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Preconditioning for lterative Solvers

e Convergence rate of iterative solvers strongly depends
on the spectral properties (eigenvalue distribution) of

the coefficient matrix A.
e Eigenvalue distribution is small, eigenvalues are close to 1
e In “ill-conditioned” problems, “condition number” (ratio of
max/min eigenvalue if A is symmetric) is large (£ &51) .

e A preconditioner M (whose properties are similar to
those of A) transforms the linear system into one with

more favorable spectral properties (HijLIE)
e M transforms Ax=b into A'x=b' where A'=M-1A, b'=M-1b
e If M~A, M-'A is close to identity matrix.
o If M-1=A-1 this is the best preconditioner (Gaussian Elim.)
e Generally, A'x’=b’ where A'=M, 1AMy, b'=M, b, x’=Mcx
e M, /Mg: Left/Right Preconditioning (7.~ G RIIALEE)
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Preconditioned CG Solver (PCG)

Compute r®= b-[A]x®
for i=1, 2, .
solve [M]z(-D= G-
Pi_1— r(i—l) Z(i—l)
1f 1=1
p(l): 7(0)
else
Bi—_lz Pi-_1/pi_2 _
p(l): z(i-1) 4 Bi—l p(|_1)
endif
q(i): [A]p(i)
x(D= x(-D 4+ . p®
r= rG-0 - g.q®
check convergence |r}|

D
-

IM1= [M,1[M,]
[A”]x’=Db’

[A”1=[M 1 [ATIM ]
X7=[M,]x, b”=[M;]'b

p’=>[M,]p, r’=>[M]-r
p>M= G- + g>. . pG-D
[Mdp= [M 1t r(-D + g5, [M]p¢-D

pHO= [M ] [M ] rC-D + B~ ; pt-b
p(O= [M]1rG-D + B>, pG-D

B*ia= ([M]2rG-D,rG-by/
([M]-1rG-2 | rG-2)

o’ = ([M]tra-D, rG-0)/
( pG-D, [A]pG-D)
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Preconditioned CG Solver (PCG)

Compute r®= b-[A]x©

for i= 1. 2. .. Solving the following equation:

o =M
u‘p (l;i o “Approximate Inverse Matrix”
else GRS ATH)

g'(S; zi(il-{)pi;zﬁi_l pGi-D [M ]_1 x [A]_la [M ]z [A]
ZZL)E[A]F,@) Ultimate Preconditioning:
zzi): %E{)pii)gfi)(i) Inverse Matrix
rd= pG-1 _ a:g(i) [M ]_1 — [A]_la [M ]: [A]

check convergence |r]|

D
-

2l Diagonal Scaling: Simple but weak

M["=[D]", [M]=[D]
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Diagonal Scaling, Point-Jacobi

M]=| ...

e solve [M]zCO-D= rG-1 js very easy.
* Provides fast convergence for simple problems.
« 1d.f, 1d.c



ILU(0), I1C(0)

» Widely used Preconditioners for Sparse Matrices

— Incomplete LU Factorization (FR5E£ LU f#)

— Incomplete Cholesky Factorization (for Symmetric
Matrices) (R 2L X ¥ —5f#)

* Incomplete Direct Method

— Even if original matrix is sparse, inverse matrix is not
necessarily sparse.

— fill-in
— ILU(0)/IC(0) without fill-in have same non-zero pattern
with the original (sparse) matrices



LU Factorization/Decomposition: | 22
Complete LU Factorization
LUDBE « SsELUD R

e A kind of direct method for solving linear egn’s
compute “inverse matrix” directly

Information of “inverse matrix” can be saved,
therefore it's efficient for multiple RHS cases
“Fill-in” may occur during
factorization/decomposition

entries which change from an initial zero to a non-zero
value during the execution of
factorization/decomposition

e LU factorization
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Incomplete LU Factorization -

e |LU factorization
Incomplete LU factorization

e Preconditioning method using “incomplete”
inverse matrices, where generation of “fill-in”
IS controlled

Approximate/Incomplete Inverse Matrix, Weak
Direct method

ILU(0): NO fill-in is allowed
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Solving Linear Equations by
LU Factorization

