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FEM Procedures: Program

Initialization

— Control Data

— Node, Connectivity of Elements (N: Node#, NE: Elem#)
— Initialization of Arrays (Global/Element Matrices)

— Element-Global Matrix Mapping (Index, Item)

Generation of Matrix

— Element-by-Element Operations (do icel= 1, NE)
* Element matrices
e Accumulation to global matrix

— Boundary Conditions

Linear Solver
— Conjugate Gradient Method

Calculation of Stress



FEM3D-Part3

testl

main

Structure of
fem3d

input_cntl
Input of control data

input_grid

Input of mesh info

find_node
searching nodes

mat_conO
connectivity of matrix

MSORT

sorting

mat_conl
connectivity of matrix

mat_ass_main
coefficient matrix

jacobi

Jacobian

mat_ass_bc
boundary conditions

solve33
control of linear solver

recover_stress

stress calculation

cg 3

CG solver

jacobi
Jacobian

output_ucd
visualization
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Main Part

#include <stdio. h>

#include <stdlib.h>

FILEx fp_log;

#tdefine GLOBAL_VALUE_DEFINE
#include “pfem_util.h”

extern void INPUT_CNTLOQ) ;
extern void INPUT GRID() ;
extern void MAT_CONO () ;
extern void MAT_CON1() ;
extern void MAT_ASS MAINQ) ;
extern void MAT_ASS BC() ;
extern void SOLVE33() ;

extern void RECOVER_STRESS() ;
extern void OUTPUT_UCD() ;

int main()

/#x Logfile for debug **x/
if( (fp_log=fopen(“log. log”, “w”)) == NULL) {
fpr{q%f(stdout,"input file cannot be opened!¥n”) ;
exi ;

INPUT_CNTL () ;
INPUT_GRID () ;

MAT_GONO () ;
MAT_CON1 () ;

MAT_ASS_MAINQ) ;
MAT_ASS_BC(O

SOLVE330) ;

RECOVER_STRESS () ;
OUTPUT_UCD () ;
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Some Features of “fem3d”

« Non-Zero Off-Diagonals o
— Upper/Lower triangular ..
components are stored ..
separately. H
L
e Stored as Block

— Vector: 3-components per node
— Matrix: 9-components per block

— Processed as “block” based on 3
variables on each node (not each
component of matrix)
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Definitions of Terms

Block (Node):
JAvyY (BiR) :

~ Component (DOF):

@00
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Storing 3x3 Block (1/3)

e Less memory requirement
— Index, Item

| J
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Storing 3x3 Block (2/3)

« Computational Efficiency
— Ratio of (Comptation/Indirect Memory Access) is larger

— >2X speed-up both for vector/scalar processors
e Contiguous memory access, Cache Utilization, Larger Flop/Byte

do i= 1, 3xN do i=1, N
Y(i)= D(i)*X(i) X1= X(3*i-2)
do k= index(i—-1)+1, index(i) X2= X (3*i-1)
kk=item (k) X3= X (3*i)
Y(i)=Y(i) + AMAT (k) *X (kk) Y (3%i—2)= D (9%i—8) *X1+D (9%i—7) kX2+D (9% i—6) *X3
enddo Y (3*i—1)= D (9*i-5) *X14D (9%i—4) *X2+D (9*i-3) *X3
enddo Y(3*I )= D(9%i-2)*X1+D (9%i—1) *X2+D (9% )*X3
do k= index(i-1)+1, index(i)
kk= item(k)

X1= X (3%kk-2)

X2= X (3%kk-1)

X3= X (3*kk)

Y (3%i-2)= Y (3*i—2) +AMAT (9%k—8) *X1+AMAT (9%k-7) X2 &
+AMAT (9%k—6) *X3

Y (3%i—1)= Y (3*i—1) +AMAT (9%k—5) *X1+AMAT (9%k—4) X2 &
+AMAT (9%k-3) *X3

Y(3%I )= Y(3*I )-+AMAT (9%k—2) *X1+AMAT (9%k—1) *X2 &
+AMAT (9%k ) *X3

enddo
enddo
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Storing 3x3 Block (3/3)

o Stabilization of Computation

— Instead of division by diagonal components, full LU
factorization of 3x3 Diagonal Block is applied.

