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Files on ECCS2016

http://nkl.cc.u-tokyo.ac.jp/files/multicore-c.tar
http://nkl.cc.u-tokyo.ac.jp/files/multicore-f.tar

>$ cd <$CUR> : go to a certain directory

>$ cp /home/8251416043/Documents/multicore/multicore-f._tar .

>$ tar xvf multicore-f.tar
>$ cd multicore

Please confirm that following directories are created:

L1 L2

<$E-L1>, <$E-L2>

ECCS Oakleaf-FX




« Background
— Finite Volume Method
— Preconditioned lterative Solvers

« |CCG Solver for Poisson Equations

— How to run
« Data Structure

— Program
* Initialization
» Coefficient Matrices
« |ICCG




Target of this Part

* Material: ICCG solver for sparse matrices derived
from FVM applications (Finite Volume Method).

» Parallelization on a single node of Oakleaf-FX
(FX10) using OpenMP
— Data Placement
— Reordering

« Keywords
— Finite Volume Method (FVM)
— Sparse Matrices
— |CCG Method



Target Application

3D Poisson Equations
az¢ 52¢ 0’¢
OX” ay2 oz’

Finite Volume Method (FVM)

— Arbitrary Shape Meshes, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers
— Conjugate Gradient + Preconditioner

+f=0
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Target Problem: Variables are defined
at cell-center

Poisson Equation

82 82 82
aﬁwﬁwﬁ”*
B.C.
° Volume Flux Flux of each cell
= dfloat(i+j+k) xVolume
— — 1,J.k)= icel, (1,2,
° (I)_O@Z_Zmax (i,3,k)=XYZ(icel,(1,2,3))
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3D Structured Mesh
Internal data structure is “unstructured”
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0’9 0°¢p 0°¢
Volume Flux f PRI t=0
f =dfloat(i, + j, +k,)

I, = XYZ(icel,1), XYZ(icel, k) (k=1,2,3)

- : Index for location of finite-difference
Jo = XYZ(icel 2), mesh in X-/Y-/Z-axis.

ko = XYZ(icel ,3)

J O L L
A %
//
NZ ) AZ
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij
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Finite Difference Method (FDM)

Taylor Series Expansion
2"d-Order Central Difference

42 (I)i—l (I)i (I)i+1
e e—e—e

ax” ), AX AX

(dcﬁj _(dﬂ bo-b -4,
i(%} NP dX )i AX j AX
dxdx ). AX AX
_ G — 20+,

AX®
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij




12

Comparison with 1D FDM (1/3)

Ah <
4h x 4h Square Mesh
d. | d d d, Surface Area: S,.= 4h
® - alf Tla e Mib § ™ bl__‘ ik
N ? " Volume: Vi = Ah?
iz Sio Distance (Ctr.-Suf): d;=4h/2

thickness: 1

Flux through this surface: Qs;,

Os, = ¢, — & S Fourier’s Law
ib — ib Flux through a surface
= - (gradient of potential)
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Comparison with 1D FDM (2/3)

Ah 1< .
4h x 4h Square Mesh
d. | d d d, Surface Area: S..= 4h
® - é“_________'@__‘_____lb ________ bl__‘ ik
N i " Volume: Vi = Ah?
Sia i Distance (Ctr.-Suf): d;=4h/2
thickness: 1

Sik _ Y
2g g Bh)HViQ=0

Divided by V:

1 Sik _ Y
Vg ag AA)rQ=0

considering this part
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Comparison with 1D FDM (3/3)

Ah d L
4h x 4h Square Mesh
O | G g iy | dy Surface Area: S;,= 4h
: ? : Volume: V; = 4h?
e S Distance (Ctr.-Suf): d;=4h/2
thickness: 1
1 S, TR Ah
Vi ; dy +dy (¢k ¢i)_ (Ah) kZab Ah Ah (¢k ¢I)
2 2
1 Ah 1 1
“ (o A A be=8)= 1507 2 Z 4 -4)- A 2 4)
2 2

(4 — )= 0,20, +d | fori-th cel

(AhY linear equations

1
- (Ah)2 (¢a - )+

1
Ah)’




in 3D

NEIBcell(icel,6)

NEIBcell(icel,4)

NEIBcell(icel,1) NEIBcell(icel,2)

NEIBcell(icel,3)

z y
Z NEIBcell(icel,5)

X

¢neib(ice|,1) ¢ice| AyAZ-l— ¢neib(ice|,2) ¢icel

AYAZ +
AX AX
¢neib(ice|,3) ~ Picel AZAX + ¢neib(icel,4) ~ Pea AZAX +
Ay Ay
¢neib(ice|,5) - ¢ice| AXAy + ¢neib(ice|,6) — ¢ice| AxAy 4 f
Az Az

icel

AXAYAz =0

15



Linear Equations

¢neib(ice|,1) ¢ice| AyAZ+ ¢neib(icel,2) ¢ice|

AYAZ +
AX AX

¢neib(ice|,3) B ¢ice| AZAX + ¢neib(icel,4) o ¢ice|

AZAX +

Ay Ay
¢neib(ice|,5) - ¢ice| AXAy n ¢neib(ice|,6) - ¢icel AXAy N fice|AXAyAZ ~0
Az Az
ZM(¢k _ ¢ice| ): o ficeIVi
k dicel—k
S, S, :
— |:Z icel—k :|¢ice| + |:Z icel -k ¢ki| — _ ficelvi (lcel =1, N)
k dicel—k k dicel—k

Diagonal  Off-Diagonal

— [Aligj=1f}
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FEM

IXIN

Many “O!s”

[KH{®} = {F}

T O T T R T I T AR T S 1

Sparse Coef. Matr
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Coef. Matrices for FVM are sparse
Only neighboring cells are considered

Diffusion:
Interaction with Neighbors

. Qi T 0

o<

Q

Sm _ Y
D5 (B =4)+ViQ =0

Volume Flux

ij

- Volume
- Surface Area
- Distance between

Cell-Center &
Surface

- Volume Flux
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Sparse Matrix for FVM

Sparse Matrix X
— Many “0™'s

Storing all components
(e.g. A(1,)) is not efficient
for sparse matrices

— A(l,)) is suitable for dense
matrices

Number of non-zero off-diagonal components is

D
X

X
X
X

X
D
X

X
X
X

X X
X

D X
X D
X

X X
X X
X

O(100) in FVM (only 6 in this case)

— If number of unknowns is 108 :
« A(i,)): O(10'%) words

X
X
X

O X

>

 Actual Non-zero Components: O(10!%) words

Only (really) non-zero off-diag. components should

be stored on memory

X X
X X

X
X
X

X
D
X

X
D

660606 P0LOLOEOLESE

iy i e e e i 3 s o 2 0 o e o 1 e 1 O 1 B

19




20

Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

Diag (1)
Index(1)
Item(k)

(INT, k=1, index(N))
AMat (k)

Diagonal Components (REAL, i=1~N)
Number of Non-Zero Off-Diagonals at Each ROW (INT, i=0~N)
Off-Diagonal Components (Corresponding Column ID)

Off-Diagonal Components (Value)

( REAL, k=1, index(N) )

{Y}= [A]l{X}]

do i=1, N
Y(i)=Diag(i)*X(i)
do k= Index (i—-1)+1,

Index (i)

Y(i)= Y(i) + Amat (k) *X (Item(k))

enddo
enddo

><U‘

x X

O X

x X

<[0)
N

by Bat

by Bt

X XX xX O X
X X X X O X

< X

x X

xX X X X O X X X X

X X X X O X X X X

O X

xX X

x O

x X

< X

X X X X O X X XX
O X

X X X X O X X X X

x X

x X

x O
X O X X X X

x X

xX O X xX X X

1]
S monnomonmom m.on @J" Ly |

IU><




21

Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

{Q} =[A] {P}

for (i=0;i<N; i++) {
WIQI[i] = Diag[i] * W[PI[i];
for (k=Index[i];k<Index[i+1];k++) {
} WIQ][i] += AMat[kI*W[P][Item[k]];




Mat-Vec. Multiplication for Dense Matrix

all
A,

a'N -1,1
a'N 1

Very Easy, Straightforward

A, ... Qg
Ay, A N1
A1, AN_1N-1
Ay, - Byng
(Y}= [A] {X]
do j=1, N
Y(j)=0.d0
do i=1, N

Y()=Y() + AG, j)*X(i)

enddo
enddo

al,N
A N

a'N -1,N

a'N,N

-

N

Yi
Y

Yn-i

\yNJ
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Compressed Row Storage (CRS)
9060600 00 O
1.1 24 O 0 3.2 0 0 0
43 36 0 25 O 3.7 0 9.1
O 0 57 0 1.5 0 3.1 0
0O 41 0 98 25 27 0 0
3.1 95 104 0 115 O 4.3 0
0O 0 65 0 0 124 95 0

0 64 25 O 0 14 231 13.1
0O 95 13 9 0 31 0 51.3]
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Compressed Row Storage (CRS):

Fortran
1.1 | 2.4 3.2 N= 8
ONER ®
4.3 ] 3.6 2.5 3.7 9.1 Diagonal Components
ORE? @ ® ]
5.7 1.5 3.1 Diag(1)= 1.1
©) ® @ Diag(2)= 3.6
4.1 9.8 | 2.5 | 2.7 Diagg?»g: 5.7
@ @6 | ® D!ag 4)= 9.8
3.1 9.5 [10.4 11.5 4.3 Di1ag(5)= 11.5
ORECRES ® Q@ Diag(6)= 12.4
Diag(7)= 23.1
%')5 1(2654 9@"’ Diag(8)= 51.3
6.4 | 2.5 1.4 |23.1]13.1
@ | 3 ® | @
9.5 1.3 | 9.6 3.1 51.3
@3 | @ ®
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Compressed Row Storage (CRS)

@ @
50 2026
O |8O MCI@
s0 2056
~® a®
S0 302026
NS 320 |32
20 5O
CO205020-0N0 306
©




Compressed Row Storage (CRS)

index(i-1)+1th~index(i)t"

# Non-Zero
Off-Diag.
‘u’ 11 | 24 | 3.2 5
OREORES,
¢a' 3.6 4.3 | 25| 3.7 | 91 4
@ | @ | ® | ®
‘a' 5.7 | 1.5 | 3.1 5
Q@ 6|
‘n' 98 | 41 | 25| 2.7 3
@ 2|6 | ®
‘E’ 1.5 3.1 | 9.5 {104 | 4.3 4
® ® | Q|3 @
‘E’ 12.4| 6.5 | 9.5 5
® | @
‘E' 231/ 64 | 25| 1.4 (131 4
@ 2|3 ®
‘:' 51.3/ 9.5 | 1.3 | 9.6 | 3.1 4
® @0 @ ®

index(0)= O
index(1)= 2
index(2)= 6
index(3)= 8
index(4)= 11
index(5)= 15
index(6)= 17
index(7)= 21

Index(8)= 25

Non-Zero Off-Diag. Components corresponding to i-th row

NPLU= 25
(=index(N))
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Compressed Row Storage (CRS)

# Non-Zero
Off-Diag.

index(i-1)+1th~index(i)t"

‘ﬂ' 11| 2.4 [ 3.2 5
D |21]|6,2
<¢§D 3.6 |43 (25 37[91] ,
@ D3 @4 ®,5/®,6
(3] 2
(4] 3
‘E’ 11.5) 3.1 |95 [10.4/ 43|
® (D,12®,13(3),14(D,15
‘E’ 12.4| 6.5 | 9.5 5
® 3,16(D,17
‘E' 231(6.4[25]14[131] ,
@ (@,183,19(6),20(®),21
':' 513/ 9.5 1396 |31 | ,
2,22(3),23(@),24(®6),25

index(0)= O
index(1)= 2
index(2)= 6

Index(3)= 8

Index(4)= 11

index(5)= 15
index(6)= 17
index(7)= 21

Index(8)= 25

Non-Zero Off-Diag. Components corresponding to i-th row

NPLU= 25
(=index(N))

27



Compressed Row Storage (CRS)

1.1
@

2.4
@1

3.2
®,2

3.6
@

9.8

4.3
@,3

2.5
@,4

3.7
®.5

9.1
®,6

S | 3.1

S 18,71@,8

4.1
2,9

2.5
®,10

2.7
®.11

3.1
®,12

9.5
@,13

10.4
3,14

4.3

@15

6.5

3,16

6.4
2,18

9.5

1.3 | 9.
2,22/3,23®,24

1.4

(6,20

13.1
®,21

9.6

3.1
®,25

Example:
item( 7)= 5, AMAT( 7)= 1.5
1tem(19)= 3, AMAT(19)= 2.5

28



29

Compressed Row Storage (CRS)

SEN

2.4
@1

3.2
®,2

O

4.3
O

2.5
@,4

3.7
®.5

9.1
®,6

@

1.5
®,7

3.1
@8

@&9

4.1
2.9

2.5
®,10

2.7
®,11

3.1
®,12

9.5
2,13

10.4
3,14

4.3
@,15

C);:C)-

6.5
3,16

9.5
@D,17

N
w
Qe

6.4
2,18

2.5
3,19

1.4
®,20

13.1
®,21

o
_—
®'w

9.5

2,22

1.3

3,23

9.6

@,24

3.1
®,25

Diag (1) Diagonal Components (REAL, i=1~N)
Index(1) Number of Non-Zero Off-Diagonals at
Each ROW (INT, i=0~N)

Item(k) Off-Diagonal Components
(Corresponding Column ID)
(INT, k=1, index(N))

AMat(k) Off-Diagonal Components (Value)

( REAL, k=1, index(N) )
{Y}= [A]{X}

do i=1, N
Y(i)=DC(i)*X(i)
do k= index(i-1)+1, index (i)
Y(i)= Y(i) + AMAT (K)*#X Citem(k))
enddo
enddo



« Background
— Finite Volume Method
— Preconditioned lterative Solvers

» |CCG Solver for Poisson Equations

— How to run
« Data Structure
— Program
* Initialization
» Coefficient Matrices
« |ICCG

 OpenMP
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Large-Scale Linear Equations in
Scientific Applications

Solving large-scale linear equations Ax=b is the most
important and expensive part of various types of
scientific computing.