LU factorization of matrix A (n X n):

ap a, a; e Ay 1 0 0 - 0 Uy, U, Uj;
A, a,, dy,; oo Ay |21 1 0 - 0 0 U,, Uy
as, as, ds; v Ay, |5 |31 |32 1 - 0 0 0 Us;
a, a4, &, . 1IN O 0 0

© o Ap Inz In3

L :Lower triangular part of matrix A
U: Upper triangular part of matrix A
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( X X X
( X X X
I " . eo00
Matrix Form of Linear Equation | :¢
General Form of Linear Equation with “n” unknowns
a X +a,X, +---+a, X =b
a, X +a,X, +--+a, X =b,
a. X +a,X, +---+a X =0b
Matdix Form I
ap a, e ayy, ) X b1
d, d,, 0 Ay, X, bz
: ; ; ; - : h AX — b
d,, Ay, Ay \Xn ) bn )
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Solving Ax=b by LU T
Factorization

1 A — LU LU factorization of A

2 Ly — b Compute {y} (easy)

3 UX — y Compute {x} (easy)
This {x} satisfies AX = b

'~ Ax =LUx =Ly =b

FEM3D-Part3 11




Forward Substitution : BIETA | 238
Solving Ly=b e
Ly — b =) (1 0 - 0 /y1\ (b1\
|21 1 - 0 Y _ bz
Inl In2 1) yn) \bn)
' b
Yi =0
i =h Y, :bz _|21y1
|21y1+y2 :bz > :
In1y1 +Inzyz et Yy, an Yn :bn _Inlyl _Inzyz :bn _r_]z:ilniyi

row—by—row substitutio

FEM3D-Part3
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Backward Substitution -

Solving Ux=y

ZIRTVA

UX — y -—) u, Up uln\ X, (y1\
0 Uy, Usn || X2 _ Y,
\ 0 0 U, X, yn)
‘ X =Yy /U
unan — yn ! _n " /
Xn—l _(yn—l o n 1,n n) un ~1,n-1
UninaiXno U Xy = Yoo
=)
n
Up Xy FURp X, +o-+ U X =Y :(y1_zu11 j)/ull
i=

row—by—row substitutio

FEM3D-Part3
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o000
0000
. . . eeoo
o000
Computation of LU Factorization | 2:
®
a,; &, 4da;3 -~ 8 ‘ 1 0 O - O Uy Uy Uy Uy,
Ay | Ay 8y o Ay, |21 1 0 - 0 0 Uy Uy oo Uy,
Ay Ay 8y o 8y, |F |31 |32 1 - 0 0 0 Uy -0 Uy,
anl an2 an3 ann Inl In2 In3 1 O O O unn

@ - a.ll :ull,a.12 :ulz,..-,aln :uln — u119u127“.9u1

n
@ m) d) = |21u119a31 — I31u11,---,an1 — |n1U11 — |21a|31>"'>|n1
‘ ad,, = |21u12 T Uy, a8, = |21u1n T Uy, = Uy, Uy, ,Uy,

m) a,, = |31u12 + |32u229'” = |32»|429'”a|n2
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Example S

1 3 4 1 0 0 O)u, u, u, u,
A - 2 6 7 10 _ b, 1 0 0] 0 u, U, U,
2 2 8 7 ,, I, 1 O 0 0 u, U,
0 —4 7 l,, 1, 1, TLO O 0 u,

Istrow mp 1=u,,2=U,,3=U,;.,4=U,
Istcol. mp 2=1,u, =1, =2/u,=2, 2=Lu, =>1,=2/u, =2
O=Il,u,=1,=0/u,=0
2ndrow mmp 6 =1 U, +U, = U, =2, 7=lU;+U,, =>U, =1
10=1,u, +u,, =>u,, =2

2ndcol. mp 2 =1 u, +l,u, =1, =-1, -4=I1,u,+l,u,, =1, =-2
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Example (cont.)