— Effective for ill-conditioned problems
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Global Variables: pfem_util.h (1/3)

Name Type Size 1/O Definition
fname C [80] I Name of mesh file
N, NP | | # Node
ICELTOT I I # Element
NODGRPtot I | # Node Group
XYZ R [N]1[3] 1 Node Coordinates
ICELNOD | [ICELTOT][8] 1 Element Connectivity
NODGRP__INDEX I [NODGRPtot+1] I # Node in each Node Group
NODGRP_ITEM I ggggg%?ﬁ%xm | Node ID in each Node Group
NODGRP_NAME C80 gsggg.?g?:gl_gﬁx [N 1 Name of NodeGroup
NL. NU I 0 # Upper/Lower Triangular Non-Zero Off-Diagonals
at each node
NPL, NPU I 0 # Upper/Lower Triangular Non-Zero Off-Diagonals
D R [9*N] 0 Diagonal Block of Global Matrix
B, X R [3*N] 0 RHS, Unknown Vector

10
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Global Variables: pfem util.h (2/3)

Name Type Size Definition

ALUG R [9*N] O | Full LU factorization of Diagonal Blocks D
AL AU R [9*NPL], [9*NPU] 0 gfopbe;llll_\;);\tlreirxTrlangular Components of
indexL, indexU | [N+1] O | # Non-Zero Off-Diagonal Blocks
itemL, 1temU I [NPL], [NPU] O | Column ID of Non-Zero Off-Diagonal Blocks
INL, INU I [N] O | Number of Off-Diagonal Blocks at Each Node
1AL, TAU | [NTINL], [N]J[NU] O | Off-Diagonal Blocks at Each Node
TWKX | IN]TI[2] O | Work Arrays
METHOD I I Iterative Method (fixed as 1)
PRECOND I I Erizcétz)r;]iilt?:;ﬂ%gl\)/lethod (0: SSOR, 1: Block
ITER, ITERactual I I | Number of CG Iterations (MAX, Actual)
RESID R I Convergence Criteria (fixed as 1.e-8)
SIGMA DIAG R I Coefficient for LU Factorization (fixed as

— 1.00)
pfemlarray I [100] O | Integer Parameter Array
pfemRarray R [100] O | Real Parameter Array

11
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Global Variables: pfem_util.h (3/3)

12

TAU_N

Name Type Size I/O Definition
08th R 1 =0.125
PNQ, PNE, PNT | R | [21[21[8] 0 %]?,%]\7/7",%]?(1'=1~8}1t each Gaussian Quad. Point
POS. WEI R 2] 0 Co_ordmates, Weighting Factor at each Gaussian Quad.
Point
NCOL1, NCOLZ2 I [100] 0 Work arrays for sorting
SHAPE R [21[2]112]][8] 0 N, (i=1~8) at each Gaussian Quad Point
PNX, PNY, PNZ | R | [21[21[21[8] 0 g,g,‘g@:bs) at each Gaussian Quad. Point
Determinant of Jacobian Matrix at each Gaussian
DETJ R 2112112 0 .
[21[2]112] Quad. Point
ELAST, , . ’ .
PO1SSON R I Young’s Modulus, Poisson’s Ratio
SIGMA N,
— R INTL3] 0 Normal/Shear Stress at each Node
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Preconditioning

Linear Solver in “fem3D”
Computation of Stress
Report #2
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Preconditioning for Iterative Solvers

e Convergence rate of iterative solvers strongly depends
on the spectral properties (eigenvalue distribution) of

the coefficient matrix A.
e Eigenvalue distribution is small, eigenvalues are close to 1
e In “ill-conditioned” problems, “condition number” (ratio of
max/min eigenvalue if A is symmetric) is large (E#-5k) .

e A preconditioner M (whose properties are similar to
those of A) transforms the linear system into one with

more favorable spectral properties (RiI{LIE)
e M transforms Ax=b into A'’x=b"' where A'=M-*A, b'=M-b
o If M~A, M-1A is close to identity matrix.
e If M-1=A-1 this is the best preconditioner (Gaussian Elim.)
e Generally, A'X’=b’ where A'=M1AMz1, b'=M,1b, X’=Mgx
e M, /Mg: Left/Right Preconditioning (& .~ G HILEE)
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Preconditioned CG Solver (PCG)

Compute r®= b-[A]x®
for i=1, 2, .
solve [M]z(-D= G-
Pi_1— r(i—l) Z(i—l)
1f 1=1
p(l): 7(0)
else
Bi—_lz Pi-_1/Pi_2 _
p(l): z(i-1) 4 Bi—l p(|_1)
endif
q(i): [A]p(i)
x(D= x(-D 4+ . p®
r= rG-0 - g.q®
check convergence |r}|

D
-

IM1= [M,1[M,]
[A”]x’=Db’

[A”1=[M 1 [ATIM ]
X7=[M,]x, b”=[M;]'b

p’=>[M,]p, r’=>[M]-r
p>M= G- + g>. . pG-D
[Mdp= [M 1t r(-D + g5, [M]p¢-D

pHO= [M ] [M ] rC-D + B~ ; pt-b
p(O= [M]1rG-D + B>, pG-D

B*ia= ([M]2rG-D,rG-by/
([M]-1rG-2 | rG-2)

o’ = ([M]tra-D, rG-0)/
( pG-D, [A]pG-D)
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Preconditioned CG Solver (PCG)