— for both linear and nonlinear applications

Various types of methods proposed & developed.

— for dense and sparse matrices

— classified into direct and iterative methods

ey

Dense Matrices:Z1715l: Globally Coupled Problems
— BEM, Spectral Methods, MO/MD (gas, liquid)

Sparse Matrices:ER4T31: Locally Defined Problems
— FEM, FDM, DEM, MD (solid), BEM w/FMM



Direct Method
BEiE

e Gaussian Elimination/LU Factorization
e compute AT directly.

Good

e Robust for wide range of applications.
e Good for both dense and sparse matrices

Bad

e More expensive than iterative methods (memory,
CPU)

not scalable

32



What is Iterative Method ?

Initial Solution
PRz

RiEE

Linear Equations

EIT—RAER

\
a; a, - Q| X bl XI(O)
Ay Ayttt Ay, | X, bz x.. (O
. . o . . — : X(O) = 2.
0
a,, a,, - a, \Xn ) bn ) Xn( :
A X b

Starting from a initial vector x(©), iterative method
obtains the final converged solutions by iterations

(1) (2)

X ,X ,...

33



lterative Method
R1E%

« Stationary Method

— Only x (solution vector) changes during iterations.
— SOR, Gauss-Seidel, Jacobi
— Generally slow, impractical

Ax =b =
x D = Mx ™ + Nb

* Non-Stationary Method
— With restriction/optimization conditions
— Krylov-Subspace
— CG: Conjugate Gradient
— BICGSTAB: Bi-Conjugate Gradient Stabilized
— GMRES: Generalized Minimial Residual

34
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Iterative Method (cont.)
Good

e Less expensive than direct methods, especially in
memory.

e Suitable for parallel and vector computing.

Bad

e Convergence strongly depends on problems,
boundary conditions (condition number etc.)

e Preconditioning is required : Key Technology for
Parallel FEM




Non-Stationary/Krylov Subspace

Method (1/2)
EEFRE-V)ATER S ERIE
Ax:b:>X:b+(I—A)X
Compute x,, x,, X,, ..., X, by the following iterative procedures:
X, =b+ (I — A)xk_1
= (b - AX, )+ X,
=TI, +X,_, wherer, =b — Ax, : residual

k-1
X, =X+ ) T,
=0

r.=b—Ax, =b-A(r_, +x,,)
= (b - AX, )_ Ar,_ =r_ —Ar_ = (I - A)rk—l

36



Non-Stationary/Krylov Subspace

Method (2/2)
FEEEE-V)OIE 7S EMIE

k—1 k—2 k—1 :
X =X, + ) L =X,+r,+ > (I-A), =x,+r,+ > (I-A)T,
=0 =0 i=1

k—1

| k-1 |
S (I_A)'ro{n (I_A)'}O
[ =1
z, is a vector which belongs to k" Krylov Subspace (£JB72

ER4>ZE[) , approximate solution vector x, is derived by the
Krylov Subspace:

2 k-1
[rO,ArO,A y,...,A ro]

37
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Conjugate Gradient Method
RO EE

* Conjugate Gradient: CG
— Most popular “non-stationary” iterative method
« for Symmetric Positive Definite (SPD) Matrices
— XIFFIETE
— {X}T[A]{x}>0 for arbitrary {x}
— All of diagonal components, eigenvaules and leading
principal minors > 0 (F/MTHIRX - EEE1TSIZ)
— Matrices of Galerkin-based FEM: heat conduction, Poisson,

static linear elastic problems At B Al e - A
 Algorithm By BBy A
« ” T R

— “Steepest Descent Method 3 aa A a, S

_ x()= x(-1) + a, p0) az as ae ae a;

« x0:solution, p®:search direction, «;: coefficient
— Solution {x} minimizes {x-y}'[A]{x-y}, where {y} is exact
solution.



Procedures of Conjugate Gradient

Compute r®= p-[A]x©®
for 1=1, 2, .

@

z(-D= p@G-1)
if 1=1

pM= z©O

else

Bitlz Pi-_1/Pi-2

pO= zG-D + p. ., pl-D
endif
q®O= [A]p®
a; = pi—llp(i)q(i)
XM= x(G-1D + g.plD
rv= rG-1 _ Otiq(i)
check convergence |r]|

« Mat-Vec. Multiplication

* Dot Products

 DAXPY (Double
Precision: a{X} + {Y})

x( - Vector
a; - Scalar
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Procedures of Conjugate Gradient

Compute r@= p-[A]x©O C :
mpi: 1, 2, . Al « Mat-Vec. Multiplication

2(i-1D= p(i-1)
pi_= rd-n zG-n
if i=1

pM= 7z
else

Bi-1= Pi-1/Pi2 )
pM= zG-1) 4+ Bi_1 p-1

endif

q(l): [A]p(')_ _ X(i) - VeCtor
aj = pia/pg®
x(D= xG-D 4+ :p a; - Scalar
rv= rG-1 _ Otiq(i)

check convergence |r]|

D
)
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Procedures of Conjugate Gradient

Compute r®= p-[A]x©®
for 1= 1, 2, .
z(-D= p@G-1)
pi= ra-n zG-1
if i=1
pM= z©O
else
Bi-1= Pi-1/Pi2 _
pO= zG-D + p. ., pl-D
endif
q®= [A]p™
a;j = pia/pg®
XM= x(G-1D + g.plD
rd= rG-0 _ o.qd®
check convergence |r]|

D
)

Dot Products

x( - Vector
Scalar

S



Procedures of Conjugate Gradient

Compute r®= p-[A]x©®
for 1=1, 2, .

2(i-D= p(i-1)

pi = rG-D zG-D

if i=1 « DAXPY
p®= z©  Double
else
Bi_1= Pi-_1/Pi-2 ) * {y}= a{X} + {y}
p(D= 2G-D + . pG-D
endif _
qO= [Alp® x(M - Vector
o; = pi/ptIg®
x(D= XG4+ g p® o; - Scalar

rd= rG-0 _ g.qM»
check convergence |r]|

D
)



Procedures of Conjugate Gradient

Compute r®= p-[A]x©® () -
for i= 1, 2, . X - Vector
z(-D= >G-1) ai - Scalar
Pi_1= r@i-10 z(i-1)
if i=1
pD= 2O
else

Bi-1= Pi-1/Pi2 )
pM= zG-1) 4+ Bi_1 p-1
endif
qO= [A]p®
a; = py/POD
x(D= x(-D 4 g .p®
r= G- - ¢ q®

check convergence |r]|

D
)

43
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Derivation of CG Algorithm (1/5)

Solution x minimizes the following equation if y is the exact
solution (Ay=b)

(x=y)' [Alx=y)

(x—y) [Afx—y)=(x, Ax)-(y, Ax)—-(x, Ay)+(y, Ay)
= (x, Ax)=2(x, Ay)+ (y, Ay) = (x, Ax)-2(x,b) +(y.b) ©ONSt;

Therefore, the solution x minimizes the following f(x):

f(x):%(x, AX)—(x,b)

f(x+h)=f(x)+(h, AX_b)Jr%(h, an)  Arbitrary vector h



f(x):%(x, AX)~(x,b)

f(x+h)= f(x)+(h, Ax—b)+%(h, ah)  Arbitrary vector h
f(x+h):%(x+h,A(x+h))—(x+h,b)
— - (x+h, AX) = (x+h, AR (x.b)- (n.b)
+%(h,Ax) ;(x Ah)+ %(h AR)=(x,b)— (h,b)
x,b)+(h, Ax)—(h,b)+

E(h, Ah)

|l
—_
X
>
o
—
|
—

(x)+(h, Ax—b)+ 2(h Ah)



Derivation of CG Algorithm (2/5)

CG method minimizes f(x) at each iteration.
Assume that approximate solution: x©, and
search direction vector p® is defined at k-th iteration.

XD = x4 g p®

Minimization of f(x&*1) is done as follows:

f(x(k) ta, p(k))zéakz(p(k), Ap(k))—ak(p(k),b— Ax(k))+ f(x(k))

of X(k)Jr p(k) p(k),b—AX(k) p(k)’r(k)
( ao:k ):O:mk . (p™, Ap®) - (E)“%Ap(k?

] (1)

k k .
r' =p— Ax"™ residual vector

46
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Derivation of CG Algorithm (3/5)

Residual vector at (k+1)-th iteration: p«n _p_ axn poo Zp_ ax®

r&D o _ a, Ap(k) (2) r —r® = Ax%D - A = o, Ap™

Search direction vector p is defined by the following
recurrence formula:

(k+1) _ (o (ks1) K) ¢ (0) _ ()
P =rT+ fp L r =p (3)

It's lucky if we can get exact solution y at (k+1)-th iteration:

_ (k+D) (k+1)
y=x""+a.,p



Derivation of CG Algorithm (4/5)

BTW, we have the following (convenient) orthogonality relation:

(K) oy (k+D) )
(Ap Y — X ) 0
(Ap("), y— x“‘”)): (p(k), Ay - Ax“‘”))z (p(k),b _ Ax(k“))

_ (p(k),b _ A[x(") ta, p(k)D: (p("),b A0 g Ap("))
(p(k), ro g, Ap(k)): (p("), r(k))—ak (p(k), Ap(k)): 0

(p(k),r(k))
O = (p(k),Ap(k))

Thus, following relation is obtained:

(Ap(k), y— x(k“)): (Ap(k),akﬂ p("“)): 0— (p<k+l), Ap(")): 0
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Derivation of CG Algorithm (5/5)

(p(k“),Ap(k)): (r(k+1) s p(k),Ap(k)): (r(k“),Ap(k))+ ,Bk(p(k),Ap(k)):O

. r(k+1)’Ap(k)
= B = ((p("),Ap(k))) (4)

(p(k“), Ap(k))= 0 p® and p&+D are “conjugate (&£ 1&)” for matrix A

Compute p©@=r@®= b-[A]xO ( (1) (i—l))

for i=1, 2, . g =\ T
calc. o;_; i-1 (p(i—l) Ap(i—l))
x(M= x(i-1) 4 ai_lp(i—l) ’
r= rG-1 _ . [A]pG-D

_(r(i) Ap(“”)
check convergence |r]| ﬂi—l :( (-1 A (i—l))
(1T not converged) P » AP

calc. B;_;
p(l): ra + Bi_q p(l-l)

D
-
o
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Properties of CG Algorithm

Following “conjugate (#£1%)” relationship is obtained for
arbitrary (1,)):

(p(‘),Ap”)):O (i - j)

Following relationships are also obtained for p® and r®:
(r(‘), r(”): 0 (i o) j), (p(k),r(k’): (r(k), r(k))

In N-dimensional space, only N sets of orthogonal and linearly
independent residual vector r®. This means CG method
converges after N iterations if number of unknowns is N.
Actually, round-off error sometimes affects convergence.



Proof (1/3) (F,r9)=0(i = j)
Mathematical Induction O AnD )i
K R " Ap)=0011)

) (p(k),r(k))
(1) Oy = (p(k),Ap(k))
(2)  r%D =0 _g Ap®

(k+l) _ (kD) K) (0) _ (0
(3) p U =rrHLp I =p

—(r®, Ap®
(4) B, = ((p(k),Ap(k)))




PrOOf (2/3) (I‘(i),l‘(j))=O(l ] J)
Mathematical Induction <p(i),Ap(D) 0(i % j) (*)
SRR
(%) is satisfied for 1 <k, ] <k wherel # |
ifi <k (r(k“),r(”) (ra),r(kﬂ))(z)(r(i) r(k)—akAp(k))
L (r®, Ap® )@ (p© - g, p, Ap™)
=0 (p(i) Ap(k))"' akﬂi—l(p(i_l)a Ap(k)}ib

if i = (2)
if i =k (r<k+l> r(k)) r (0 r(k)) (r“‘) akAp(k))

(

3(r<k> r(k)) ( © _ g pkb akAp“‘))
(
(

| % |l

(k) r(k)
(1) = (S?k) Ap(k?) (%)

1
ro, (k)) ( (k) Ap("))(—)( (k) r“‘))—(p(k),r“‘))
(2) —a, Ap (_) r (0 r(k)) (:Bm (k1) 4 (o) r(k))

(3) p“ =r*"+ g, p" (2) \
_ (k=1) (k) (k=1) (k-1 (k=1)
( (k+1) Ap(k)) T _ﬂk—l( ’ r )_ _ﬁk—l( ’ r o ak—l Ap )

DA=Tom ap®] == {p% 0, r* )=, (p%, Apt )| Yo




Proof (3/3) (0 r ) =0 (i = j) ;
Mathematical Induction (p(.) Ap(,)) 0(i % j) (*)
HFERIIFNE

: . _ _ o ~(p®,r®
(%) is satisfied for i <k, j <k wherei # j (e = (E)“),Ap(k?)
- + i )3 + [ (2) ré =t _akAp(k)
—if | < k (p(k 1)’ Ap( ))(:)(r(k ) T ﬂk p(k)’ Ap( )) 3 (kt) — ksl (k)
(f)(r(kﬂ) A (i)) (3) P = PP
= » AP B —(r("”),Ap("))
1 _ (4)18k_ ( (k) A (k))
(2) (r(k+1) r _ I‘('_l)): 0 P, Ap
P
ifi=k (p(k+1),Ap(k))(g)(r(kﬂ),Ap(k))+ﬁk(p(k),Ap(k))

@
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(r(k“), r(k))
(r“‘“), r(k))

S

)
() r(k)) (r(k),akAp(k))

( (k) r(k)) (p(k) _ﬁk—lp(k_l)9akAp(k))
)( (k) r(k) ak(p(k),Ap("))(;)(r(k),r(k))—(p“‘),r(k)):O

1% Ilw IIcoll

(v 0 (k))_( (k) (k)) _ (p%,re)
. (I’ ’ r — p ’ I (1)05k - (p(k),Ap(k))

_(r(kﬂ), Ap("))
(p(k), Ap("))

(4) b =



o, P

Usually, we use simpler definitions of ¢,, 4, as follows:

0% b— Ax(k)) (p(k),r(k)) (r("),r(k))

L

(p(k), Ap(")) - (p(k), Ap(k))_ (p(k), Ap(k))
(p(k), r(k))= (r(k), r(k))
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Procedures of Conjugate Gradient

Compute r®= p-[A]x©® -
for i= 1, 2, . x( - Vector

z(-D= >G-1) ai - Scalar

Pi_1= r@i-10 z(i-1)

if i=1

pD= 7 o
else B = (e ) (=)
i1

Bi-1= Pi-1/Pi_2

endif . .
i)— i (1-1) (l—l))

;- [A]%ﬂ)“q(') “i= ((r 0 . ) o

i = Pi-a l l p ,Ap

x(M= x(i-1) 4 (xip(i)
rd= rG-0 _ o.qd®
check convergence |r]|

D
)

56



57

Preconditioning for lterative Solvers

e Convergence rate of iterative solvers strongly depends
on the spectral properties (eigenvalue distribution) of
the coefficient matrix A.

e Eigenvalue distribution is small, eigenvalues are close to 1
e In “ill-conditioned” problems, “condition number” (ratio of
max/min eigenvalue if A is symmetric) is large (§4%k) .

e A preconditioner M (whose properties are similar to
those of A) transforms the linear system into one with
more favorable spectral properties (BIALIE)

M transforms Ax=Db into A'x=b' where A'=M-1A, b'=M-1b

If M~A, M-'A is close to identity matrix.