1 3 4 1 0 0 Oj)u, u, U,
A - 2 6 7 10 |, 1 0 0f 0 wu, uy
2 2 8 7 ,, I, 1 0 0 0 |uy,
0 -4 7 l,, I, I, 1)Lo 0 0

drdrow map 88 =1, U, +1,,uy; +Uy;; = Uy, =3,
T = |31u14 + |32u24 +U;, = Uy, =1

3rd col  mmp T=lyu; + Uy +luy =1, =3

4th row/col  wmy 1=1,u, +1,u,, +l U, +u, =>u, =2

ek
AN

[\
~

Cc C C C
N ()
IN N

Solving according to 1st row—column, 2nd row—column, 3rd row—column ---

FEM3D-Part3



Example (cont.)

Finally:

FEM3D-Part3

S N =

~N OO0 J W

10

S N =

wWw == O O

_—o O O

o O O =

S O N

O W = W

N e O

17
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Example: 5-Point Stencil (FDM)
ARESN

10

11

12

10—19—2
O—06—©
@—06E—®
O—2—®
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Example: 5-Point Stencil (FDM)

10

11

12

19
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Coef. Matrix: Diag. Component=6.00

¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\{ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

000 -100 000 000 000 000 000 000 000 000N ¢ N
100 000 -100 000 000 000 000 000 000 000
600 000 000 -100 000 000 000 000 000 0.00
000 600 -100 000 -100 000 000 000 000 000
000 -100 600 -100 000 -100 000 000 000 000
100 000 -100 600 000 000 -100 000 000 000 X
000 -100 000 000 600 -100 000 -100 000 0.00
000 000 -100 000 -100 600 -100 000 —-100 0.00
000 000 000 -100 000 -100 600 000 000 —1.00
000 000 000 000 -100 000 000 600 -100 000
000 000 000 000 000 -100 000 -100 600 —1.00
000 000 000 000 000 000 -100 000 -100 600 /7 N\ /
1 10—a1)—~42
3
\ (o) (¢
5 O—®—
7
A () (¢ )
: @—05—-=
10
11
12
O—2—0B

7 000™

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 5200,/
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¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Solution

000 -100 0.00 000 000 0.00
-100 000 -100 0.00 000 0.00
6.00 000 000 -1.00 0.00 0.00
000 6.00 -1.00 000 -1.00 0.00
000 -100 6.00 -1.00 0.00 -1.00
-100 000 -100 6.00 000 0.00
000 -100 0.00 000 6.00 -1.00
000 000 -1.00 000 -100 6.00
000 000 0.0 -100 0.00 -1.00
000 000 000 000 -100 0.00
000 000 0.00 000 0.00 -1.00
000 000 000 000 000 0.00
1
3
5
7
9
10
11
12

000 000 000 000N ¢ 1.00\
000 000 000 000 2.00
000 000 000 000 3.00
000 000 000 000 4.00
000 000 000 000 5.00
100 000 000 000 6.00
000 -100 000 000 7.00
100 000 -1.00 000 8.00
600 000 000 —-1.00 9.00
000 600 —-1.00 000 10.00
000 -100 600 -1.00 11.00
~100 000 -100 600 / '\ 12.00_/
10——Q1)—2
\ (o) (c )
O—®—
A () (¢ >
@—05——6
O—2—

7 000

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

"N

21
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Complete LU Factorization

Original Matrix

LU Factorization

Both of [L] and [U] are shown
Diag. of [L] are “1” (not
shown)

fill-in occurs: some of
zero components

became non-zero.

type “./lu1”

d 6.00

-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

7 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N, 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-1.00
0.00

-1.00
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00
-1.00
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00

-1.00

6.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
~1.03

5.63 ./
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Incomp. LU fact. with no fill-in’s
type “./lu2”

/ 600 -100 000 -100 000 000 000 000 000 000 000 000N
Incomplete LU —017 583 -100 000 -100 000 000 000 000 000 000 000
; : . 000 -017 583 000 000 -100 000 000 000 000 000 000
Factorization without ~017 000 000 58 -100 000 -100 000 000 000 000 000
fill-in’s 000 -017 000 -017 566 -100 000 -100 000 000 000 000
000 000 -017 000 -0.18 565 000 000 -100 000 000 000

