chronopoulos /Gear
(No Preconditioning)

Pipelined Chronopoulos/Gear (No Precond.)

ro .= b — ‘4.1'()2 wo .= fll'()

[a—

2 fori=0_ do e Global synchronization of dot
il oy i products are overlapped with
5. g := Aw; SDMV

6: |1 2 >0 then )

q: .7’1- — "‘,.I‘/"‘fi_ll Q; .= A.‘i/((s_*jih.’i/”i—lx

g: | else

9: g; :=0; o;:=/0

10: | end if

11: 2 = ¢i + Pizi—1 u =r,w =Au = Ar

12 S; = W; 1 ‘j,'-‘a‘,'_l

13:  p; :=71i + Bipi—1 Al = AL -0 AS > W, =W —ai A

14: Tit1 = T + Q;P; AS1 = AWi +:8iA3—1 — zl(: As1 = A2 pi): AWi +/8izi—1
15: Tit1l = T — (45

16: Wiyl = Wi — Gz q = AVVi = Azri

17: end for =r.—a,Ap =r. —a.s
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Preconditioned Pipelined CG (Alg.3)

Preconditioned Pipelined CG (Alg.3)

1: 7o := b — fl.l'()l o = ;\I_II'()Z wop = flll()

2: for:=0,... do . :

3 [7 = (s, u) * Global synchronization of dot
= :.:‘”.’ s )“,, products are overlapped with

6: |nii= Am, SpMV and Preconditioning

({ 1t 2 > 0 then )

8: Bi == vi/Yi-15 @i ="/ (0 — Bivi/ i1

9: | else

10: B i=0; oy =/l

1‘1‘) ?lld‘:llf;%_;j:_l yi :(uisui)M :(Muisui):(rilui)

13: g :=my + Bigi—1 5 =(M™Au,u), =(Au,u)=(w,u)

14: 8i .= Wi T .‘_))jh‘,'_l -1 — -1, -1 — _ — -1
i i - ey MT,=MT-aM s =u,=u-aq (qi =M S1)
16: Tijyq = I; —1—111‘])1' M_1$+1: M_lvvi +IB|M_1$ :>qi+1: M_l\/\/i +ﬁlql
s i Au,, =AU —aAg = W, =W —a,Aq,

18: Uil -— U — Q4 _

19: Wit] = W; — Gz Aq| =AM 1\Ni +ﬁi'A\CIi—1:> Zl = Am +ﬁizi—1

20: end for (m =M _1\Ni =M ‘1Aui =M 1AM ‘1ri, Z = Aqi)




Gropp’s Asynchronous CG (Alg.4)
Smaller Computations than Alg.3

Gropp’s Asynchronous CG (Alg.4)

=

O:
10:
L} -
12:
13:
14:

2
3:
4:
;9
6

Pi+1 ‘= Ujy1 T+ '7)-i+1[’i
"""i"-+1 — “‘i+1 —|— J,‘_Jr_l.s‘i
end for

o .— b — fl.l'gi Ug .= :\[_ll'()i Po = Up, So .= ;4]1()1 Y0 -— (I'(). ll())

: for_i:().... do
. * Definition of o is different from
0 1= /0 that of Alg.3
Tit1 = Ti + Q;p;
"'1'-4—1 =T — QiS4
Uiyl = U; — O;Q; . .
= b u)l e Global synchronization of dot
Wiyl = AUj4] .
Bis1 =iy /% products are overlapped with

SpMV and Preconditioning

W. Gropp, Update on Libraries for Blue Waters.
http://jointlab-pc.ncsa.illinois.edu/events/workshop3/pdf/presentations/Gropp-

Update-on-Libraries.pdf

Presentation Material (not a paper, article)
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call MPI_Wait (reql, stal,

Implementation (Alg.4)

ierr)

MPT_DOUBLE_PREGISION,
& MPI_SUM, MPI_COMM_WORLD, reql,

ierr)

Gropp’s Asynchronous CG (Alg.4)

1: 7o ;= b— Axp:

g = -‘[_1."01

2: fori=0.... do

ern-HRLC
PROR —
n
1C
IC + =
IC | Delta= (p,s) |
IC =
DLO= 0. d0
I$omp parallel do private(i) reduction(+:DLO)
do i=1, 3N
DLO= DLO + P(i)*S(i)
enddo
call MPI_Iallreduce (DLO, Delta, 1,
1C
IC +4 :
1C | {a}= Minv]{s} |
IC =
(TR : HHBR)

9:
10:
134
12:
13:
14:

= W

= e B

0 = (py,8;)

i = .-\[_1.~.',~

oy = 'j._,-/rf

Tiy1 = T + q;p;
i+l = T — ;84
Ujpy = U; — G5
Yit1 = (Tig1, Uig1)
Wig1 = .'—1”;+1
Bit1 = Yis1/7i

Pi+1 ‘= Uit1 T+ Pit1Pi
Sit1 ‘= Wit1 + Pit1Si
end for

Po ‘= ug,

so := Apo:

-~

Yo := (70, uo)

14



Pipelined CR (Conjugate Residuals)

Preconditioned Pipelined CR

1: 79 :=b— Axg; wug:= j\[_ll'()l wo = Aug

2: for:=0,... do

3: m; =M lw,

4: % s= Wi, 4i)

5. 10 := (my, w;)

T 1f 2 > 0 then

8: Bi i= %l vi-1s ou i=%f (0= Bvlos_i)

9: Jelse

10: =1k o= “,-_,-/(5

11: |end if

12: zi ‘=13 + Bizi—1 ] ]

13 gi = mi + Bigio1 * Global synchronization of dot
14: ;i = Uu; + Bipi—1 .
R it products are overlapped with
16: Ujr] ‘= U; — O SpMV

17 Wig] = Wi — Q2

. end for

15
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Amount of Computations

DAXPY could very smaller than (sophisticated)
preconditioning

Original CG

5 Chronopoulos/ 1 1 241 4
Gear

3 Pipelined CG 1 1 2+1 8
Grppp’s

4 Algorithm L 1 2+l >
Pipelined CR 1 1 2+1 6

+1 for
residual norm



 Communication/Synchronization
Avoiding/Reducing in Krylov Iterative
Solvers

* Pipelined CG: Background

* Pipelined CG: Results

 Communication-Computation
Overlapping

e Summary




18

—

@H-Hﬂ; GeoFEM/Cube

m.

e Parallel FEM Code (& Benchmarks)
o 3D-Static-Elastic-Linear (Solid Mechanics)
 Performance of Parallel Precond. Iterative Solvers

— 3D Tri-linear Elements ‘ Z Uriform Distbuted Force n
— SPD matrices: CG solver FP—, I e

— Fortran90+MPI+OpenMP
— Distributed Data Structure

— Localized SGS Prec:onditioning;(Nz_lefilggfnts (Ny1) elements

Ny nodes ——»

 Symmetric Gauss-Seidel, Block Jacobi LT - y
o Additive Schwartz Domain Decomposition U0 @ 22Z,., /:Nx-l) elements

— Reordering by CM-RCM: RCM x
— MPI, OpenMP, OpenMP/MPI Hybrid

UX:O @ X:Xmin

N, nodes



Overlapped Additive Schwartz e

Domain Decomposition Method
Stabilization of Localized Preconditioning: ASDD

Global Operation
Mz=r

Local Operation

— -1 — -1
ZQl - MQl rQl’ ZQZ - MQZ rQZ

Global Nesting Correction: Repeating -> Stable

251 = Zgll + Méi(rQl - MQl Zg:l - Mrl Zpl_l) Ql <4l QZ

n

2, =27 + Mgt (fa, =M, 25 ~My Z7) o

Parallel FEM 3D-2 19




Reordering for avoiding data
dependency In IC/ILU computations

on each MPI process

Elements in “same color” are independent: to be
parallelized by OpenMP on each MPI process.

B al0lel0
é@ﬁﬁﬁﬁ?@
0000000
A ADOBODD OO0
HONOBEDE| 60O eee
2050000 56000066
OO0 Ee
OO0 O6

MC (Color#=4) RCM CM-RCM (Color#=4)
Multicoloring Reverse Cuthill-Mckee Cyclic MC + RCM

¥

<+




Results on Reedbush -U (RDB)

« 4 Types of Algorithms
— Alg.1  Original Preconditioned CG
— Alg.2 Chronopoulos/Gear
— Alg.3 Pipelined CG (MPI_Alireduce, MPI_lallreduce,)

— Alg.4  Gropp’s asynchronous CG (MPI_Allreduce,
MPI_lallreduce)

e Flat MPI, OpenMP/MPI Hybrid with Reordering

e Platform

— Integrated Supercomputer System for Data Analyses &
Scientific Simulations (Reedbush-U)

— Intel Broadwell-EP 18 cores x 2 sockets x 420 nodes
— Intel Fortran + Intel MPI

— 16 of 18 cores/socket, up to 384 nodes (= 768 sockets,
12,288 cores)

21
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Results: Number of lterations