If M-'=A-1, this is the best preconditioner (Gaussian Elim.)

Generally, A'x'=b’ where A'=M,-"AM"", b'=M,-'b, xX’=Mgx

M, /Mg: Left/Right Preconditioning (% . A Ri4LEE)




Preconditioned CG Solver

Compute r®= b-[A]x©O
for i=1, 2, .
solve [M]zC(-D= rG-1
pi—]_: r(i—l) Z(i—l)
if i1=1
p(l): 7 (0
else
Pi-1= Pi-_1/pi_2 _
p(l): z@(-1) 4 Bi—l p(l_l)
endif
g(O= [A]p
a; = pi_/pMg®
XM= x(-1D + o.pd
r(i): r(i—l) _ Otiq(i)
check convergence |r|

D
-
o

[M]= [Mi1[M:]
[A*]x=b"
[A”1=IM 1 [ATIM ]
X7=[M]Ix, b=[M]'b

p*=>[Mx1p, r’=>[M1'r

p’(O= r7G-D + 7. p?G-D

[V1p®= [M]1rdD + B, [Mp]pC-D

p®= [M,]1[M,JrGD + B, pG-D

p®= [M]LrG-D + g, , pG-D

B”ii= (IMItrG-D rG-Dyy/
([M] —1r-(i—2) , r—(i—2))

o’ = (MIrG-D rG-13/
C pUD,[A]p¢-D)
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Preconditioned Conjugate Gradient
Method (PCG)

©= b- © . . .
compute reP= b-[Alx Solving the following equation:

for i= 1, 2, .
(i-1= p(i-1) _
N e zj=MI"r}
if i=1
I_liﬂllk z© “Approximate Inverse Matrix”
else - =
Bi1= Pi-1/Pi _ [M] '~ [A] 19 [M ]z [A]
p(D= pG-D + g, zG-D
SZ%C[A]D(D Ultimate Preconditioning:
o; = pyy/POGD Inverse Matrix
Ko v o MI" =[], [m]=[A]

check convergence |r| _ _ _
Diagonal Scaling: Simple but weak

M["=[D]". [M]=[D]

D
>



Diagonal Scaling, Point-Jacobi

M]=| ...

e solve [M]zCO-D= rG-1 js very easy.
* Provides fast convergence for simple problems.



ILU(0), I1C(0)

* Widely used Preconditioners for Sparse
Matrices
— Incomplete LU Factorization

— Incomplete Cholesky Factorization (for Symmetric
Matrices)

* Incomplete Direct Method

— Even if original matrix is sparse, inverse matrix is not
necessarily sparse.

— fill-in

— ILU(0)/IC(0) without fill-in have same non-zero pattern
with the original (sparse) matrices




Full LU Factorization 33

(or LU Decomposition) e

e Direct Method

o Alis calculated directly
e A'can be saved
e Fill-in’s

e LU factorization

62



Incomplete LU Factorization |33
(ILU)

e |LU factorization
Incomplete LU factorization

e Generation of fill-in’s is controlled
Preconditioning method

ncomplete Inverse Matrix, “Weaker” Direct Method
LU(O): NO fill-in’s
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Solving Linear Equations by
LU Factorization

[A] is decomposed to the following form of [L][U]:

ap a, a; e Ay 1 0 0 - 0 Uy, U, Uj;
A, a,, dy,; oo Ay |21 1 0 - 0 0 U,, Uy
as, as, ds; v Ay, |5 |31 |32 1 - 0 0 0 Us;
a, a4, &, . 1IN O 0 0

© o Ap Inz In3

L :Lower triangular part of matrix A
U: Upper triangular part of matrix A
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Linear Equations in Matrix $34:

Form

General linear equations with

(1392

n” unknowns:

a X +a,X, +---+a
d, X, +ad,X, +---+a

a X +a,X +--+a X =b

Matrix form:

/au

a21

nl

a12

a22

an2

i I

a2n

nn

X

In“*n

=b,
X, =D,

2n“n

& AX =Db
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Solving Ax=b by LU
Factorization

1

A = LLU Compute [L]and [U]

Ly — b Solve Ly=b

Ux = Y Solve Ux=y

This x is solution of AX — b

'~ Ax =LUx =Ly =b



Solving Ly=b: HE
Forward Substitution 3
|21 1 - 0 Y _ bz
Inl In2 1) yn) \bn)
' 4
Yi :bl
i =5 y2:b2_|21y1
|21y1+y2:b2 > :

' n-I
Inlyl +In2y2 Ty, :bn Yn = bn _Inlyl _Inzyz = bn _Zlniyi
i=1
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Solving Ux=y: 1
Backward Substitution :
Ux = M =) Uy U o uln\/X1 /y1\
0 u22 u2n X2 - y2
\ 0 0 SHEN T \yn)
Un,X, =Y, X :_yn /unn /
u, 1,n—1Xn , T U, 1’an =Y., .X”‘l - (yn—l _un—l,nxn) un—l,n—l

n
U X, +Up Xy +--+ U X, =Y, Xlz(y1_zu1jxjj/u11
i=2



How to calculate LU

Factorization/Decomposition
@

a,; &, 4da;3 -~ 8 ‘ 1 0 0 - 0)u, U, ug
a,, a,, A,y o Ay |21 1 0 e 0 0 U,, Uy
as, as, ds;; 0 Ay, |F |31 |32 1 e 0 0 0 Us;
ap an, an3 IR = In1 Inz In3 1 0 0 0

@

@ - a.ll :ull,a.12 :ulz,..-,aln :uln — u119u127“.9u1

@ ‘ d, = |21u119a31 — I31u11,---,an1 — |n1U11 = |21a|31>"'>|n1

‘ ad,, = |21u12 T Uy, a8, = |21u1n T Uy, = Uy, Uy, ,Uy,

m) a,, = |31u12 + |32u229'” = |32»|429'”a|n2



Example: 5-Point Stencil

10

11

12

10—19—2
O—06—©
@—06E—®
O—2—®
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Example: 5-Point Stencil

10

11

12
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¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Coef. Matrix

000 -100 0.00 000 0.00 0.00
-100 000 -100 0.0 000 0.00
6.00 000 000 -1.00 0.00 0.00
000 6.00 -1.00 000 -100 0.00
000 -100 6.00 -1.00 0.00 -1.00
-100 000 -100 6.00 000 0.00
000 -100 000 000 6.00 -1.00
000 000 -1.00 000 -100 6.00
000 000 0.00 -100 0.00 -1.00
000 000 0.00 000 -100 0.00
000 000 000 000 0.00 -1.00
000 000 000 000 0.00 0.00
1
3
5
7
9
10
11
12

000 000 000 000 N ¢
000 000 000 000
000 000 000 000
000 000 000 000
000 000 000 000
~100 000 000 000
000 -100 000 000
~100 000 -100 000
600 000 000 -100
000 600 -100 000
000 -100 600 -100
~100 000 -100 600 / \
»\ (a) (e
O—@—©
O\ 1\ (¢
@—06E——~F®

7 000

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

N\
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¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Solution

000 -100 0.00 000 0.00 0.00
-100 000 -100 0.00 000 0.00
6.00 000 000 -1.00 0.00 0.00
000 6.00 -1.00 000 -1.00 0.00
000 -100 6.00 -1.00 0.00 -1.00
-100 000 -100 6.00 000 0.00
000 -100 0.00 000 6.00 -1.00
000 000 -1.00 000 -100 6.00
000 000 0.00 -100 0.00 -1.00
000 000 0.00 000 -100 0.00
000 000 000 000 0.00 -1.00
000 000 000 000 000 0.00
1
3
5
7
9
10
11
12

000 000 000 000 N ¢ 100
000 000 000 000 2.00
000 000 000 000 3.00
000 000 000 000 4.00
000 000 000 000 5.00
~100 000 000 0.00 6.00
000 -100 000 0.0 7.00
100 000 -1.00 0.0 8.00
600 000 000 —-1.00 9.00
000 600 -100 0.00 10.00
000 -1.00 600 —-1.00 11.00
~100 000 -100 600 / N\ 1200/
\ (o) (c )
@ 8) 9
A () (¢ >
@—05——6
O—2—0)

7 000"

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

N\
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Full LU Factorization

Original Matrix

LU Factorization
[L1[V]

Diagonal Components of
[L] (=1) are not displayed

fill-in occurred

d 6.00

-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

7 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N, 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-1.00
0.00

-1.00
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00
-1.00
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00

-1.00

6.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
~1.03

5.63 ./
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ILU Factorization (without Fill-in)

ILU Factorization
[LI[U]

Diagonal Components of
[L] (=1) are not displayed

NO fill-in’s

LU Factorization
[L1[V]

Diagonal Components of
[L] (=1) are not displayed

fill-in occurred

7 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

7 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N, 0.00

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 "\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
-0.01
~1.03

5.63 /7
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Solution: A little bit inaccurate ...

ILU

Full LU

7’ 600
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\. 0.00

7" 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 ™\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65 /

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
~1.03

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

563 /

\ 1183

71007
2,00
3.00
400
5.00
6.00
7.00
8.00
9.00

10.00
11.00

\\ 12,00,/



ILU(0), I1C(0)

* |ncomplete Factorization without Fill-in’s
— Saving Memory, Smaller Computations

 If we solve equations by this incomplete
factorization, we can get “incomplete” solutions.
— But those are not far from accurate ones.

— “Accuracy”/”Inaccuracy” depends on property of
matrices
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Classification of Preconditioning
Methods: Trade-off

Strong

ﬁ

Point Jacobi

Diagonal
Blocking

ILU(0)

» Simple
 Easy to be Parallelized
* Cheap

ILU(1)

ILU(2)

Gaussian
Elimination

» Complicated
» Global Dependency
* Expensive




« Background
— Finite Volume Method
— Preconditioned lterative Solvers

* ICCG Solver for Poisson Equations

— How to run
 Data Structure

— Program
* Initialization
» Coefficient Matrices
« |ICCG




Target Application

3D Poisson Equations
az¢ az¢ o0’¢
OX” ay2 oz’

Finite Volume Method (FVM)

— Arbitrary Shape Elements, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers
— Conjugate Gradient + Preconditioner

+f=0

80
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3D Structured Mesh
Internal data structure is “unstructured”

[l L L L
[l L L

Z
N
AN

) A N NI AN
[>
N

NX
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Target Problem: Variables are defined
at cell-center

Poisson Equation

82 52 82
axf+ayf+azf+f=0
B.C.
° Volume Flux Flux of each cell
= dfloat(i+j+k) xVolume
— — 1,J.k)= icel, (1,2,
° (I)_O@Z_Zmax (i,3,k)=XYZ(icel,(1,2,3))

|24

X
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij




Running the Program: <$E-L1>/run

mg
mesh generator

'

— T
—

mesh.dat
mesh file

\_//

NO explicit mesh file
inactual computation.

L1-sol
Poisson Solver
FVM

}

INPUT.DAT
Control File

J

i

—
-

test.inp
ParaView File

k//
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$>
$>

$>
$>
$>

cd

Running the Program

<$E-L1>/run

Compiling

gfortran -0 mg.f¥ -o mg (or cc -0 mg.c —o0 mg)

Is

cd

mg
mg

_../src

make

Is

_../run/L1-sol
L1-sol

Mesh Generator: mg

Poisson Solver (FVM): L1-sol
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Running the Program
Mesh Generation

$> cd ../run
$> ./mg

NX, NY, NZ
4 3 2
$> Is mesh.dat
mesh.dat
/
NZ
- v NY
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4 3 2
24

1 0 2 0 5 0 13 1
2 1 3 0 6 0 14 2
3 2 4 0 7 0 15 3
4 3 0 0 8 0 16 4
5 0 6 1 9 0 17 1
6 5 7 2 10 0 18 2
/I 6 8 3 11 0 19 3
8§ /7 0 4 12 0 20 4
9 0 10 5 0 0 21 1
M0 9 11 6 0 0 22 2
1M 10 12 7 0 0 23 3
12 11 0 8 0 0 24 4
13 0 14 0 17 1 0 1
14 13 15 0 18 2 0 2
15 14 16 0 19 3 0 3
16 15 0 0 20 4 0 4
17 0 18 13 21 5 0 1
18 17 19 14 22 6 0 2
19 18 20 15 23 7 0 3
20 199 0 16 24 8 0 4
21 0 22 117 0 9 0 1
22 21 23 18 0 10 O 2
23 22 24 19 0 11 0 3
24 23 0 20 0 12 0 4

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT

LWWWWNOINNDN === —=WWwWww DN — = ——

NN NNMNOOMNODNDMNMNDMNDN A A e e e

mesh.dat (1/5)

read (21, “(10i10)" ) ii, (NEIBcell(i, k), k=1, 6), (XYZ(i, j), j=1, 3)

enddo
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IR mesh.dat (2/5)
{ 0 2 0 5 013 1 1 f

2 1 3 0 6 014 2 1 1

3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 017 1 2 1

6 5 7 2 10 0 18 2 2 1

7 6 8 311 019 3 2 1 NZ

§ 7 0 4 12 02 4 2 1

9 01 5 0 0 21 1 3 1

10 9 11 6 0 0 22 2 3 1 NY
11 10 12 7 0 0 23 3 3 1 - .