Both of [L] and [U] are shown| o0 o000 000 -017 000 000 583 -100 000 -1.00 000 000

. TWRL 000 000 000 000 -0.18 000 -017 565 -100 000 -1.00 0.00
Diaqg. of [L] are “1” (not
ag O [ ] a e ( O 000 000 000 000 000 -0.18 000 -0.18 565 000 000 -100

S h own ) 000 000 000 000 o000 000 -0.17 000 000 583 -100 0.00
000 000 000 000 o000 000 000 -0.18 000 -017 565 -1.00
\,, 000 000 000 000 000 000 000 000 -018 000 -018 565 /

7 600 -100 000 -100 000 000 000 000 000 000 000 000

LU FaCtorization -0.17 583 -100 -0.17 -100 000 000 000 000 000 0.00 0.00

Both Of [L] and [U] are Shown 000 -0.17 583 -003 -0.17 -1.00 000 000 000 000 0.00 0.00
-0.17 -003 000 583 -103 000 -1.00 000 000 000 0.00 0.00

Dlag. of [L] are “1” (not 000 -0.17 -003 -0.18 564 -103 -0.18 -100 000 000 000 000
shown) 000 000 -017 000 -0.18 564 -003 -0.18 -100 000 000 000
o 000 000 000 -0.17 -003 -001 582 -103 -001 -100 000 0.00
fill-in occurs: some of 000 000 000 000 -0.18 -003 -0.18 563 -103 -0.18 -100 000

000 000 000 000 000 -0.18 000 -018 563 -003 -0.18 -1.00

Zero components 000 000 000 000 000 000 -0.17 -003 -001 582 -1.03 -0.01
became non_zero 000 000 000 000 o000 000 000 -018 -003 -018 563 -1.03

N\, 000 000 000 000 000 000 000 000 -018 000 -0.18 563,/
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Slightly “Inaccurate” Solution

Incomplete
LU

Complete
LU

7’ 600
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\. 0.00

7" 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 ™\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65 /

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
~1.03

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

563 /

\ 1183

71007
2,00
3.00
400
5.00
6.00
7.00
8.00
9.00

10.00
11.00

\\ 12,00,/

24



FEM3D-Part3 25

ILU(0), I1C(0)

* “Incomplete” factorization without fill-in’s
— Reduced memory, computation

« Solving equations by ILU(0)/IC(0) factorization
provides slightly “inaccurate” solution, although it's
not far from exact one.

— “Accurateness” depends on problems (feature of
equations).
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Full LU

26

Full LU and ILU(0)/IC(0)

do i= 2, n

do k=1
Aj =
do j=

a;;
enddo
enddo
enddo

)

-1

aik/akk
k+1, n

a. .

1]

a;¥ay;

ILU(Q) : keep non-zero pattern of the original
coefficient matrix

do i= 2, n
do k=1, 1i-1
if ((i, k) € NonZero(A)) then
a3 '= ag/ag
endif
do j= kt+1, n
if ((i, j) € NonZero(A)) then
a;j °= 835 T apay;
endif
enddo
enddo

enddo
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Deep Fill-in: ILU(p)/IC(p)

p: level of fill-in. If “p” increases, ILU(p)/IC(p) become
closer to complete ILU/IC and provide more robust
preconditioners, but become more expensive: trade-off

LEVUZO if ((i, j) € NonZero(A)) otherwise LEVUZ pt+l

do i= 2, n
do k=1, 1i-1
if (LEV,<p) then
Qi *= By/ Ak
endif
do j= k+1, n
i (LBV,; = min(LEV,,, 1+LEV,+ LEV,,) <p) then
5 *T 845 T ayayy
endif
enddo
enddo
enddo

27



LU Gauss-Seidel (LU-GS)
LU Symmetric GS (LU-SGS)
in this class

e ILU(O)

do i= 2, n
do k=1, 1i-1
if ((i, k) € NonZero(A)) then
aj *= ag/ay

endif
do j= k+1, n
if ((i, j) € NonZero(A)) then
jj +T 835 T 8y%a;
endif
enddo

enddo
enddo

FEM3D-Part3
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LU Gauss-Seidel (LU-GS)
LU Symmetric GS (LU-SGS)
in this class

e More Simplified Version of ILU(0O)

do i= 2, n

do k=1, i-1

if ((i, k) € NonZero(A)) then
aj *= ag/ay

FEM3D-Part3

Only do this



LU Gauss-Seidel (LU-GS)