800

e Strong Scaling ; . )\
e Small - A
700 A
— 256 xX128x%x144 A N
nodes (=4,718,592) ¢ §A A A o £
- 14,155,776 DOF & P F o ¢
= F ~O ®
— at 384 nodes o © ”0 |
00 O Small: Flat MPI
(121288 cores) > ® Small: Hybrid
e« 8X8X6=384 A Medium: Flat MPI
nodes/core A Medium: Hybrid
400 -----------------------
* 1,152 DOF/core 0 2048 4096 6144 8192 10240 12288
e Medium CORE#
— 256 X 128 x 288 wen (oRe0| maleon |QEEREEIS) TS | Copeg | e
nOdeS (:9,437,184) 128GB .‘ gggj (Broadwell-EP) 76%P(|35/5 . (Broadwell-EP) gggi 128GB
76.8 GB/s 76.8 GB/s

- 28,311,552§ EFE_ w. 4ch w. 4ch
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Results: Speed -Up: Small

Performance of 2 nodes of Flat MPI = 64.0

(4 sockets, 64 cores)

Alg.1  Original PCG

Alg.2  Chronopoulos/Gear
Alg.3  Pipelined CG

Alg.4  Gropp’s CG

O Alg.1 [ O Alg.l

L @ Alg.2 L ® Alg.2

8000 1 A Alg.3 8000 F-4A- Alg.3

[ A Alg4 [ A Alg4

3 | —deal o | —Ideal A

- -
o o
(O] (]
o &}
o o
7 %

0 2048 4096 6144 8192 10240 12288 0 2048 4096 6144 8192 10240 12288
CORE# CORE#
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Results: Speed -Up: Medium

Performance of 2 nodes of Flat MPI| = 64.0

(4 sockets, 64 cores)

Alg.1  Original PCG
Alg.2  Chronopoulos/Gear
: Alg.3  Pipelined CG
Flat MPI Hybrid Ag4  Gropp's CG
10000 10000
O Alg.1 [ O Alg.1 A
. @ Alg.2 . @ Alg.2
8000 | A Alg.3 8000 | - - Alg.3
[ A Alg.4 [ A Alg.4 i
2 6000 | —Ideal a S 6000 —Ideal
1 Q4000 O
7)) 0p) I @
2000 | é
0 @ ......................

0 2048 4096 6144 8192 10240 12288 0 2048 4096 6144 8192 10240 12288

CORE#

CORE#
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Allreduce vs. lallreduce for Hybrid

Performance of 2 nodes of Flat MPI = 64.0
(4 sockets, 64 cores)

IAR: MPI_lallreduce ﬁ:gé g_”gilf_‘a'ggg
. g. ipeline
AR : MPI_Allreduce Algd4  Gropp's CG
10000 10000
[0 Alg.1 [0 Alg.1 A
A Alg.3-IAR - A- Alg.3-IAR
8000 | A Alg.4-IAR 8000 | A Alg.4-IAR
[ — Ideal [ — Ideal
L ¢ Alg.3-AR N o L ¢ Alg.3-AR A
6000 [ & Alg.4-AR r S 6000 | o Alg4-AR
L = L i
O
4000 A g).)_ 4000 g
| ¥ ® & | &
2000 2000
@ : & :
f@{ Small @f@/ Medium
0 Q/ .............. —— P 0 &( .............. —— ——
0 2048 4096 6144 8192 10240 12288 0 2048 4096 6144 8192 10240 12288

CORE# CORE#



Hybrid vs. Flat MPI for Alg.4

Hybrid/Flat MPI Ratio

4.00

3.00
2.00

1.00

0.00

[ | ®Alg.4-Small ¢
| | ®Alg.4-Medium
o
@
o0 ® o ®

0 2048 4096 6144 8192 10240 12288

CORE#
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Results on 768 nodes (12,288 cores)
of Fujitsu FX10 (Oakleaf-FX)

MPI-3 iIs not optimized
FX100 has special HW for communication

1.80
1.60
1.40 }
1.20

3 = o
ol H B
0.60 F -
0.40 ¢ = Small: Flat MPI
020 } = Small: Hybrid
0.00 E —

Alg.1 Alg.2  Alg.3-IAR AIlg.3-AR Alg.4-IAR Alg.4-AR
Algorithms



Summary

* Pipelined CG, Gropp’s CG

— Effect of hiding collective communication by MPI_lallreduce
IS significant, especially for strong scaling

— Alg.3 ~ Alg.4

— Future works

e Pipelined CR should be also evaluated
— Dr. Ghysels’s recommendation
« Application to Multigrid, HID (Hierarchical Interface Decomposition)

e Evaluation on FX100, Oakforest-PACS (KNL Cluster) with
OmniPATH
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