2 11 0 8 0 0 24 4 3 1 NX

3 014 017 1 0 1 1 2

EEEE R

6 15 0 0 20 4 0 4 1 2 Number of meshes
17 018 13 21 5 0 1 2 2 in X/Y/Z directions
18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

20 02217 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 2419 0 11 0 3 3 2

24 23 0 2 012 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)” ) ii, (NEIBcell (i, k), k=1, 6), (XYZ(i,j), j=1, 3)
enddo



4 3 2
24
1 0 2 0 5 0 13 1
2 1 3 0 6 0 14 2
3 2 4 0 7 0 15 3
4 3 0 0 8 0 16 4
5 0 6 1 9 0 17 1
6 5 7 2 10 0 18 2
/I 6 8 3 11 0 19 3
8 7 0 4 12 0 20 4
9 0 10 5 0 0 21 1
M0 9 11 6 0 0 22 2
11 10 12 7 0 0 23 3
12 11 0 8 0 0 24 4
13 014 0 17 1 0 1
14 13 156 0 18 2 0 2
15 14 16 0 19 3 0 3
16 15 0 0 20 4 0 4
17 0 18 13 21 5 0 1
18 17 19 14 22 6 0 2
19 18 20 15 23 7 0 3
20 19 0 16 24 8 0 4
21 0 22 17 0 9 0 1
22 21 23 18 0 10 0 2
23 22 24 19 0 11 0 3
24 23 0 20 0 12 0 4

read (21, (10i10)") NX , NY , NZ
read (21,’ (10i10)') ICELTOT

do i= 1, ICELTOT

LWWWWNOINNDN === —=WWwWww DN — = ——

NN NNMNOOMNODNDMNMNDMNDN A A e e e

mesh.dat (3/5)

Number of Meshes (Cells)
= NX x NY x NZ

read (21, “(10i10)" ) ii, (NEIBcell(i, k), k=1, 6), (XYZ(i, j), j=1, 3)

enddo
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PR mesh.dat (4/95)
1 0 2 0 5 0 13 1 1 1

2 1.3 0 6 0 14 2 1 1 Neighboring Cells: NEIBceli(i,k)
3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 0 17 1 2 1 [ L L L
7% 8 511 015 3 2 1

8 7 0 4 12 0 2 4 2 1 13|14 16 //
9 010 5 0 0 21 1 3 1 y4

10 9 11 6 0 0 22 2 3 1 y 1234//
1110 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1

13 014 017 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2 X

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

2100 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 0 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ

read (21, (10i10)") ICELTOT
_ 1st Col.: Global ID of the Cell
do i= 1, ICELTOT

read (21, “(10i10)" ) _ii, (NEIBcell(i, k), k=1, 6), (XYZ(i, j), j=1, 3)
enddo




NEIBcell: ID of Neighboring Mesh/Cell
=0: for Boundary Surface

NEIBcell(icel,6)
* / NEIBcell(icel,4)

NEIBcell(icel,1) =l NE|Bcell(icel,2)

4

NEIBcell(icel,3) *

NEIBcell(icel,1)=icel — 1
NEIBcell(icel,5) NEIBcell(icel,2)=icel + 1
NEIBcell(icel,3)= icel — NX

NEIBcell(icel,4)= icel + NX
NEIBcell(icel,5)= icel — NX*NY
NEIBcell(icel,6)= icel + NX*NY




PR mesh.dat (5/5)
1 0 2 0 5 013 1 1 1

2 1.3 0 6 014 2 1 1 Location in X,Y,Z-directions: XYZ(i,j)
3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 017 1 2 1

6 5 7 210 0 18 2 2 1

i 9 0 412 02 4 2 1

9 010 5 0 0 21 1 3 1 e
11012 7 0 03 5 3 1 %
A R A ; Bdithd '° 0¥ g
14 13 15 0 18 2 0 2 1 2 y 1234//
15 14 16 0 19 3 0 3 1 2

16 15 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2 X

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

93 22 24 19 0 11 0 3 3 2

294 923 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)" ) ii, (NEIBcell (i, k), k=1, 6), XYZ(i,j), j=1, 3)
enddo



NEIBcell: ID of Neighboring Mesh/Cell
=0: for Boundary Surface

NEIBcell(icel,6)
* / NEIBcell(icel,4)

NEIBcell(icel,1) =l NE|Bcell(icel,2)
/ i= XYZ(icel,1)
j= XYZ(icel,2), k= XYZ(icel,3)
NEIBcell(icel,3) * icel= (k-1)*NX*NY + (j-1)*NX +i
NEIBcell(icel,1)=icel — 1
NEIBcell(icel,5) NEIBcell(icel,2)=icel + 1

Z y NEIBcell(icel,3)= icel — NX
i NEIBcell(icel,4)= icel + NX
NEIBcell(icel,5)= icel — NX*NY

X NEIBcell(icel,6)= icel + NX*NY
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Running the Program
Control Data: <$E-L1>/run/INPUT.DAT

32 32 32 NX/NY/NZ
1 MEHOD 1:2
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
NX, NY, NZ
— Number of meshes in X/Y/Z dir.
METHOD -
— Preconditioner \z
AZ
DX, DY, DZ 78
— Size of meshes ZK PE— N AX
NX
EPSICCG x

— Convergence Criteria for ICCG
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Preconditioning Method

32 32 32 NX/NY/NZ
1 MEHOD 1:2
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
« METHOD=1 Incomplete Modified Cholesky Fact.
(Off-Diagonal Components unchanged)
« METHOD=2 Incomplete Modified Cholesky Fact.
(Fortran ONLY)
« METHOD=3 Diagonal Scaling/Point Jacobi



Running the Program

Running, Post Processing by ParaView
http://nkl.cc.u-tokyo.ac.jp/class/HowtouseParaViewE.pdf

$> cd <$P-L1>/run
$> ./L1-sol

$> Is test.inp
test.inp
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BEXDIELE
=

R
=Ak
AR
Y E A
y:ki:d
=Ak
JNE{R
—REFR
2
=AR2
U £ 2.2
DY {2
A2
=HHE2
JNEA2

UCD Format (1/2)
Unstructured Cell Data

:¥_'7_F &

- o]

. mEH 2
pt 0 0 1 0
line

=&k =Ak2
tri 0 0
w AN
tet ! 2 1 4 2

AEE NE 2
3 1 3
pyr o 0 10
Mo £ fiz mAR 2 2 2
prism 0 3 o7 3
16 8
hex 4 6 7
4 4 ‘
! 2 s 2 6 12 é

line2 _ﬁﬁz = _ﬁﬁz
tri2

quad?

tet2

pyr2

prism2

hex2
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UCD Format (2/2)

 Originally for AVS, microAVS
« Extension of the UCD file is “inp”

« There are two types of formats. Only old type can
be read by ParaView.

98
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« Background
— Finite Volume Method
— Preconditioned lterative Solvers

* ICCG Solver for Poisson Equations

— How to run
« Data Structure

— Program
* Initialization
» Coefficient Matrices
« ICCG
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Structure of the Program

program MAIN MAIN INPUT
use STRUCT ; control info.
use PCG main
use solver_1CCG
use solver_ICCG2 POINTER_INIT
use solver_PCG rneshinﬂ;.w
implicit REAL*8 (A-H, 0-2)
cal | INPUT BOUNDARY CELL
call POINTER_INIT bound h
cal| BOUNDARY CELL oundary mesnes
call CELL_METRICS
call POI_GEN CELL_METRICS
PHI= 0.d0 area/volume
if (METHOD.eq.1) call solve I1CCG (:--)
it (METHOD. eq. 2) call solve_ I1CCG2(---) POI_GEN
if (METHOD. eq.3) call solve PCG (:--) matrix
cal |l OUTUCD
SOLVER_1CCG
-t . .
end ICCG: METH=1
SOLVER_I1CCG2 FORM_ILUO
ICCG: METH=2 T=a-50-dT,
SOLVER_PCG

PCG: METH=3
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module STRUCT

module STRUCT I CELTOT -
include "precision. inc’ Number of meshes (NX x NY x NZ)
IC
IC-—— METRICs & FLUX N :
integer (kind=kint) :: ICELTOT, ICELTOTp, N -
integer (kind=kint) :: NX, NY, NZ NXP1, NYP1, NzP1, IBNODTOT Number of modes
integer (kind=kint) :: NXc, NYc, NZc
&real (ll;)i(ndmregé) ):(AREA YAREA, ZAREA, RDX, RDY, RDZ g 2 - R X Mz
: RDK2. RDYZ RDZ2. RODX. R2DY R2DZ ' ' Number of meshes in x/y/z directions
real (kind=kreal), dimension(:), allocatable :: & NXP1.NYP1l_,NZP1:
& VOLCEL, VOLNOD, RVC, RVN ) . .
Number of nodes in x/y/z directions
integer (kind=kint), dimension(:,:), allocatable :: &
& XYZ, NEIBcel | I BNODTOT -
IC = NXP1 x NYP1

IC— BOUNDARYs
integer (kind=kint) :: ZmaxCELtot
integer (kind=kint), dimension(:), allocatable :: BC_INDEX, BC_NOD XYZ(CICELTOT,3):
integer (kind=kint), dimension(:), allocatable :: ZmaxCEL .
Location of meshes

IG

IC— WORK -
integer (kind=kint), dimension(:,:), allocatable :: IWKX NEIBcell (ICEI—TOT- 6) -
real (kind=kreal), dimension(:, :), allocatable :: FGV Neighboring meshes

end module STRUCT




module PCG (1/5)

module PCG

integer, parameter :: N2= 256

integer :: NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD
integer :: NPL, NPU

real (kind=8) :: EPSICCG

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex
integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD

integer, dimension(:, :), allocatable :: IAL, IAU
integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

Sparse Matrix

102

Only non-zero off-diagonal

components (CRS)

Diagonal/Lower/Upper

components are stored separately
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module PCG (2/5)

WCLG (Aee Auxiliary Arrays

integer, parameter :: N2= 256

integer :: NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD

integer :: NPL, NPU Lower Part (Column ID)
real (kind=8) :: EPSICCG IAL(icou,i) < 1

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex Upper Part (Column ID)
integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD |AU(iCOU i) >

integer, dimension(:, :), allocatable :: IAL, IAU

integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

INLCICELTOT) # Non-zero off-diag. components (lower)

IAL(NL, ICELTOT) Col. ID: non-zero off-diag. comp. (lower)

INUCICELTOT) # Non-zero off-diag. components (upper) U
IAUCNU, ICELTOT) Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL(O: ICELTOT) # Non-zero off-diag. comp. (lower, CRS)

1ndexU(O: ICELTOT) # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

1temL(NPL), itemU(NPU) Col. ID: non-zero off-diag. comp. (L/U, CRS)
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module PCG (3/5)

WCLG (Aee Auxiliary Arrays

integer, parameter :: N2= 256

integer :: NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD

integer :: NPL, NPU Lower Part (Column ID)

real (kind=8) :: EPSICCG IAL(icou,1) < 1

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE INL(E) = Number@each row
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex Upper Part ((:()ll]lT]f\ |[))

integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD - - -
; ) IAUCicou,i) > i

integer, dimension(:, :), allocatable :: IAL, IAU |NU(i)' Number@each row
integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

INLCICELTOT) # Non-zero off-diag. components (lower)

IAL(NL, ICELTOT) Col. ID: non-zero off-diag. comp. (lower)

INUCICELTOT) # Non-zero off-diag. components (upper) U
IAU(NU, ICELTOT) Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL(O: ICELTOT) # Non-zero off-diag. comp. (lower, CRS)

1ndexU(O: ICELTOT) # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

1temL(NPL), itemU(NPU) Col. ID: non-zero off-diag. comp. (L/U, CRS)
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module PCG (4/5)

WCLG (Aee Auxiliary Arrays

integer, parameter :: N2= 256

integer . NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD

integer :: NPL, NPU Lower Part (Column ID)

real (kind=8) :: EPSICCG IAL(icou,1) < 1

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE INL(E) = Number@each row
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex Upper Part ((:()lljfr]r] |[))

integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD - - -
; ) IAUCicou,i) > i

integer, dimension(:, :), allocatable :: IAL, IAU |NU(i)' Number@each row
integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

INLCICELTOT) # Non-zero off-diag. components (lower)

IAL(NL, ICELTOT) Col. ID: non-zero off-diag. comp. (lower)

INUCICELTOT) # Non-zero off-diag. components (upper) U
IAU(NU, ICELTOT) Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp. (=6)

1ndexL(O:- ICELTOT) # Non-zero off-diag. comp. (lower, CRS)

1ndexU(O: ICELTOT) # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL(NPL), itemU(NPU) Col. ID: non-zero off-diag. comp. (L/U, CRS)
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module PCG (5/5)

module PCG

integer, parameter :: N2= 256

integer :: NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL, METHOD
integer :: NPL, NPU

real (kind=8) :: EPSICCG

real (kind=8), dimension(:), allocatable :: D, PHI, BFORCE
real (kind=8), dimension(:), allocatable :: AL, AU

integer, dimension(:), allocatable :: INL, INU, COLORindex
integer, dimension(:), allocatable :: OLDtoNEW, NEWtoOLD

integer, dimension(:, :), allocatable :: IAL, IAU

integer, dimension(:), allocatable :: indexL, itemL
integer, dimension(:), allocatable :: indexU, itemU

end module PCG

METHOD Preconditioning method (=1, =2, =3)
EPSICCG Convergence criteria for ICCG
D (1CELTOT) Diagonal components of the matrix

PHI (ICLETOT) Unknown vector
BFORCE(ICELTOT) RHS vector

AL(NPL), AU(NPU) Non-zero off-diagonal L/U components of the
matrix (CRS)



Variables/Arrays for Matrix

Name Type Content
D(N) R | Diagonal components of the matrix (N= ICELTOT)
BFORCE(N) R | RHS vector
PHI(N) R | Unknown vector
indexL(O:N) I | Number of Lower non-zero off-diag. comp. (CRS)
indexU(O:N) I | Number of Upper non-zero off-diag. comp. (CRS)
NPL I | Total number of Lower non-zero off-diag. comp. (CRS)
NPU I | Total number of Upper non-zero off-diag. comp. (CRS)
1temL(NPL) I | Column ID of Lower non-zero off-diag. comp. (CRS)
1temU(NPU) I | Column ID of Upper non-zero off-diag. comp. (CRS)
AL(NPL) R | Lower non-zero off-diag. comp. (CRS)
AU(NPU) R | Upper non-zero off-diag. comp. (CRS)
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Variables/Arrays for Matrix

Auxiliary Arrays

Name Type Content
NL,NU I | MAX. number of Lower/Upper non-zero off-diag. comp.
for each mesh (=6 in this case)
INL(N) I | Number of Lower non-zero off-diag. comp.
INUCN) I | Number of Upper non-zero off-diag. comp.
IAL(NL,N) I | Column ID of Lower non-zero off-diag. comp.
IAU(CNU,N) I | Column ID of Uppwer non-zero off-diag. comp.