Compute r®= b-[A]x©

for i= 1, 2, . Solving the following equation:

i MIzG-D= pG-1) _ -1
solve MMz s T e =M]
Ep('Si _© “Approximate Inverse Matrix”
else GELFESTHI)
Bi-1= Pi-1/Pi- - -
pio= 200+, pon (M| R[4]T, [M]~[4]
endif , c
qO= [A]p® Ultimate Preconditioning:
o = pzjlf)p“)q(i)(_) Inverse Matrix
x(MD= x@-1) 4+ a;p i B _
rd= rG-0 _ o.qd [M] L [A] 1, [M]Z [A]

check convergence |r]|
2 Diagonal Scaling: Simple but weak

M [*=[D[", [M]=[D]

D
-
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Diagonal Scaling, Point-Jacobi

M= ...

e solve [M]zCO-D= rG-1 jsvery easy.
* Provides fast convergence for simple problems.
e 1d.f, 1d.c



ILU(0), 1C(0)

« Widely used Preconditioners for Sparse Matrices

— Incomplete LU Factorization (R £ LU fi#)

— Incomplete Cholesky Factorization (for Symmetric
Matrices) (Rl X ¥ —5f#)

* Incomplete Direct Method

— Even if original matrix is sparse, inverse matrix is not
necessarily sparse.

— fill-in
— ILU(0)/IC(0) without fill-in have same non-zero pattern
with the original (sparse) matrices



LU Factorization/Decomposition: | 22
Complete LU Factorization
LUZDEE « STELUDRE

e A kind of direct method for solving linear egn’s
compute “inverse matrix” directly

Information of “inverse matrix” can be saved,
therefore it's efficient for multiple RHS cases
“Fill-in” may occur during
factorization/decomposition

entries which change from an initial zero to a non-zero
value during the execution of
factorization/decomposition

e LU factorization

FEM3D-Part3
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Incomplete LU Factorization :

e |LU factorization
Incomplete LU factorization

e Preconditioning method using “incomplete”
Inverse matrices, where generation of “fill-in”
IS controlled

Approximate/Incomplete Inverse Matrix, Weak
Direct method

ILU(O): NO fill-in is allowed

FEM3D-Part3
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Solving Linear Equations by sei:
LU Factorization :

LU factorization of matrix A (n X n):

a,, dyp 43 - dyy, 1 0 o - 0 Uy Uy Uz o Uy,
Ay Ay Ay a, [y 1 O O uy, uy, u,

ann an ln2 ln3

L : Lower triangular part of matrix A
U : Upper triangular part of matrix A

FEM3D-Part3



X X J
0000
. . ] X
[ XX
Matrix Form of Linear Equation | :¢
General Form of Linear Equation with “n” unknowns
A, X+ apX, o+ a;, x, =b
Ay X, +ApX, ++++a, X, =b,
a.x, +a,x,++a x =b
Matdix Form I
dyp Ay 0 4y, ) X1 b,
Ay Ay Ay, || X2 b,
; “1OEl | = AX =D
anl anZ ann \xn / bn /

FEM3D-Part3



Solving Ax=b by LU T
Factorization

1 A — I_U LU factorization of A

2 I_y — b Compute {y} (easy)

3 UX — y Compute {x} (easy)

This {x} satisfies AX = D
'~ AX =LUX =Ly =D

FEM3D-Part3 23




Forward Substitution : Bi3&E{LA | 832

Solving Ly=Db :

[ [ 4
Ly — b ) 1 0 0 ¥, b, )
ly 1 - 0y, _ b,
y, = b
y,=b
' 1 Yy, =by, —lyy
Iyyi+y, =0, ) -
n-1
ln1y1+ln2y2+”.+yn:bn yn:bn_lnlyl_anyZ:bn_Zlniyi
i=1

row—by—row substitutio

FEM3D-Part3
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Backward Substitution . 1B\ A 33t

Solving Ux=y -

UX — y <) Upp U o uln\ X1 /y1\
0 uy, 0 Uy, | X, _ Vo

un—l,n—lxn—l + un 1n n yn 1

-

n
Upg Xy TURXy oo T U X, =)y xlz(yl_zuljxjjlull
i=2

row—by—row substitutio

FEM3D-Part3
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Computation of LU Factorization | 2::

dyy  dpp; Ay dy, ‘ 1 0 O\ uy up wup
Ay | Ay Ay a,, I, 1 O O u, u,
Az Qg dg; as, |F|la Iy 1 O O 0 ug
anl anZ an3 ann lnl ln2 ln3 1 0 0 O
Ol Ay = Uy Ay = Ugp ooy Ay, = Uy = Ugg Ugp o0, Uy,