LU Symmetric GS (LU-SGS)
In this class

e More Simplified Version of ILU(O)

1 0 O
1 O

|31 |32 1

ull u12 u13
O u 22 u 23
0 0 uj;
0O 0 O
FEM3D-Part3

0
0
0

1
ay /a8y
ay /8y,

a./a

ni nn

0
1
a3, / 8y

a,/a

nn

0
0

a,/a

nn
a‘ln
a2n

a3n

ann J

e 0

1

do i= 2, n

do k= 1.

if ((i,k € NonZero(A)) then

ay, = ayfay
endif

= kt+1, n
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Incomplete LU
Factorization
without Fill-in’s

LU-GS
without Fill-in’s

ILU, LU-GS

type “./lu3”

7 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\. 000

7 600
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 000

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00

0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
5.65 0.00
0.00 5.83
0.00 -0.17
-0.18 0.00
0.00 -0.17
0.00 0.0
0.00 0.00

0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
6.00 0.00
0.00 6.00
0.00 -0.17
-0.17 0.00
0.00 -0.17
0.00 0.00
0.00 0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-0.17

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17

0.00 "\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
~1.00

6.00,”

31



FEM3D-Part3

Solution

ILU(0)

LU-GS

/7 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\, 0.00

7" 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

IS more “inaccurate”

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-0.17
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00

0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
565 0.00
000 583
0.00 -0.17
-0.18 0.00

0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
6.00 0.00
0.00 6.00
0.00 -0.17
-0.17 0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17

0.00 \
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65 S

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
0.00
~1.00

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

6.00 /

\ 1183

7086
1.60
2,60
354
3.99
5.09
6.26
6.52
773
9.22
9.70

\\ 10.96,/
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Forward/Backward Substitution in

1 0 O 0 1 0 0 - 0
L, 1 0 - 0| |a,/a, 1 0 e 0
E]: l, I, 1 - 0|=|a,/a, a,/a, 1 0
L, 1, 15 1 a,/a, a,/a, a,/a 1
ull u12 u13 uln all 12 13 1
O u22 u23 u2n O 22 23 2
[U]: 0 0 U Us, |=| 0 33 3
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a21

-] =,

nl

0 0
0 0
a, O
an2 an3
0 0
a, O
0 a;
0 0

a'12

aZn

a3n

34
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M]=|C J{ |=[C+D|[D'|[D+U]=[CD "' +1|[D+U]
-[C+D]1+D'T]

0 0 0 0) (a, 0 0 0 L0 0 0
a,, 0 o - 0 0O a O0 - 0 a a, 0 - 0
[L] [D] a, a, O - 0|+| 0 0 a, - 0 |=la, a, a - 0 |=
a, d,, ap 0 0 0 0 g, a, a,, d,; - Q,
I a,/a, aj/a, - a,/a;
0 1 Ay /azz Ay, /azz
J+[pT]=|o o 1 oAy, /Ay |= [U]
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Forward/Backward Subst.

in LU-GS

M]=[C]g|=[C+D]D ' |D+T]=[CD ' +1][p+T]=[C+D]1+D 'T]
Forward Substitution |
[+ BYyi- e} 1= - )= v -5 [0S o

Backward Substitution

N
+5° Tl b= f- - kb= 7 -5 | 3001
0 0 0O --- 0 a, 0 0 0 a, 0 0
a,, 0 o - 0 0 a, O 0 , a0
[E]"'[S]: d; Ay 0 - 0+ 0 0 a; -+ 0 |=]a; a; a;
a, a, a; - 0 0 0 0 - a, a, a, a,; -
1 a,/a, aj/a;, - a,/q,
0 1 ays /azz Ay, /azz
[1]+[0'T]=|0 0 1 a,, /ay, :[LT]
0 0 0 1
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Forward/Backward Subst. in LU-GS