Why Auxiliary Arrays ?

@ NPL and NPU are unknown before computation.
@ CRS is not suitable for reordering.
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Mat-Vec Multiplication: {gq}=[A{p}
do i=1, N
VAL= D (i) *p (i)
do k= indexL (i-1)+1, indexL (i)

VAL= VAL + AL (k) *p (itemL (k))
enddo

do k= indexU(i—-1)+1, indexU(i)
VAL= VAL + AU (k) *p (itemU (k))
enddo

q(i)= VAL

enddo



Structure of the Program

program MAIN

use STRUCT

use PCG

use solver_ICCG
use solver_ICCG2
use solver_PGCG

implicit REALx8 (A-H, 0-2)

cal |l INPUT

call POINTER_INIT

cal | BOUNDARY_GCELL
call CELL_METRIGS

call POI_GEN

PHI= 0.d0

if (METHOD.eq.1) call solve I1CCG
if (METHOD. eq.2) call solve ICCG2
if (METHOD. eq.3) call solve PCG
cal |l OUTUCD

stop
end

MATIN
main

INPUT
control info.

BOUNDARY CELL

boundary meshes

CELL_METRICS
area/volume

POI_GEN

matrix

SOLVER_ICCG

ICCG: METH=1

SOLVER_1CCG2 FORM_ILUO

ICCG: METH=2 T-a, -S04,
k=1

SOLVER_PCG

PCG: METH=3




input: reading “INPUT.DAT"

IC
| Goksksk
ICxkx INPUT
| Goksksk
IC
IC INPUT CONTROL DATA
IC
subroutine INPUT
use STRUCT
use PCG
implicit REALx8 (A-H, 0-2)
character*80 CNTFIL
IC
IC— CONTL. file
open (11, file=" INPUT.DAT , status="unknown')
read (11,%) NX, NY, NZ
read (11,%) METHOD
read (11,%) DX, DY, DZ
read (11,*) EPSICCG
close (11)
return
end
32 32 32
1

1.00e-00 1.00e-00 1.00e-00
1.0e-08

NX/ZNY/NZ
MEHOD 1-3
DX/DY/DZ
EPSICCG
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pointer_init (1/3): "mesh.dat”

IC
| Gokoksk
ICxxx POINTER _INIT
| Gokoksk
IC
subroutine POINTER_INIT
use STRUCT
use PCG
implicit REALx8 (A-H, 0-2)
IC
1C + }

IC | Generating MESH info. |
IC =
! C:::

ICELTOT= NX * NY = NZ

NXP1= NX + 1
NYP1= NY + 1
NZP1= NZ + 1

al locate (NEIBcel | (ICELTOT, 6),

NEIBcel =0

NX,NY,NZ:

Number of meshes in x/y/z directions

NXP1,NYP1,NZP1:

Number of nodes in x/y/z directions
(for visualization)

ICELTOT:

Number of meshes (NX x NY x NZ)

XYZ(ICELTOT,3):

XYZ (IGELTOT, 3))

Location of meshes

NEIBcel I(1CELTOT,6):
Neighboring meshesc




pointer_init (2/3): "mesh.dat’

do k=1, NZ
do j= 1, NY
do i=1, NX
icel= (k—1)*NXkNY + (j—1)*NX + i NEIBcell(icel,6)
NEIBcell (icel, 1)= icel - 1
NEIBcell (icel, 2)= icel + 1

NEIBcell(icel,4)

NEIBcell (icel,3)= icel - NX
NEIBcell (icel,4)= icel + NX
NEIBcell (icel,5)= icel — NXkNY
NEIBcell (icel, 6)= icel + NX«NY

NEIBcell(icel,1) NEIBcell(icel,2)

if (i.eq. 1) NEIBcell (icel, 1)
if (i.eq.NX) NEIBcell (icel, 2)
if (j.eq. 1) NEIBcell (icel, 3)
if (J.eq.NY) NEIBceII(iceI,4§

)

if (k.eq. 1) NEIBcell (icel,5
if (k.eqg.NZ) NEIBcell (icel, 6

XYZ (icel, 1)
XYZ (icel, 2)
XYZ (icel, 3)

(I N e i |
OO OOOO

NEIBcell(icel,3)

i
j NEIBcell(icel,5)
k

enddo
enddo
c enddo
' NEIBcell(icel,1)=icel — 1

NEIBcell(icel,2)=icel + 1

= XYZ(icel,1) NEIBcell(icel,3)= icel — NX

j= XYZ(icel,2), k= XYZ(icel,3)

. ) _ NEIBcell(icel,4)= icel + NX
icel= (k-1)*NX*NY + (j-1)*NX + i

NEIBcell(icel,5)= icel — NX*NY
NEIBcell(icel,6)= icel + NX*NY




pointer_init (3/3): "mesh.dat”

IC
IC A = : :
IC | Parameters | If DX IS no Iarger than O-O
IC =
if (DX. le.0.0e0) then
DX= 1.d0 / dfloat (NX)
DY= 1.d0 / dfloat (NY)
DZ= 1.d0 / dfloat (NZ)
endif
NXP1= NX + 1
NYP1= NY + 1
NZP1= NZ + 1
IBNODTOT= NXP1 * NYP1
N = NXP1 * NYP1 * NZP1
return

end
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pointer_init (3/3): "mesh.dat”

IC
1C + }
IC | Parameters |
1C + }
if (DX. le.0.0e0) then
DX= 1.d0 / dfloat (NX)
DY= 1.d0 / dfloat (NY)
DZ= 1.d0 / dfloat (NZ)
endif
NXP1= NX + 1
NYP1= NY + 1
NZP1= NZ + 1
IBNODTOT= NXP1 * NYP1
N = NXP1 * NYP1 % NZP1
return
end

o o
S

NXP1,NYP1,NZP1:

Number of nodes in x/y/z
directions

IBNODTOT:
= NXP1 x NYP1

N:
Number of modes
meshes (for visualization)



boundary cell

IC
| Goksksk
I Ckx* BOUNDARY_CELL
| Goksksk
IC
subroutine BOUNDARY_CELL
use STRUCT
implicit REAL*8 (A-H, 0-2)
IC
Ll — +
IC | Zmax |
10 +—— +
IFACTOT= NX * NY
/maxCELtot= IFACTOT
al locate (ZmaxCEL (ZmaxCELtot))
icou= 0
k =NZ
do j=1, NY
do i= 1, NX
icel= (k-1)*IFACTOT + (j—1)*NX + i
icou= icou + 1
ZmaxCEL (icou)= icel
enddo
enddo
return
end

Meshes @ Z=Z
Number:
Mesh ID:

max

ZmaxCELtot
ZmaxCEL(:)
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IC
| Ckkok
ICx*x CELL_METRICS
| Ckkok
IC
subroutine CELL_METRIGS
use STRUCT
use PCG
. implicit REALx8 (A-H, 0-7)
I
IC— ALLOCATE
al locate (VOLCEL (ICELTOT))
: allocate (  RVC(ICELTOT))
I

IC—— VOLUME, AREA, PROJECTION etc.

XAREA= DY * DZ
YAREA= DX * DZ
ZAREA= DX * DY

RDX= 1.d0 / DX
RDY= 1.d0 / DY
RDZ= 1.d0 / DZ

RDX2=
RDY2=
RDZ2=
R2DX=
R2DY=
R2DZ=

— . — —) —) —)

.d0 / (DX*x2)
.d0 / (DY#*x%2)
.d0 / (DZ*x2)
.d0 / (0.50d0*DX)
.d0 / (0.50d0*DY)
.d0 / (0.50d0%DZ)

VO= DX * DY * DZ
RVO= 1.d0/VO
VOLCEL= VO

RVC

return

end

= RVO
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cell metrics

Parameters for Computations

XAREA

L

DZ

X

XAREA=AY xAZ, YAREA=AZ xAX,
ZAREA = AX x AY

DY

DX

RDX :L, RDY :L, RDZ =L
AX AY AZ
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cell metrics

| G Parameters for Computations
;g::: CELL_METRICS

IC

subroutine CELL_METRIGS

use STRUCT XAREA

use PCG
. mlicit REALYS (A-H,0-D s
I

1G-— ALLOCATE DZ
lis (R (SR,
al locate

1C DY

IC-— VOLUME, AREA, PROJECTION etc.
XAREA= DY * DZ DX

YAREA= DX * DZ Z) y
ZAREA= DX * DY

RDX= 1.d0 / DX X
RDY=1.d0 / DY
RDZ= 1.d0 / DZ

RDX2=
RDY2=
RDZ2=

.d0 / (DX*x2) RDX 2 =
.d0 / (DY*+*2) 27 >

0 / (DZ##2) AX AY? AZ*
R2DX= 1.d0 / (0.50d0*DX)

R2DY= 1.d0 / (0. 50d0=*DY) 1 1

R2DZ= 1.d0 / (0.50d0*DZ) R2DX = R2DY =
VO= DX * DY * DZ 0.5x AX 0.5xAY

RVO= 1. d0/V0 1
VOLCEL= VO R2DZ =

RVC = RVO 0.5xAZ

— ek ek ek ok ok

return
end
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cell metrics

| G Parameters for Computations
;g::: CELL_METRICS

IC

subroutine CELL_METRIGS

use STRUCT XAREA

use PCG
. mlicit REALYS (A-H,0-D s
I

1G-— ALLOCATE DZ
lis (R (SR,
al locate

1C DY

IC-— VOLUME, AREA, PROJECTION etc.
XAREA= DY * DZ DX

YAREA= DX * DZ Z) y
ZAREA= DX * DY

RDX= 1.d0 / DX X
RDY=1.d0 / DY
RDZ= 1.d0 / DZ

RDX2= 1.d0 / (DX**2) _ _
RDY2= 1.d0 / (DY+k2) VOLCEL =V0=AX xAY xAZ
RDZ2= 1.d0 / (DZ**2)
R2DX= 1.d0 / (0. 50d0*DX) 1
.d0 / (0.50d0*DY) RV0=RVC =

R2DY R —
R2DZ= 1.d0 / (0.50d0+DZ) VOLCEL

VO= DX * DY * DZ
RVO= 1.d0/VO
VOLCEL= VO
RVGC = RVO

I
— — — — — —

return
end
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Structure of the Program

program MAIN VAIN INPUT
use STRUCT main control info.
use PCG

use solver_IGCG POINTER_INIT
use solver_ICCG2 N f-.w
use solver_PGCG mesh info.
implicit REALx8 (A-H, 0-2) BOUNDARY CELL
call INPUT boundary meshes
call POINTER_INIT

cal | BOUNDARY_CELL CELL METRICS
call CELL_METRIGCS are;/VOIume
call POI_GEN

PHI= 0.d0

i f EMETHOD.eq.1§ call solve_ICCG E-ug
IT (METHOD. eq. 2) call solve_ICCG2 (:--
it (METHOD. eq. 3) call solve PCG (---) SOLVER_ICCG
ICCG: METH=1
call OUTUCD
FORM_ ILUO
stop SOLVER_1CCG2 _
end ICCG: METH=2 L=a,-3 0 -d, T,
SOLVER_PCG
PCG: METH=3




boi_gen (1/7)

subroutine POI_GEN

use STRUCT
use PCG

implicit REALx8 (A-H, 0-2)

IC

IC— INIT.
nn = ICELTOT
NU= 6
NL= 6

al locate (BFORCE(nn), D(nn), PHI (nn))
allocate (INL(nn), INU(nn), IAL(NL,nn), TAU(NU, nn))

PHI= 0. d0
D= 0.d0

INL= 0
INU= 0
IAL= 0
IAU= 0



Variables/Arrays for Matrix
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Name Type Content
D(N) R | Diagonal components of the matrix (N= ICELTOT)
BFORCE(N) R | RHS vector
PHI(N) R | Unknown vector
indexL(O:N), 1 |# ofL/Unon-zero off-diag. comp. (CRS)
indexU(O:=N)
NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
itemL(NPL), I | Column ID of L/U non-zero off-diag. comp. (CRS)
1temU(NPU)
AL(NPL), R | L/U non-zero off-diag. comp. (CRS)
AU(NPU)

Name Type Content
NL , NU I | MAX. # of L/U non-zero off-diag. comp. for each mesh (=6)
INL(N), I | # of L/U non-zero off-diag. comp.
INU(N)
IAL(NL,N), I | Column ID of L/U non-zero off-diag. comp.