2 wmp a, = Ly ag =gy, ,a,, =1u, = L1,

- a, =/,u, FUpy sy Uy, = lplly, Uy, = Uy Uy,

) ag, = U, g, 0,

FEM3D-Part3

! lnl

y Uy

n

26



0000
o000
Example 3T
o
1 2 3 4 1 0 O\uy wu, us,z uy
A - 2 6 7 10| |l 1 Ol O wu,, Uy Uy
12 2 8 7| |l L, 1 0|0 0 wuy u,
0 -4 7 ly 1, 1, 100 0 0 u,

lstrow mwp 1=u,,2=u, 3=u,,4=u,
Istcol. map 2 =1/, u, =1, =2luy, =2, 2=10Lju, =1y =2lu, =2
O=/,u, =>1,=0/u, =0
2ndrow mm 6 =/, u, +u,, = u,, =2, 1=l i, = u, =1
10 =Luy, +u,, > u, =2

2nd col. mmy 2 =l uy, +lpuyy = I ==1, —4=lyu, +ipuy, =1, =2

FEM3D-Part3 27



cecse

Example (cont.) H:
1 2 3 4 1 0 O\uy wu, us,z uy
A - 2 6 7 10| |l 1 Ol O wu,, Uy Uy
2 2 8 7| |ly Ly 1 00 0 uy u,
0 -4 7 la ly 1y L0 0 0 u,

rdrow mmp 8=/, U, + U,y + Uy = Uy =3,

[ =1lhuy, +1lu,, tuy = uy, =1
3rd col mmp 0 =lgugg + gy + Uy = 13 =3

dthrow/col  wmhp 1=1,u,, +1,u, + 1 uy +u,, = u, =2

Solving according to 1st row—column, 2nd row—column, 3rd row—column ---

FEM3D-Part3 28



Example (cont.)

Finally:

0O 0)y1 2 3 4
0O 00 2 1 2
-1 1 00 0 3 1
-2 3 1) 0 0 0 2

0
1

1
2
2
0

10
I
1

v

=

=

-

-

29
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Example: 5-Point Stencil (FDM)

ARZESD

10

11

12

10—1)—@2
O—6—©
O—6B—®
O—@—G
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Example: 5-Point Stencil (FDM)

10

11

12

31
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Coef. Matrix: Diag. Component=6.00

¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

000 -100 0.00 000 000 0.00
-100 000 -100 0.00 000 0.00
6.00 000 000 -1.00 0.00 0.00
000 6.00 -1.00 000 -1.00 0.00
000 -100 6.00 -1.00 0.00 -1.00
-100 000 -100 6.00 000 0.00
000 -100 0.00 000 6.00 -1.00
000 000 -1.00 000 -100 6.00
000 000 0.0 -100 0.00 -1.00
000 000 000 000 -100 0.00
000 000 0.00 000 0.00 -1.00
000 000 000 000 000 0.00
1
3
5
7
9
10
11
12

000 000 000 000 N ¢ N
000 000 000 000
000 000 000 000
000 000 000 000
000 000 000 000
~100 000 000 000
000 -100 000 000 X
~100 000 -100 000
600 000 000 -1.00
000 600 -100 000
000 -100 600 -100
~100 000 -100 600 / \\ /
a1\
W—wW—
2\ (o) (c
O—E@—©
AN =\ T
O—06——0
O—2@—0

7 000™

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 5200,/
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¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Solution

000 -100 0.00 000 000 0.00
-100 000 -100 0.00 000 0.00
6.00 000 000 -1.00 0.00 0.00
000 6.00 -1.00 000 -1.00 0.00
000 -100 6.00 -1.00 0.00 -1.00
-100 000 -100 6.00 000 0.00
000 -100 0.00 000 6.00 -1.00
000 000 -1.00 000 -100 6.00
000 000 0.0 -100 0.00 -1.00
000 000 000 000 -100 0.00
000 000 0.00 000 0.00 -1.00
000 000 000 000 000 0.00
1
3
5
7
9
10
11
12

000 000 000 000N ¢ 1.00\
000 000 000 000 2.00
000 000 000 000 3.00
000 000 000 000 4.00
000 000 000 000 5.00
100 000 000 000 6.00
000 -100 000 000 7.00
100 000 -1.00 000 8.00
600 000 000 —-1.00 9.00
000 600 —-1.00 000 10.00
000 -100 600 -1.00 11.00
~100 000 -100 600 / '\ 12.00_/
10——(12
2\ (o) (¢ )
O—@—C
A ) @ >
@O—06——=6
O—2—0

7 000

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

"N
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Installation of files

cd <$feml>

cp /home03/skengon/Documents/class/feml/lu.tar .