Clz}=12}

Uliz}={z}

IC
IC 4

16 | {

IC +
10===

10===

z}= [Minv]{r} |

do i=1, N
W(i,2)= W3, R)
enddo

do i=1, N
WVAL= W(i, 2)
do k= indexL (i—1)+1, indexL (i)
WVAL= WVAL - AL (k) * W(itemL (k), 2)
enddo
W(i,Z)= WAL / D(i)

enddo

do i=N, 1, -1
SW =0.0d0
do k= indexU(i), indexU(i-1)+1, -1
SW= SW + AU(K) * W(itemU(K),2)
enddo
W(i,2)= W(i,2) - SW /D)

enddo



Parallel Preconditioning
Method using MPI




Localized SGS/SSOR

Preconditioning

e SGS/SSOR: Global Operations
(Forward/Backward

Substitution)

NOT suitable for parallel
computing
e Ignoring effects of external
points for preconditioning

Elrock-Ja_c_obi. Localized L)) =z}

econditioning

e WEAKER than original
SGS/SSOR

More PE’s, more iterations

Parallel FEM 3D-2

(Lizj=1r

IC
IC 4

IC +

1IC | {z}= Minv]{r} |

10==—=

doi=1, N
W(i,2)= W(i,R)
enddo

doi=1, N
WVAL= W(i, 2)
do k= indexL (i-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL(k),Z)
enddo
W(i,Z)= WAL / D(i)
enddo

do i=N, 1, -1
SW = 0.0d0
do k= indexU(i), indexU(i-1)+1, -1
SW=SW + AU(K) * W(itemU(k),2)
enddo
W(i,2)=W(i,2) - SW/ D(i)
enddo
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Localized SGS/SSOR
Preconditioning

4 \ / N

PE
D ARG @ B | © °E

Considered :

DG
Ignored :
N / \ /) ©®66

Parallel FEM 3D-2

# U =|=I:'U>‘<
TEFHTmeMm
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Overlapped Additive Schwartz

Domain Decomposition Method
Stabilization of Localized Preconditioning: ASDD

Global Operation
Mz=r

ocal Operation

-1 -1
Lo = MQ1 o, Zo = M92 I,

Global Nesting Correction: Repeating -> Stable

n _ n-l -1 n-1 n—1
Zo, =1 +MQl(rQl—I\/IQIZQI —Mrlzrl )
n _ n-l -1 n-1 n-1
qb_z%-+MQ15[—MQg%-—MQAE)

Parallel FEM 3D-2

Q)
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Overlapped Additive Schwartz

Domain Decomposition Method
Stabilization of Localized Preconditioning: ASDD

Global Nesting Correction: Repeating -> Stable

n n—1 -1 n—1 n—1
Lo =Lg T MQ1 (rQ1 _MQI Lo _Mrl Zr )

-Mg, 25 =M 21)

n-1 n-1
A, =1, —Mg 25 —MZp

n-1

Az, =M Ar, where Az, =z -z,

Zo, =25 +A2, =25 + Mg Ay =757 + Mg (K,

Parallel FEM 3D-2

Q

I

-

I,

n—l1 n—1
I\/IQIZQI —Mrlzrl )
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Overlapped Additive Schwartz | :::
Domain Decomposition Method
Effect of additive Schwartz domain
decomposition for solid mechanics example
example with 3x443 DOF on Hitachi SR2201,
Number of ASDD cyclel/iteration= 1, e= 10-8
NO Additive Schwartz WITH Additive Schwartz
PE # Iter. # Sec.  Speed Up Iter.# Sec.  Speed Up
1 204 233.7 - 144 325.6 -
2 253 143.6 1.63 144 163.1 1.99
4 259 74.3 3.15 145 82.4 3.95
8 264 36.8 6.36 146 39.7 8.21
16 262 17.4 13.52 144 18.7 17.33
32 268 9.6 24.24 147 10.2 31.80

64 274 6.6 35.68 150 6.5 50.07

Parallel FEM 3D-2
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