IAUCNU,N)




IC | CONNECTIVITY |

do icel= 1, ICELTOT

icN1= NEIBcel |l (icel, 1)
icN2= NEIBcel |l (icel, 2)
icN3= NEIBcel |l (icel, 3)
icN4= NEIBcel |l (icel, 4)
icN5= NEIBcel |l (icel, 5)
icN6= NEIBcel |l (icel, 6)

icouG= 0

if (icN5.ne.0) then
icou= INL(icel) + 1
IAL (icou, icel)= icNb
INL ( icel)= icou

endif

if (icN3.ne.0) then
icou= INL(icel) + 1
IAL (icou, icel)= icN3
INL ( icel)= icou
endif

if (icN1.ne.0) then
icou= INL(icel) + 1
IAL (icou, icel)= icN1
INL ( icel)= icou
endif
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poi_gen (2/7)

NEIBcell(icel,6)

NEIBcell(icel,4)

NEIBcell(icel,1) NEIBcell(icel,2)

NEIBcell(icel,3)

NEIBcell(icel,5)

Lower Triangular Part
NEIBcell(icel,5)= icel = NX*NY

NEIBcell(icel,3)= icel — NX
NEIBcell(icel,1)=icel — 1




IC

if (icN2.ne.0) then
icou= INU(icel) + 1
IAU(icou, icel)= icN2
INU( icel)= icou
endif

if (icN4.ne.0) then
icou= INU(icel) + 1
IAU(icou, icel)= icN4
INU( icel)= icou
endif

if (icN6.ne.0) then
icou= INU(icel) + 1
IAU(icou, icel)= icN6
INU( icel)= icou
endif
enddo
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poi_gen (3/7)

NEIBcell(icel,6)

NEIBcell(icel,4)

NEIBcell(icel,1) NEIBcell(icel,2)

NEIBcell(icel,3)

NEIBcell(icel,5)

Upper Triangular Part
NEIBcell(icel,2)= icel + 1

NEIBcell(icel,4)= icel + NX
NEIBcell(icel,6)= icel + NX*NY
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IC

IC-— 1D array pOI_Qen (4/7)

allocate (indexL(0:nn), indexU(0:nn))

indexL= 0
indexU= 0
% ndexL (isel)= INL(icel)
T I |ce Name Type Content
enéggexu(lcel)_ lNU(IceI) D (N) R | Diagonal components of the matrix (N= TCELTOT)
BFORCE (N) R | RHS vector
do icel= 1, IGELTOT PHI (N) R | Unknown vector
indexL (icel)= indexL (icel) + indexL (icel-1) indexL(0:N),| I |# of L/U non-zero off-diag. comp. (CRS)
indexU(icel)= indexU(icel) + indexU(icel-1) indexU (0:N)
enddo NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
NPL= indexL (ICELTOT) itemL (NPL) , I |ColumnID of L/U non-zero off-diag. comp. (CRS)
NPU= indexU (ICELTOT) *tent (NEV)
AT (NPL) , R | L/U non-zero off-diag. comp. (CRS)
allocate (itemL (NPL), AL (NPL)) AU (NPU)
allocate (itemU(NPU), AU(NPU))
itemL= 0
itemU= 0
AL= 0. d0 SOHSDL
|G=== AU=0.d0 VAL= D (i)*p (i)

do k= indexL (i-1)+1, indexL (i)
VAL= VAL + AL (k) *p (itemL (k))
enddo

do k= indexU(i-1)+1, indexU(i)
VAL= VAL + AU (k) *p (itemU (k))

enddo

q(i)= VAL

enddo
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
D (b —4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij
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Constructing Coefficient Matrix
Conservation for i-th mesh

Sik _ \
D7 (h=4)+ViQ =0

. Qi 70

Si S, .
"‘Zd Id ¢k_zd d_¢i:_ViQi

k Ui T Uy k Ui Ty

dlk +dk| :|¢| +|: :| 'Qi
AL, AU BFORCE
(off-diag.) (RHS)
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IG

:8 | INTERIOR & NEUMANN BOUNDARY CELLs | pOi gen (5/7)

IC 4
'C:::
icouG= 0
do icel= 1, ICELTOT
oNo= NElBos 1 (osl’2)
icN2= cell (icel, . P
i oN3= NEIBceIIEiceI,Sg (::Eﬂl(3lllfit|C)r] ()f (:)()EaffI()IEBr1tES
icN4= NEIBcel |l (icel, 4)
icN5= NEIBcel |l (icel, 5)
icN6= NEIBce! | (icel. 6) N
VOLO= VOLCEL (icel) ® ’ o
icou= 0
if (icN5.ne.0) then
coef =RDZ * ZAREA [P |
D(icel)= D(icel) - coef i

icou= icou + 1
k = icou + indexL(icel-1) 0 _’é‘*_’.
itemL (k)= icN5 W DX DX E

AL (k)= coef
endif

y
if (icN3.ne.0) then O o o
coef  =RDY * YAREA S;
D(icel)= D(icel) — coef
icou= icou + 1
k = icou + indexL(icel-1)
itemL (k)= icN3

endifAL(k)= coef 46 92

if (icN1.ne.0) then
coef  =RDX * XAREA Z&)(
D(icel)= D(icel) — coef

S e T Ay} ¢ “% Ax+ £ AXAY = 0
':’gL 0= cost Ay Ay
endal

ﬁN ¢I

——AYy+—Ay +
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in 3D ...

NEIBcell(icel,6)

NEIBcell(icel,4)

if (icNb.ne.0) then
coef = RDZ * ZAREA
D(icel)= D(icel) - coef

NEIBcell(icel,1) NEIBcell(icel,2)

icou= icou + 1

NEIBcell(icel,3) k= icou + indexL (icel-1)

z y
Z NEIBcell(icel,5)

X itemL (k)= icN5
~ AL (k)= coef
¢neib(icel,1) _¢icel AYAZ + ¢neib(ice|,2) _¢ice| AYAZ fnd Bi
¢neib(ice|,3) - ¢ice| AZAX + ¢neib(ice|,4) - ¢ice| AZAX +

Ay Ay

¢neib(ice|,5) T ¢ice| AXAy n ¢neib(icel,6) - ¢ice| AXAy + ficel
A7 AZ

AXAYAZ =0




poi_gen (6/7)

icou= 0

if (icN2.ne.0) then
coef = RDX * XAREA
D(icel)= D(icel) — coef

igous foou +1 Calculation of Coefficients
= jcou + indexU(icel-1)
itemU (k)= icN2
AU (k)= coef N
endif ® ’P ®
if (icN4.ne.0) then
coef = RDY * YAREA A\
D(icel)= D(icel) - coef . 1
icou= icou + 1 |
el k Nz icou + indexU(icel-1) .4——»*4——»'
t = |c
! eRU (k): coef W E’X DX E
endif
if (icN6.ne.0) th Y DY
" ooef = RDZ * ZAREA ® ® ®
D(icel)= D(icel) — coef S
icou= icou + 1
k = icou + indexU(icel-1)
itegﬂgtg= icNg
= coe
bty Gy,
ii= XYZ(icel, 1) )/ )/
ij= XYZ(icel 2) AX
kk= XYZ(icel, 3) 96 qﬁ qﬁ qﬁ
BFORCE (icel)= —dfloat (ii+jj+kk) * VOLO I i
e oat LT+ ]+ L AX+=— AX+ f AXAY =0

Ay Ay



icou= 0
if (icN2.ne.0) then
coef = RDX * XAREA
D(icel)= D(icel) - coef
icou= icou + 1
k = icou + indexU(icel-1)
itemU (k)= icN2
AU (k) = coef
endif

if (icN4.ne.0) then
coef = RDY * YAREA
D(icel)=D(icel) - coef
icou= icou + 1
k = icou + indexU(icel-1)
itemU (k)= icN4
AU (k) = coef
endif

if (icN6.ne.0) then
coef = RDZ * ZAREA
D(icel)= D(icel) - coef
icou= icou + 1
k = icou + indexU(icel-1)
itemU (k)= icN6
AU (k) = coef
endif

ii= XYZ(icel, 1)
ji= XYZ(icel, 2)
kk= XYZ(icel, 3)

BFORCE (icel)= —dfloat (ii+jj+kk) * VOLO

enddo

poi_gen (6/7)

f =dfloat(i, + J, +k,)

I, = XYZ(icel,1),
Jo = XYZ(icel ,2),
kO = XYZ(icel,3)
XYZ(icel, k) (k=1,2,3)
Index for location of finite-

difference mesh in X-/Y-/Z-
axis.
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IC
IC + =
IC | DIRICHLET BOUNDARY CELLs |
IC + =
IC  TOP SURFACE
do ib= 1, ZmaxCELtot
icel= ZmaxCEL (ib)
coef= 2.d0 * RDZ * ZAREA
D(icel)= D(icel) — coef
enddo
return
end
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poi_gen (7/7)

Calculation of Coefficients
on Boundary Surface @ Z=Z,,,

E d=—-dg E
+ Z=Zmax
DZ
o o o
b=dg
o ® o
o o o

1st Order Approximation:

Mirror Image according to Z=Z__, surface.
d=-¢, at the center of the (virtual) mesh

»=0@<Z=~Z,,,, surface



133

Dirichlet B.C.

Sik _ y
D (A —4)+ViQ =0

Ui Ty

S, S .

— ! .+ ! = —V .
|:Zk: dik +dki :|¢I |:Zk: dik +dki ¢k:| IQI
AL, AU | BFORCE

(off-diag.) (RHS)




Dirichlet B.C.

1

2

k

Sik

dik +dki

b

k

{Z

k

D (diagonal)

k

Sik
Zd .

ik

Ki

ik T

Sik

Ki

dik

}

_|_

¢N _¢i

it

AZ

Sik _ y
D (A —4)+ViQ =0

k ik

AL, AU

(off-diag.)

Sik
Zd +d 2

Ki

AXAY = _ViQi N

|

BFORCE
(RHS)

-V, Qi

~9,
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Dirichlet B.C.

1

2

k

ik T

Sik

Ki

d, +

D (diagonal)

_|_

Py

it

—
AZ

AZ

2

k

(off-diag.)

Sik _ ) —
D (A —4)+ViQ =0

k

AL, AU

AXAY = _ViQi N

L2078 Ay - -V.Q

Sik
d +dy 4

-V, Qi

135

BFORCE

(RHS)

~9,
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Dirichlet B.C.

N Sik _ ) —
' ‘ DZE Zk:dik +d, (¢k ¢i)+ViQi =0
Iy
Q= > @
W ox r px E { g } { S } .
- |4 + —ad [=-VQ
PY i ;Z ® ;dik+dki ;dik_l_dki

D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)

. Sik Sik _2¢I . :
{Zk:d“dki}b‘{zd +d, ‘bk} Ny DAY=

k ik



Dirichlet B.C.

b

2

k

{Z

k

k ik

- Sk _ AXAY
d, +d, Az

N

ik T

Sik

Ki

d, +

Sik
23 d. ‘bk}

k

-2,

AZ

it

D (diagonal)

ik

Sik
Z d +d

)
T Uy

Sik _ y
D (A= 4)+ViQ =0

k ik

AL, AU

(off-diag.)

AXAY = +V,Q,

+=-V,Q,

Sik
Zd +d 2

Ki

BFORCE
(RHS)

-V, Qi
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Dirichlet B.C.

Sn< _ y
D (A= 4)+ViQ =0

Ui Ty

Sik Sik _\/C
_{Z dy +dy }ﬁ +{Zd +dy ¢k}_ e

k K

Si _
- AxAy}qﬁi{Z g @}— vQ

ik ki
D (diagonal) AL, AU BFORCE

do ib= 1, ZmaxCELtot
icel= ZmaxCEL (ib)
coef= 2.d0 * RDZ * ZAREA

kg

D(icel)= D(icel) — coef
+dii enddo

k  Mi
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Structure of the Program

program MAIN MATN INPUT

use STRUCT main control info.

use PCG

use solver_ICCG POINTER_INIT

use solver_ICCG2 ni f-'*

use solver_PCG mesn Into.

implicit REALx8 (A-H, 0-Z) BOUNDARY CELL

call INPUT boundary meshes

call POINTER_INIT

call BOUNDARY_CELL CELL METRICS

call GELL_METRICS Arealvolume

call POI_GEN

PHI= 0.d0 POl1_GEN

matrix

T QETOD 2 1 oal) solve 008 ()

| .eq.2) call solve_ e

if (METHOD. eq.3) call solve_PCG (--) SOLVER_ICCG
ICCG: METH=1

call OUTUGCD

stop SOLVER_1CCG2 FORM_ILUO

end ICCG: METH=2 T=a-50-dT,

SOLVER_PCG
PCG: METH=3



« Background
— Finite Volume Method
— Preconditioned lterative Solvers

* ICCG Solver for Poisson Equations

— How to run
« Data Structure

— Program
* Initialization
» Coefficient Matrices
 ICCG
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Solving Linear Equations

* Conjugate Gradient, CG

* Preconditioner: Incomplete Cholesky Factorization,
IC

— Incomplete “Modified” Cholesky Factorization, more
precisely

« |CCG
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“Modified” Cholesky Factorization

» LU factorization of symmetric matrices

« Symmetric matrix [A] can be factorized into the
form of [A]= [L][D][L]"
— LDLT Factorization, Modified Cholesky Factorization
— [A]= [L][L]" => Cholesky Factorization

N=5
_all alZ a13 a14 alS Ill 0 O O O __dl O O O 0 __Ill |21 |31 I41 ISI_
a'2l a‘22 a'23 a24 a25 IZl |22 0 0 0 0 d2 0 0 0 0 |22 |32 |42 |52
a31 a32 a33 a34 a35 = |31 |32 |33 O O O O d3 O O O O |33 |43 |53
a41 a42 a'43 a'44 a'45 I41 |42 |43 I44 O O O O d 4 0 O O 0 I44 |54
_a'Sl a52 a53 a54 a55_ _|51 |52 |53 I54 |55__ 0 0 0 0 dS__ 0 0 0 0 |55_
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Incomplete "Modified” Cholesky
Factorization (NO Fill-in)

j

D l-de by =a; (j=12,--i-1)

k=1
i di Ly =&,

k=1

if 1.-d. =1, following relationship is obtained:

~

1=12,---,n
~
J=12,---,1—-1
-1
Iu:au_Ezhﬁdklm
k=1




|11 ’dl '|51
|21 'dl '|51 +|22 ’dz ’Isz
|31'd1'|51+I32'd2'|52+l33'd3'|53
Ays
ass

|11 ’dl '|41
|21 'dl ’|41 + Izz 'dz '|42
|31'd1'|41+I32'd2'|42+l33'd3'|43
Ay
asy

— o @ on <
— <+ < < <
S o oo o T T T T o
]l ~ &8 o <
1 O T T ©
S o o o _aA
LS I e
|3|3I3
S O o I & - = =)
— — — N o
T T ©
o o _2_%._ =%
S 98
P e S o i
o _8_& _¢ _d 5 5
= 8 & _F _& =
T o o o ©
I 5

|11 ’dl '|31
Ay
ass

|31'dl'|31+I32'd2'l32+l33'd3'l33

I11 'dl ’|21




Incomplete "Modified” Cholesky
Factorization (NO Fill-in)

]
D l-di b =a; (j=12,-,i-1)

T =12
I =L2,0 Actually, more
- _ “incomplete” factorization
J=12,---,1—-1 is applied in practical use.
j-1
l; :aij_Zlik'dk'ljk > li=3
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Running the Program
<$E-L1>/run/INPUT.DAT

32 32 32 NX/NY/NZ
1 MEHOD 1:2:3
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
0.10 1.0e-08 OMEGA, EPSICCG
« METHOD: Preconditioning 1=12,,m
MethOd j:1929'”7i_1_
1. Incomplete Modified Cholesky ‘ Iy =2, =) - di -1,
Fact. (Off-Diagonal ——
Components unchanged) di=[an—;hk 'dk] =l

2. Incomplete Modified Cholesky
Fact.(Fortran ONLY)

3. Diagonal Scaling/Point Jacobi
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Incomplete “Modified” Cholesky
Factorization (NO Fill-in)

]
D l-di b =a; (j=12,--,i-1)
k=1
Iik 'dk 'Iik = g
k=1

if 1.-d. =1, following relationship is obtained:

1=12,---,n
/
J=12,---,1—-1
]—1
Iij:aij_Zlik'dk'ljk > li=3
el
— B Only diagonal
2 -1
di =| &; — Iik 'dk = Iii components are
N k=1 changed
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Forward/Backward Substitution for
Incomplete Modified Cholesky Fact.

(M)(z}=(LDL )iz} = {r}
)=o) i) == (L)fy}=1

q
——

d 00 0 0l by by by s ) PU Ly Ly Ly s
0 d, 0 0 0)0 Iy Iy 1y s 0 1 Iyl L/l sy 71,
0 0 d; 0 OO0 0 I Iz Ig|=|0 0 1 ls /1y 17155
o 0 0 d, 0)JO0O 0 O I, Iy 0 0 0 1 I, /1,y

0 0 0 0 dsJ0 0 0 0 Is] |O 0 0 0 1]




Forward/Backward Substitution for1
Incomplete Modified Cholesky Fact.

iC=

IC

1C | {z}= [Minv]{r} |

10===

10===

d i=1, N
W, Y)=WGa,R
enddo

doi=1, N
WVAL= W(i,Y)
do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL(k),Y)
enddo
W(i,Y)= WWAL = W(i, DD)
enddo

do i= N, 1, -1
SW = 0.0d0
do k= indexU(i-1)+1, indexU(i)
SW=SW + AUKK) * W(itemU(K),2)
enddo
W(,2)=W(@,Y) - W(i,DD) = SW
enddo

T 1
S O O O =

W (i,DD)=1/1, =d,

3, /1y,
35 /15,
1
0
0

o O o O
]

I41/|11

|42 /|22

i /13
1

0

I51 /Ill
|52 /|22
|53 /|33

lsy /144

1 -

49
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Forward Substitution for Incomplete
Modified Cholesky Fact.
NG = Wi R (LAy}=1r}
e W (i,DD)=1/1, = d,

do i=1, N

WVAL= W(i,Y) }
do k= indexL (i-1)+1, indexL (i) by 00 0 0
WVAL= WVAL - AL(k) * W(itemL(k),Y) L, 1, 0 0 0
enddo |31 |32 |33 0 0
W(i,Y)= WAL * W(i,DD) by b, 1y L, 0
enddo I |52 |53 |54 |55

Yi=h /|11

|11y1 =0

Y, = (rz — |21y1)/ |22

|21y1 + |22 Y, =1,

5 ) :

n-1
Ly, +1,y,+-+1 y =r Y, :[rn —l.,y,—-1,y,=r —Zlmyij/lnn
i=1
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Backward Substitution for
Incomplete Modified Cholesky Fact.

do i= N, 1, -1 T
SH = 0.0d0 (DL ){Z}: {y}
do k= indexU(i-1)+1, indexU(i) -
Sh= SW + AU(K) * W(itemU (k),2) W (i,DD)=1/l. =d.
enddo
W(l,Z)= W(l,Y) B W(l,DD) * Sw _1 |21/|11 I3l/|ll |41/|11 ISI/Ill_
enddo 0 1 I/l D/l 1570,
0 0 I O] R
0 0 0 1 g/,
0 0 0 0 1
Z, =Y, Zy Y
Zn—l + un—l,nzn — yn—l Zn—l — yn—l _(In—l,nzn)/ln—l,n—l

=)

n
Z, +tU,Z,+---+U,Z, =Y, leyl_(zljlzjj/lll
=2



Forward/Backward Substitution forw

Incomplete Modified Cholesky Fact.

iC=

IC

1C | {z}= [Minv]{r} |

10===

10===

d i=1, N
W(i,2)=WGa,R
enddo

doi=1, N
WVAL= W(i, 2)
do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL(k),2)
enddo
W(i,Z)= WWAL = W(i, DD)
enddo

do i= N, 1, -1
SW = 0.0d0
do k= indexU(i-1)+1, indexU(i)
SW=SW + AUKK) * W(itemU(K),2)
enddo
W(i,2)=W(@,Z) - W(i,DD) * SW
enddo

T 1
S O O O =

W (i,DD)=1/1, =d,

3, /1y,
35 /15,
1
0
0

o O o O
]

I41/|11

|42 /|22

i /13
1

0

I51 /Ill
|52 /|22
|53 /|33

lsy /144

1 -

2
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solve ICCG (1/7). METHOD= 1

| Ckkok

IC#+x*x module solver_ICCG

| Ckkok

!
module solver_ICCG
contains

IC

!g*** solve_ICCG

!
subroutine solve_ICCG

& ( N, NPL, NPU,
& AL, AU, EPS, ITR, IER)

implicit REALx8 (A-H, 0-2)

real (kind=8), dimension(N)
real (kind=8), dimension(N)
real (kind=8), dimension(N)
real (kind=8), dimension(NPL) :
real (kind=8), dimension(NPU) :

integer, dimension(0:N) :: indexL,
integer, dimension(NPL) :: itemL
integer, dimension (NPU) :: itemU
real (kind=8), dimension(:, :),

integer, parameter ::
integer, parameter ::
integer, parameter ::
integer, parameter ::
integer, parameter ::

R
Z

o
O oo

indexL,

SN —

0D
1B
X
© A
© A

iteml,

L
U

indexU,

indexU

allocatable ::

W

itemU, D, B, X,

ICELTOT — N
BFORCE — B
PHL - X
~ EPSICCG— EPS
&

W(i, 1)=W(,R)
W(i,2)= WG, 2)
W(i,2)=W(, Q)
W(i,3)=W(i,P)

{r}
{z}
{q}
{p}

W(i,4)= W(i,DD) = {d}

{444
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solve ICCG (2/7): METHOD= 1

allocate (W(N, 4))

do i=1, N
X(i) =0.d0
Wi, 1)= 0.0D0
W(i,2)= 0.0D0
W(i, 3)= 0.0D0
Wi, 4)= 0.0D0
enddo

do i=1, N W(i’DD): di
VAL= D(i)

do k= indexL(i—1)+1, indexL (i) In incomplete modified
VAL= VAL - (AL (k)**2) * W(itemL (k), DD)

nddo L Cholesky factorization

enddo
!C:::

i=12,---.n

W(i,DD): d 1

D(i):

j:1929'“9i_
- j_l
1 _ E - . = a.

QD

]

I _1

i .\ -
Item_L(J)' K d = - 2.4 ! Only diagonal
AL(]): Ay i ik "Mk i components are
changed
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solve ICCG (3/7):. METHOD= 1

:nm:{m-mnmnni

do i=1, N
VAL= D (i)*X (i)

do k= indexL (i-1)+1, indexL (i
VAL= VAL + AL (k) *X (itemL (k)

enddo

do k= indexU(i-1)+1, indexU(i
VAL= VAL + AU (k) *X (itemU (k)

enddo
W(i,R)= B(i) - VAL
enddo

BNRM2= 0. 0DO
do i=1, N

BNRM2 = BNRM2 + B(i) *x2
enddo

BNRM2=]b]?
Convergence criteria

~— — ~— —

Compute r®= p-[A]x©®
for i=1, 2, .
solve [M]zC(-D= rG-D
Pi_1= r@i-10 z@-1)
if 1=1
p(l): 7 (0)
else
Bi-1= Pi-1/Pi2 _
pW= zG-D + ., pG-D
endif
gM= [A]p®
o; = pi_/pg®
(M= x(-1) 4 OCip(i)
rM= rG-1) _ OCiq(i)
check convergence |r|

D
)
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solve ICCG (4/7): METHOD= 1

1C 0)— 0
| Gokskokokokokokokokokokokkkokokkskskskskskskskskskskskskskskskskskskskskskskskskskskskskskskskk | TERAT ION Compute r( )= b_ [A] X( )

[TR= N for 1=1, 2, .
o dol=1, IR solve [M]z(-D= rG-D
gg | . , pi_= rG-1 zG-1
Igl {z}= Minv]{r} | if i=1
1C0=== 1)— 0
doi=1, N p()— z(®
\évo(li,z>: W(i,R) else
enadao
o e 1 N Bi—_lz pi—_llpi—z )
AT R— Gie P
0 K= Ihdex I=1)+1, I1ndex | ™
WAL= WAL - AL (k) * W(itenl (k). 2) endif _
enddo q(l): [A]p(l)
W(i.Z)= WAL * W(i,DD) -
enddo o; = pi_llp(')q(')
dosviv: N’01bd61 x(M= x(@-1) 4 aip(i)
= 0. i)— i-1 i
do k= indexU(i-1)+1, indexU(i) rd= ra-H — ¢o,;q®
g\év: SW + AU(K) * W(itemU(k),2) check convergence |r|
enadao
W(i,2)= W(i,2) - W(i, DD)*SW end
enddo

1C0===
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solve ICCG (4/7): METHOD= 1

IC

| Cokskotokskokokskokokskokskekorskekokskekokskokokskokokskokokskokokskokokskokokskokokskkokskkokk [ TERATION
ITR= N
do L= 1, ITR

IC

!g (@)= ind e | (M Kz}= (LDLT ){z}: {r}

[+~
S (D= | mERA
do i= 1. N Forward Substitution
WVAL= W(i, 2)

do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL(k), 2)
enddo
W(i,Z)= WVAL * W(i, DD)
enddo

o ¥ ot DU fz}={z}|  ®ERA

do k= indexU(i-1)+1, ind

eng\g; SW + AUK) * W(itemU(K).2) Backward Substitution
ggzﬁwuz>—wnmnw
en

|l
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solve ICCG (5/7): METHOD= 1

6 - : Compute r®= b-[A]x©
:g | RHO= {r} {z} | for 1= 1, 2, .
m¥:mm0dol solve [M]z(G-D= rG-b

D e piy= Mt 200

= + * = -

enddo 5 5 Lf 1=1

0= p= z©
else

Bi__1: pi—llpi—z

p(l): z(@-1) 4 Bi_1 p(i)
endif
qH= [A]p®
o; = pi/pMgh
XM= xG-1 + o.p®
rH= G-1) _ aiq(i)
check convergence |r]|

@D
>
o
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solve ICCG (6/7): METHOD= 1

I1C

IC 4 =
IC | {p} = {z} if ITER=1 |
IC | BETA= RHO / RHO1 otherwise |
IC 4 =

if (L.eq.1) then
do i=1, N
W, P)= Wi, 2)
enddo
else
BETA= RHO / RHO1
do i=1, N
W(i,P)=W(i,Z) + BETAXW (i, P)
enddo
endif
IC
IC + =
IC | {a}= [Al{p} |
IC + =
do i=1, N

VAL= D (i)W (i, P)

do k= indexL (i-1)+1, indexL (i)
VAL= VAL + AL (k) *W (itemL (k), P)

enddo

do k= indexU(i-1)+1, indexU(i)
VAL= VAL + AU (k) *W (itemU (k), P)

enddo

W(i, Q)= VAL

enddo
!C:::

@D
o

Compute r®= b-[A]x©
for 1=1, 2,

solve [M]z(-D= rG-D
Pi_1= r-1 z@G-1)
it 1=1

p(l): z(0)

else

Bi-1= Pi-1/Pi-2

p(i): z@(-1) 4 Bi—l p(i)
endif
q(i): [A]p(i)
o; = pi_/ptq®
x(M= x(@-1) 4 Otip(i)
r= rG-1 - ¢ qd
check convergence |r]|
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solve ICCG (7/7): METHOD= 1