tar xvf lu._tar
cd lu

g95 lul.f —o lul
g95 lu2.f —o lu2
g95 Iu3.f —o Iu3

34
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Complete LU Factorization

Original Matrix

LU Factorization

Both of [L] and [U] are shown
Diag. of [L] are “1” (not
shown)

fill-in occurs: some of
Zero components

became non-zero.

type “./lul”

d 6.00

-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

7 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N, 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-1.00
0.00

-1.00
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00
-1.00
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00

-1.00

6.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
~1.03

5.63 ./
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Incomp. LU fact. with no fill-in’s
type “./lu2”

/ 600 -100 000 -100 000 000 000 000 000 000 000 000
|nC0mp|ete LU ~017 583 -100 000 -100 000 000 000 000 000 000 000
Eactorization without 000 -017 583 000 000 -100 000 000 000 000 000 000
~017 000 000 583 -100 000 -100 000 000 000 000 000
fill-in’s 000 -017 000 -017 566 -100 000 -100 000 000 000 0.00
000 000 -017 000 -0.18 565 000 000 -100 000 000 0.00

Both of [L] and [U] are shown| o000 o000 000 -017 000 000 58 -1.00 000 -100 000 000

. uqn 000 000 000 000 -0.18 000 -017 565 -100 000 -1.00 0.00
Diaq. of [L] are “1” (not
g [ ] ( 000 000 000 000 000 -0.18 000 -0.18 565 000 000 -100

ShOWI’]) 000 000 000 000 000 000 -017 000 000 583 -1.00 000
000 000 000 000 000 000 000 -018 000 -017 565 -1.00
\\ 000 000 000 000 000 000 000 000 -0.18 000 -0.18 565 /

7 600 -100 000 -100 000 000 000 000 000 000 000 000

LU FaCtorlzatlon -0.17 583 -100 -0.17 -100 000 000 000 000 000 0.00 0.00

Both Of [L] and [U] are Shown 000 -0.17 583 -003 -0.17 -1.00 000 000 000 000 0.00 0.00
-0.17 -003 000 583 -103 000 -1.00 000 000 000 0.00 0.00

Dlag. of [L] are “1” (not 000 -0.17 -003 -0.18 564 -103 -0.18 -100 000 000 000 000
ShOWI’]) 000 000 -0.17 000 -0.18 564 -003 -018 -100 000 000 000
o 000 000 000 -0.17 -003 -001 582 -103 -001 -100 000 0.00
fill-in occurs: some of 000 000 000 000 -018 -003 -0.18 563 —-103 -0.18 —-1.00 0.00

000 000 000 000 000 -0.18 000 -018 563 -003 -0.18 -1.00

Zero Components 000 000 000 000 000 000 -0.17 -003 -001 582 -1.03 -0.01
became non_zero 000 000 000 000 o000 000 000 -018 -003 -018 563 -1.03

N\, 000 000 000 000 000 000 000 000 -018 000 -0.18 563,/
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Slightly “Inaccurate” Solution

Incomplete
LU

Complete
LU

/7’ 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\. 0.00

7" 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 ™\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65 /

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
~1.03

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

563 /

\ 1183

71007
2,00
3.00
400
5.00
6.00
7.00
8.00
9.00

10.00
11.00

\\ 12,00,/
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ILU(0), 1C(0)

* “Incomplete” factorization without fill-in’s
— Reduced memory, computation

e Solving equations by ILU(0)/IC(0) factorization
provides slightly “inaccurate” solution, although it’s
not far from exact one.

— “Accurateness” depends on problems (feature of
equations).
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Full LU

39

Full LU and ILU(0)/IC(0)

do i= 2, n

do k=1
Aj =
do j=

a;;
enddo
enddo
enddo

)

-1

aik/akk
k+1, n

a. .

1]

a;¥ay;

ILU(O) : keep non-zero pattern of the original
coefficient matrix

do i= 2, n
do k=1, 1i-1
if ((i, k) € NonZero(A)) then
a3 '= ag/ag
endif
do j= kt+1, n
if ((i, j) € NonZero(A)) then
a;j °= 835 T apay;
endif
enddo
enddo

enddo
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Deep Fill-in: ILU(p)/IC(p)

p: level of fill-in. If “p” increases, ILU(p)/IC(p) become
closer to complete ILU/IC and provide more robust
preconditioners, but become more expensive: trade-off

LEVUZO if ((i, j) € NonZero(A)) otherwise LEVUZ pt+l

do i= 2, n
do k=1, 1i-1
if (LEV,<p) then
Qi *= By/ Ak
endif
do j= k+1, n
i (LBV,; = min(LEV,,, 1+LEV,+ LEV,,) <p) then
5 *T 845 T ayayy
endif
enddo
enddo
enddo



