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Gaussian Elimination
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Gaussian Elimination (cont.)

Following equations are obtained though transformations
which do not change solutions.
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X, +a,X, +---+a;, X, =b
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Transformations which do not
change solutions of target equations

e Multiplication by Scalar
Multiply a row by a scalar value

e Add (Mult. by Scalar) to other row

Multiply a row by a scalar value, and add them
to other row

e Exchange Order of Equations
Exchange rows

e Exchange of Variables
Exchange columns



Gaussian Elimination

/ / /
X, +a,X, +---+a, X, =b
! /

Xy + 0 +a2nxn:b2 (2)

- X =Db'
Solution of these Egn’s ? n — Mn

Solutions are obtained through row—by—-row substitution.

X, =b;
"X

n-1,n“*n

/
Xnaa = bn—l —a

! 4 !
X = bl _(a12X2 "‘"""alnxn)
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Forward Elimination eoo

o
Forward elimination

! 4 !

a11X1+312X2+"'+alan:b1 x1+a12x2+-~+a1nxn =b1
Ay X, + X, oo+, X, =D, — X, +:++ +a, X, :bé
a'nlxl_l_a'nZXZ +”'+annxn :bn Xn = r’]

Transform equations in this manner




Backward Substitution

/ / /
X, +a,X, +--+a, X, =b

1In“*n

2n’*n

v 4 X, = b

/
X, ¥+ 85X, =D,

Backward substitution

X, = by
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Xnq =0 An_g,n Xy Obtain solutions using
: transformed equations
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Forward Elimination in Mat. Form
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Selecting of Pivot : Pivot &R
(for avoiding inaccurate solution)

/ Pivot
P=ay
; Elimination of these
Components:
a..
% —> akj b—k —> bk

b, —a,b, — b,

{aij —Qydy >



Selection of Pivot, Effect on Errors

p‘ =0 ==y Cannot be divided by “p”

p\ is small m—) ‘akj / p‘ ‘bk / p‘ are large

{aij ~ 3§ = i Round-off error
b, —a; b, > b, may occur

Anyway, large ‘ p‘ Is preferable !!

Strategy

While selecting larger “pivots” for Gaussian Elimination,
more accurate solutions may be obtained.
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Partial Pivoting : 8Bs3Pivoting

Pivoting: Selection of “Pivot”

1 A, v Ay o Qg b1 1 a, Ay 1n b1
0 1 IR P © P bz 1 Ay 2n bz
0 0 - E akk E - akn

R S I ?@:[ B 2 b
0 0 a,, b 0 0 [akk .- a, b

nn

Select “I-th row” which provides the largest value of a;, and
exchnage “I-th row” with “k-th row”

Continue same process (solution is not changed)
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Full Pivoting © 5ST=Pivoting e
1 a12 a'lk 1J 1n bl 1 a12 a'lk alJ aln bl
1 Ay 23 o 0 1 P ay; a, b,
0 0 gakk a,, a, :b, | 0 0 [ a,, a, a, b,:
0 0 a, a, ib, 0 0 - a, A a, b, |
o o --.. éank T T - ;bn 0O 0 --- amﬁank a_ bn

Select “I-th row” and “J-th” column which provides the
largest value of a,,, and xchnage “I-th row” with “k-th row”,
and “J-th col.” with “k-th col.”, respectively

Continue same process (solution is not changed)

If “column” is exchanged, “New-to-Old” relationship must be saved.
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Example: Gaussian Elimination with 13
Partial/Full Pivoting
2 4 -2|[x]| (8
2 X, p=46¢ Solve this equation
13 W) 19,

Forward Elimination

Extended Matrix Form

(2 4 -2 8)
1 2 1 6
1 3 2 9
1l 2 3

/" Number corresponding to column ID
(not changed if columns are not exchanged)
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Starting Elimination

Partial Pivoting
(1/2)

2. 2d Row-1st Row, 3@ Row—1st Row 3. 2"d Row<> 3" Row (Exchange)

2] 4 -2 8
1 2 1 6
1 3 2 9,
1. 1t Row=-2
1 2 -1 4
1{2 1 6
13 2 9,
(1 2 -1 4
0[o] 2 2
0 1 3 5,

(1 2 -1
> 0 1 3
0 0 2

4)
5

2)
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Partial Pivoting
(1 2 —1 4) (2/2)

0 1 3 5

0 0 [2] 2,

(1 2 -1 4)

0 1 3 5

0 0 1 1,

_\( )  a )

(1 2 13| X, 4 Xy =1

0 1 3 [{x,p=15] X, =5-3x, =2
\O 1)kX3) \1) X1=4+X2—2X3=1




Full Pivoting (1/5)

T2 1—2)8) (4 2 -2 8)
1stR¢>2ndR
1 /2 1|6 E— e L0
\1 3 2)9 31 2 9
15t R x (1/4)
Find “pivot” with largest value 1
(1 1/2 -1/2 2)
2 1 1 6
3 1 2 9
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Full Pivoting (2/5)

2
3

1
1

1
2

(1 1/2 -1/2 2)

6

9

2

1

-1/2
712
2

3

1/2

J

2)

-1/2 3

0

2

2" R—1st R X 2
3¢ R-1st RX 3

I

(1 1/2 -1/2 2)

o[ 0 2 |2
0 |-1/2 J[772])3

2 1/ 3

A@' Re3YR

2nd C<=>3rd C

3

1

J

Find “pivot” with largest value
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Full Pivoting (3/5)

(1 -1/2 1/2 2) (1 -1/2 1/2 2 )
0 7/2 -12 3| ZRg 1 17 617
0 2 0 | = |, 0 2
2 3 1 ) 2 3 1 )
3rdR—2nde2/

(1 -1/2 1/2 2 ) (1 -1/2 1/2 2
0 1 -1/7 6/7 0 1 -1/7 6/7
0 0 2/7 2/7| =P |0 O 1 1

2 3 1 JaeRx(/2 |2 3 1 )
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Full Pivoting (4/5) oec
o
Finally,
(2 4 —2 @\ |Fowad | /1 _1/2 1/2 2 )
Elimination
2 1 6 0 1 ~-1/7 6/7
1 3 2 2 : 0 0 1 1
12 3 2 3 1 )
Forward Elimination Completed
(1 -1/2 1/2 2 )Backward %=1
0 1 17 6/7 Substitution x;=g+%x3=1
0 0 1 1 X1'=2+%><X£— X Xy =
2 3 1 )
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Full Pivoting (5/5) °se:

Re-exchange columns, according to original numbering:
X, <= X,
X, < X,
Xy & Xy

Finally, following solutions are obtained:
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