19 , Compute r©®= b-[A]x©®
:g | ALPHA= RHO / {p} {a} | for i= 1, 2, ..
C== | solve [M]zG-D= rG-D
g;;{SZ? X W(i, P)#N (i, Q) L
= C1 + Wi, P)=N (i, if i=1
dd LI
- ALPHA= RHO / C1 p(M= 7
gg_f_ | else
¢ [ [z 1+ Apte o) Bi-1= Pi-1/Pi-2
, ri= {r} - i)— i i
IC + i : p(_')_ z(@-1) 4 Bi—l p(l)
= N endif
X(i) =X(i) + ALPHA * W(i,P) qH= [A]p®
W(i R)= W(i,R) - ALPHA * W(i. Q) ~ (i)
enddo OLi_ = pitllp g _
DNRI2= 0. dO x(D= xG-1 + g.p
gngz': DNRM2 + W (i, R) %2 rd= rG-0 - ¢ qM
enaao
1G=== check convergence |r|

ERR = dsqrt (DNRM2/BNRM2)
if (ERR . It. EPS) then
IER =0
goto 900
else
RHO1 = RHO
endif
enddo
IER =1

@D
>
o
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solve ICCG (7/7): METHOD= 1

IC
IC 4 =
IC | ALPHA= RHO / {p} {a} |
IC 4 =
C1=0.d0
doi=1, N
Cl=C1 + W(i,P)*W(i, Q)
enddo
ALPHA= RHO / C1
IC
IC 4 =
IC | {x}= {x} + ALPHA*{p} |
IC | {r}= {r} - ALPHA*{q} |
IC 4 =
do i=1, N
X(i) = X(i) + ALPHA * W(i, P)
W(i,R)= W(i,R) — ALPHA * W(i, Q)
enddo
DNRM2= 0. dO
do i=1, N
DNRM2= DNRM2 + W(i, R) %*2
enddo
ERR = dsqrt (DNRM2/BNRM2) —
7RI EPS) then r= b-[A]x
= —_ 2
goto 900 DNRM2=| r|
olse BNRM2=| b2
RHO1 = RHO

endif

Shado ERR= |r|/|b]

@D
o

Compute r®= b-[A]x©
for 1=1, 2,

solve [M]z(-D= rG-D
Pi_1= r-1 z@G-1)
if i=1
p(l): 7 (0)
else
Bi-1= Pi-1/Pi-2 _
pM= z0G-D + B. , p®
endifT
q(i): [A]p(i)
x(M= x(@-1) 4 aip(i)
rd= rG-1 _ g.qd
check convergence |r]|
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solve ICCG2 (1/3): METHOD= 2
Fortran ONLY

IC 0)— 0]
. Compute r®= b-[AIx®
:8*** module solver_ICCG2 for 1= 1, 2, .
| Cokokok — ; 3
! ile solver 1066 solve [M]zC(-D= rG-D
module solver_ _ o 5 _
c contains Pij_1— ra-1 za-1
|Caork s0lve_ [CCA2 if i1=1
IC p(l): 7 (0)
subroutine solve_ICCG2 &
& (N, NPL, NPU, indexL, itemL, indexU, itemU, D, B, X, & else
& AL, AU, EPS, ITR, IER) _
- Bi—_l_ Pi-_1/Pi-2 ]
implicit REALx8 (A-H, 0-Z) p(|): z(i-1) 4 Bi—l p(|_1)
real (kind=8), dimension(N) D 1
real (kind=8), dimension(N) 1B M ;
real (kind=8), dimension(N)  :: X q('): [A]p(l)
real (kind=8), dimension(NPL) :: AL (D ()
real (kind=8), dimension(NPU) :: AU o = pi_llp q
integer, dimension(0:N) 1 indexL, indexU X(I): X(I_l) + OLip(l)
integer, dimension(NPL) :: itemL rM= pG-1 _ Ot-q(i)
integer, dimension(NPU) :: itemU 1

_ _ check convergence |r]|
real (kind=8), dimension(:,:), allocatable :: W

end
integer, parameter :: R=1
integer, parameter :: /= 2
integer, parameter :: Q= 2
integer, parameter :: P= 3

integer, parameter :: DD= 4

real (kind=8), dimension(:), allocatable :: ALIuO, AUluO
real (kind=8), dimension(:), allocatable :: DIu0



solve ICCG2 (2/3): METHOD= 2

10 +———+
IC | INIT |
IC +————+
allocate (W(N, 4))
do i=1, N
X(i) =0.d0
Wi, 1)= 0.0D0
W(i,2)=0.0D0
Wi, 3)= 0.0D0
W(i,4)= 0.0D0
enddo
call FORM_ILUO

Fortran ONLY

DIuO, ALIuO, AUIuO:

Factorized Matrix Components

163



contains

IC
| Cokskok
| Cokskok
| Cokskok
IC
IC

164

FORM _ILUO (1/2): Fortran only

Incomplete Modified LU Factorization

FORM_ILUO

form ILU(0) matrix

IC
subroutine FORM_ILUO
implicit REAL*8 (A-H, 0-2)
integer, dimension(:), allocatable :: IW1 , IW2
integer, dimension(:), allocatable :: IWsL, IWsU
real (kind=8):: RHS Aij, DKINV, Aik, Akj

IC

IC +————- +

IC | INIT. |

6 S o

allocate (ALIuO(NPL), AUIuO(NPU))
allocate (DIUO(N))

do i=1, N
DIu0(i)= D(i)
do k=1, INL(i)
ALIuO(k, i)= AL (K, i)
enddo
do k=1, INU(i)
AUIuO(k, i)= AU(K, i)
enddo
enddo

In solve ICCG2

1=12,---.n
J=12,---,1-1
j—1
Iu = 4 _Zlik -d, Ijk
k=1
i—1 -1
du :(an - Iik2 'dkj = Iu_1
k=1

™~ N

DIuO, ALIuO, AUTuUO:

Factorized Matrix Components

Initial Conditions

DIuO = D
ALIuO= AL
AUITuO= AU



FORM ILUO (2/2): Fortran only

IC

IC :

;8 | TLU(0) factorization |

i === '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0

- do i= 1, N

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0) )= kO
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0) )= kO
enddo

do icon= indexL (i-1)+1, indexL (i)
k= itemL (icon)
D11= DIu0 (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIuO(i)=1.d0 / DIuO(i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
-A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo

enddo
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FORM ILUO (2/2): Fortran only

IC

IC + t

;8 | TLU(0) factorization |

i === '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0
do i=1, N

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0) )= kO
enddo

do kO= indexU(i-1)+1, indexU(

IW2 (i temU (k0))= kO

enddo

=P 4o icon= indexL(i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV= 1.d0/D11
Aik= ALIu0 (icon)

do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIuO(i)=1.d0 / DIuO(i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
—A (i, k)*(A(k, k))*A(k, j)
endif
enddo
endif
enddo

enddo
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FORM ILUO (2/2): Fortran only

IC

IC + t

;8 | TLU(0) factorization |

i === '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0
do i=1, N

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0) )= kO

enddo
do kO= indexU(i-1)+1, indexU(

IW2 (itemU (k0) )= kO o
enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)

D11= DIuO (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

w0 kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIu0(i)= 1.d0 / DIu0 (i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
-A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo

enddo
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FORM ILUO (2/2): Fortran only

IC
IC :
;8 | TLU(0) factorization |

i=12,--,n
j=12,,i—1
j-1

s '3i_
h ::au":E:hk'dk'lm

1

K=
i-1 =L
‘ di::[an__zzzhkz'dk) :IH4 ‘
k=1

do icon= indexL (i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

w0 kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then .-
Ak j=" AUIu0 (kcon) , )=l
RHS_Ai j= Aik * DKINV * Akj
DIuO(i)= DIu0(i) - RHS_Ai}j
if (j.1t.i .and. IW1(j).ne.0) then

Ak j= AUIu0 (kcon)
RHS_Ai j= Aik * DKINV * Ak

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIu0(i)= 1.d0 / DIu0 (i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
—A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo
enddo
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FORM ILUO (2/2): Fortran only

do k0= indexU(i-1)+1, indexU (Il

IW2 (i temU (k0))= kO

enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

w0 kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak
DIuO(i)= DIu0(i) — RHS_Aij

endif

if (j.1t.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

j<i

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIu0(i)= 1.d0 / DIu0 (i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
—A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo
enddo
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FORM ILUO (2/2): Fortran only

) if (j.gt.i .and. IW2(j).ne.0) then
I=12,---,n Ak j= AUIuO (kcon) j>i
RHS_Aij= Aik * DKINV * Ak

J=12,---,1-1 ijO0 = IW2())
=1 éU}uO(iJO)= AUIuO (i jO) — RHS_Aij
li =& 1Z|ik d, I]k‘ e
Kl ggddo
=] ) enddo
d; = aii_zlik2'dk :Iii_l : : , .
= do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo
do k0= indexU(i-1)+1, indexU (il
IW2 (i temU (k0))= kO do k0= indexU(i-1)+1, indexU(i)
enddo IW2 (itemU (k0))= 0
enddo
do icon= indexL (i-1)+1, index enddo
k= itemL (icon)
D11= DIu0 (k) do i=1, N
DIu0(i)=1.d0 / DIu0 (i)
DkINV= 1.d0/D11 enddo
Aik= ALIu0 (icon) c deal locate (IW1, IW2)
=P do kcon= indexU(k-1)+1, indexU (k) " end subroutine FORM_ILUO
j= itemU (kcon)
o , do i=1, N
TR AT keon 2O D 0o
j= AUIuO (kcon : - : _
RHS_Ai j= Aik * DKINV  Akj IT (Al k) Is non-zero) then
DIu0(i)= DIu0(i) ~ RHS_Ai] U= bsello W
endi if (ACi, j) is non-zero) then
o | ACi, )= A(i, J) ,
if (j.It.i .and. IW1(j).ne.0) then —ACi, k)*(Ak, k) %A (K, j)
Ak j= AUIuO (kcon) . endif
RHS_Ai j= Aik * DKINV * Ak enddo
ij0 = IW1(j) endif
ALTuO (i jO)= ALIuO(ijO) — RHS_Aij enddo

endif enddo
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FORM ILUO (2/2): Fortran only

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon) j:>i
RHS_Aij= Aik * DKINV * Akj

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do k0= indexU(i-1)+1, indexU (il

IW2 (i temU (k0))= kO

do kO= indexU(i-1)+1, indexU(i)

enddo

do icon= indexL (i-1)+1, index

IW2 (itemU (k0))= 0
enddo
enddo

k= itemL (icon)
D11= DIu0 (k)

do i= 1, N
DIu0(i)= 1.d0 / DIuO(i)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

= do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj
DIuO(i)= DIu0(i) — RHS_Aij

endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

enddo
deallocate (IW1, IW2)

end subroutine FORM_ILUO

These if —then clauses never
j<i applied, therefore:

ALITuO= AL
AUITuO= AU



i=i, j<i, j>i (1/3)

O:

O:

if j=i

Mesh i

Mesh k (Lower Triangular
Component of 1)

Mesh j (Upper Triangular
Component of k)

Dlu(ll) is updated
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i=i, j<i, j>i (2/3)

O:

O:

if j<i

Mesh i

Mesh k (Lower Triangular
Component of 1)

Mesh j (Upper Triangular
Component of k)

ALIuO(i-j)(M) is updated
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j=i, j<i, j>i (3/3)

. O: Meshi
A J O: Mesh k (Lower Triangular
Component of 1)

Mesh j (Upper Triangular

Component of k)

i if j>1  AUIuO(i-j)(IM) is updated

Actually, there are no cases
for:

- j<i

- >




IC

| Ckstokstoksfoksroskatokstoksfoksoroskstoksokoksktokstoksoksorksktokstoksoksokskatok ok dokoksk

IC
IC +
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solve ICCG2 (3/3): METHOD= 2
Fortran ONLY

ITR= N
do L= 1, ITR

IC |
IC +

hF[WWHHi

jc:;:

do i=1, N
W(i,Z)=W(i,R)
enddo

do i=1, N
WVAL= W (i, 2)
do k= indexL (i—-1)+1, indexL (i)
WVAL= WVAL - ALIuO(k) * W(itemL (k), Z2)
enddo
W(i,Z)= WVAL * DIuO(i)
enddo

do i=N, 1, -1
SW = 0.0d0
do k= indexU(i—-1)+1, indexU(i)
SW=SW + AUIuO (k) * W(itemU(k), Z)
enddo
Wi, Z)=W(i,Z) — DIuOC(i)*SW
enddo

for

end

Other parts are as same as those in “solve ICCG”

(Teration Compute r®= b-[A]x®

=1, 2, ..
solve [M]zC-D= rG-1
pi_= ra-n zG-n
if i=1
pM= zO®
else
Bi-1= Pi-1/Pi-2 _
pO= zG-D + g, pG-D
endif
qO= [A]p®
o = pi-/pq®
XM= x(-D + o.p®
rd= rG-1 _ g.qd
check convergence |r|
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solve ICCG2 (3/3): METHOD= 2
Fortran ONLY

IC
| Gokskokokokokokokokokokokkkokokkskskskskskskskskskskskskskskskskskskskskskskskskskskskskskskskk | TERAT ION
ITR= N
do L= 1, ITR
IC
IC + = T
G ] ()= Wind {r] | (M ){z}: LDL z}: {r}
| Cazz |
do i=1, N . .
Wi, 2)=W(i R (L)z}=1{r} Forward Substitution
enddo —
doi=1, N
WVAL= W (i, 2)
do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - ALIuO(k) * W(itemL(k), Z)
enddo
W(i,Z)= WAL * DIuO(i)
enddo

do i= N, 1, -1 . .
=000 (DLT ){z}z {z} Backward Substitution
do k= indexU(i-1)+1, ind \ _ .
SW= SW + AUIuO(k) * W(itemU(k), 2)
enddo
W(i,2)= W(i,Z) — DIu0(i)*SW
enddo

| Gl

ALluO=AL, AUIluO=AU: Therefore, iterations for convergence for
METHOD=1, and those for METHOD=2 are same.
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Incomplete Modified Cholesky Fact.
Structured Meshes

i=12,---,n

j=1.2,-,i—1
-1 J

j aij _Zlik'dk°|j
K

I

k=1

Ii
d, =

N

There are no k-mesh which is adjacent to both of i and |

simultaneously. Therefore, |;= a;;.



In this case, ALIuO/AUIluO could be
changed