LU Gauss-Seidel (LU-GS)
LU Symmetric GS (LU-SGS)
In this class

e ILU(O)

do i= 2, n
do k=1, 1i-1
if ((i, k) € NonZero(A)) then
aj *= ag/ay

endif
do j= k+1, n
if ((i, j) € NonZero(A)) then
jj +T 835 T 8y%a;
endif
enddo

enddo
enddo

FEM3D-Part3
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LU Gauss-Seidel (LU-GS)
LU Symmetric GS (LU-SGS)
In this class

e More Simplified Version of ILU(O)

do i= 2, n

do k=1, i-1

if ((i, k) € NonZero(A)) then
aj *= ag/ay

FEM3D-Part3

Only do this



LU Gauss-Seidel (LU-GS) HE
LU Symmetric GS (LU-SGS) e
In this class

e More Simplified Version of ILU(O)

1 0 o --- 0 1 0 0 -0
/ 1 o --- 0 a., la 1 0 -0

21 21 1 Ay
ly Il 1 - O|=|aylay ayplag 1 - 0
lnl ln2 ln3 1 anllann anZ /ann an3 /ann 1
u., U Ui o U a., da a. -+ a, (%1 2n

11 12 13 1n 11 12 13 1n do k= 1. i-1

0 0 if ((i,k) € NonZero(A)) then

Up Uy U p Ay a; 2 = ay/ay,
enadl
O O u33 u3 — 0 0 a33 a3 . = k+1,‘ n
0 0 0 u 0 0 0 a,, ) .
enddo

FEM3D-Part3 43
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Incomplete LU
Factorization
without Fill-in’s

LU-GS
without Fill-in’s

ILU, LU-GS

type “./lu3”

7 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\. 000

7 600
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 000

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00

0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
5.65 0.00
0.00 5.83
0.00 -0.17
-0.18 0.00
0.00 -0.17
0.00 0.0
0.00 0.00

0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
6.00 0.00
0.00 6.00
0.00 -0.17
-0.17 0.00
0.00 -0.17
0.00 0.00
0.00 0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-0.17

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17

0.00 "\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
~1.00

6.00,”
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Solution Is more “

ILU(0)

LU-GS

/7 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\, 0.00

7" 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-0.17
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17
0.00
-0.17
0.00

0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
565 0.00
000 583
0.00 -0.17
-0.18 0.00

0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
-1.00 0.00
0.00 -1.00
-1.00 0.00
6.00 0.00
0.00 6.00
0.00 -0.17
-0.17 0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-0.17

lnaccurate”

0.00 \
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65 S

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
0.00
~1.00

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

6.00 /

\ 1183

7086
1.60
2,60
354
3.99
5.09
6.26
6.52
773
9.22
9.70

\\ 10.96,/
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Forward/Backward Substitution In

Ufz=1y}
1 0 0 0 1 0 0 0
l,, 1 0 a,, | a,, 1 0 0
[Z]z Ly, 1, 1 O|=|aylay, aslay, 1 0
[, 1, [, 1 a,la a,la, a,la 1
Uy Up Uiz o0 Uy, dyy 4y dig o dy,
N O uy uy o Uy, 0 ay, ay - ay,
[U]: 0 0 wuy -+ uy, |=| 0 0 ay - a,,

0 0 0 - u, 0 0 0 - a,
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a, 0 O
0 a, O

0 0 a,

0 ay,
0O O
0O O
0O O

aq3
ays

0
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) [p)-

+ DT |=

L|o|=[L+D])p|[p+T]=|ED*+1|[D+T]

L +D

0 1

Dl[i+DT]

1 a,la,

a3 /011
dy3 /azz

1

a, 0
0 a,
0 0
0 0

a,, | a,

a,, la,,

g, [ ag,
1

0
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Forward/Backward Subst.

In LU-GS

mM)=|L]lg|=[L+Dp*|D+T]|=[D*+1][D+T])=[L+D]i+D T]
Forward Substitution |
£+Dlp}= b= b= 1) -[Elo)= 7. - 5[ zzyj

Backward Substitution

—_— —_— —_— —_— _ N —_—
1+ 57Tkl bh= 6= 010 T keb= 50,0 £ |
j=i+l
0 0 o -+ 0 a, 0O 0 0 a, 0 0
a, 0 o - 0 0 a, O 0 a, d, 0O
[Z]+ [5]2 as; Ay O --- 0|+ 0 0 ay - 0 |=|ay a5, as;
anl anz Cln3 0 0 O 0 ann anl an2 an3
1 aylay aylay, - a,lay
0 1 gy lay - ay,lay
[I]+ [5—1(7]: 0 0 1 o ay lag | = [[j]

0 0 0 1

49
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Forward/Backward Subst. in LU-GS

1C
IC 4 =
IC | {z}= [Minv]{r} |
IC 4 =
!C:::
=~ do i=1, N
[L]{y}: {I”} WVAL= W(i.R)
do k= indexL (i—1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL (k),Y)
enddo
W@, Y)= WAL / D(i)
enddo
e do i=N, 1, -1
[U]{Z}:{J’} SW = 0.0d0
do k= indexU(i), indexU(i-1)+1, -1
SW= SW + AU(K) * W(itemU(K),2)
enddo
W(i,2)= W@G,Y) - SW/ D)
enddo

10===

Forward Substitution

Computation of lower-
triangular components have
been completed.

i-1
— _
Vi :Dii (rz _ZlLijyjj
J=

Backward Substitution
Computation of upper-
triangular components have
been completed:

Z;, =) _Ei_l |: leTz‘ij:|
Jj=i+
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Forward/Backward Subst. in LU-GS

1C

IC 4 :
IC | {z}= Minv]{r} |
IC 4 :
!C:::

Forward Substitution

[Z]{ _ do i=1, N If i=1, there are no lower-
y} = {I”} WVAL= W(i,R) | | triangular components.
do k= indexL (i—1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL(k),Y) y, = 511‘1 7

enddo
W@, Y)= WAL / D (i)
enddo
~ _ do i=N, 1, -1 UpperSubsﬂtuﬂon
U Z} = {J’} SW = 0.0d0 If i=n, there are no upper-
do k= indexU(i), indexU(i-1)+1, -1 -
SW= SW + AUCK) * W(iteml (k), 2) triangular components.
enddo z =y
W(i,Z)=W3G,Y) - SW/ DG) ! "
enddo

10===
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Forward/Backward Subst. in LU-GS

1C
IC 4 =
IC | {z}= [Minv]{r} |
IC 4 =
!C:::
=~ do i=1, N
L]{Z}= {l’} WVAL= W(i.R)
do k= indexL (i—1)+1, indexL (i)
WVAL= WVAL - AL (k) * W(itemL (k), 2)
enddo
W(i,Z)= WAL / D(i)
enddo
e do i= N, 1, -1
[U]{Z}Z{Z} SW = 0.0d0
do k= indexU(i), indexU(i-1)+1, -1
SW= SW + AU(K) * W(itemU(K),2)
enddo
W(i,2)= W(i,2) - SW /D)
enddo

10===

Separated arrays ({y}
and {z}) are not
needed.

Forward Substitution

Computation of lower-
triangular components have
been completed.

4::llil(n"§:lwzi)

J=1

Backward Substitution
Computation of upper-
triangular components have
been completed:

Z; :Zi_ljil|:zl7ijzj:|
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Forward/Backward Subst. in LU-GS

1C
IC 4 :
IC | {z}= Minv]{r} |
IC 4 :
!C:::
do i=1, N
W(i,2)= W@, R)
enddo
= do i=1, N
L]{Z}= {Z} WVAL= W (i.2)

do k= indexL (i—-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL (k), 2)

enddo
W(,Z)= WVAL / D(i)
enddo
= do i= N, 1, -1
[U]{Z}Z{Z} SW = 0.0d0

do k= indexU(i), indexU(i-1)+1, -1
SW= SW + AU(K) * W(itemU(K),2)
enddo
W(i,2)= W(i,2) - SW /D)
enddo
!C:::

Separated arrays ({r},
{y} and {z}) are not
needed.
2 = 511_1 n
Forward Substitution
Computation of lower-

triangular components have
been completed.

1

Z; = Biilizi - le [_"'ij

J=1

<

Backward Substitution
Computation of upper-
triangular components have
been completed:

Z; :Zi_ail|:i(7ijzj:|

j=i+l
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Forward/Backward Subst.

Ifz}={z}

Olz}= 1z}

1C

IC 4

16 | {

IC 4

z}= [Minv]{r} |

10===

10===

do i=1, N
W(i,2)= W3, R)
enddo

do i=1, N
WVAL= W(i, 2)
do k= indexL (i—1)+1, indexL (i)
WVAL= WVAL - AL (k) * W(itemL (k), 2)
enddo
W(i,Z)= WAL / D(i)

enddo

do i=N, 1, -1
SW =0.0d0
do k= indexU(i), indexU(i-1)+1, -1
SW= SW + AU(K) * W(itemU(K),2)
enddo
W(i,2)= W(i,2) - SW /D)

enddo

54

IN LU-GS
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Forward/Backward Subst. in LU-GS

1C
IC 4 :
IC | {z}= Minv]{r} |
IC + =
!C:::
do i=1, N
W(i,2)= W@, R)
enddo
=~ do i=1, N
Llz)={z} WALE Wi, 2
do k= indexL (i—1)+1, indexL (i)
enddo )
W(i.2)= WAL / D(i) 3x3 diagonal block.
enddo
= doi=N 1 -1 Forward/backward
U Z}Z {Z} SW = 0.0d0 substitution using full LU
do k= indexU(i), indexU(i-1)+1, -1 factorization in stead of
eng\gz W+ AU(K) * W(itemU (k),2) diagonal scaling for 3x3
W(i,2D)=W@,2) - SW/ DC(i) block
enddo

10===
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Preconditioning Method for
Contact Problems

e Contact Problems for Simulations of Earthquake
Simulation Cycle

— Quasi-Static Stress Accumulation Process at Plate
Boundaries

— Non-Linear Contact Problems, Newton-Raphson Method

— Constraint Conditions through Augmented Lagrangean
Method (ALM: ¥ K545 5> xi%): Penalty Terms

: L
SIS RTIRSE T L - HAR P GE9sTL- 1)
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Preconditioning Method for
Contact Problems (cont.)

e Assumption

— Infinitesimal Deformation Theory, Static Contact Condition
(contact conditions not changed)

— No friction: symmetric coefficient matrices
e Special preconditioning method: Selective Blocking.
— Suitable for 3D contact problems

o Computations \‘\‘_’/‘)
— Hitachi SR2201: 2001-2002
— Earth Simulator: 2002-2003 O/Q/O—O\Q\Q

— IBM SP-3: 2003-2005
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Ilterations

Augmented Lagrangean

WK 5>

Uik

Newton-Raphson / Iterative Solver

lterations for Linearlized
Equations

Newton-Raphson Cycles

If penalty number
becomes larger, number
of Newton-Raphson
cycles is smaller because
of higher accuracy for
contact conditions.

But, linearlized equations
are worse-conditioned.

q

Penalty A
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Preliminary Results

Elastic Problems with Penalty Constraint
27,888 nodes, 83,664 DOFs, ¢=1038
Single PE case (Xeon 2.8MH2z)
GeoFEM's Original Solvers (Scalar Version)

Preconditionin A Iterations Set-up Solve Set-up+Solve Single Memory
g (sec.) (sec.) (sec.) Iteration Size (MB)
(sec.)
Diagonal 10° 1531 <0.01 75.1 75.1 0.049 119
Scaling 10°  No Conv. - - - -
I1C(0) 10 401 0.02 39.2 39.2 0.098 119
(Scalar Type) 10° No Conv. . s - .
BIC(0) 10° 388 0.02 37.4 . 0.097 59
10° 2590 0.01 252.3 252.3 0.097
BIC(1) 10 77 8.5 11.7 20.2 0.152 176
10° 78 8.5 11.8 20.3 0.152
BIC(2) 10° 59 16.9 13.9 30.8 0.236 319
10° 59 16.9 13.9 30.8 0.236
SB-BIC(0) 10° 114 0.10 12.9 13.0 0.113 67

10° 114 0.10 12.9 13.0 0.113
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llI-Conditioned Problems
B ERE

* Generally, direct methods have been used for ill-
conditioned linear equations.

o But, it is difficult to “parallelize” direct method for
large-scale problems

* Robust preconditioning is required

e Remedies

— Similar to Direct Method with Higher Order of Fill-in’s
— Blocking
— Reordering
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Higher Order of Fill-in’s

 Closer to Direct Method
 More Expensive (Memory, Computation)
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Blocking in F/B Substitution

M)=|L]g|=[L+DD*|D+T]=[LD*+1]D+T]
Forward Substitution

£+ 0J}- = 0103 [Elo)= -2 - )
Backward Substitution

1+ DT e} b= o= )= [0 [T Yo} = =, = B{ZU}

“ |

« Full LU factorization of 3x3 diagonal block in stead
of diagonal scaling for the process of “multiplying
D-1”,

— 3D solid mechanics
— 3 strongly coupled components on each node
— Smaller indirect access, more efficient
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Results In the Benchmark

27,888 nodes, 83,664 DOFs, ¢=1038
Single PE case (Xeon 2.8MH2z)
Effect of Blocking/Fill-In

Preconditionin A Iterations Set-up Solve Set-up+Solve Single Memory
g (sec.) (sec.) (sec.) Iteration Size (MB)
(sec.)
Diagonal 10 1531 <0.01 75.1 75.1 0.049 119
Scaling 10°  No Conv. - - -
1C(0) 10° 401 0.02 39.2 39.2 0.098 119
Scalar Type) 10°  No Conv. - - - -
( yp
BIC(0) 10° 388 0.02 37.4 37.4 0.097 59
10° 2590 0.01 252.3 252.3 0.097
BIC(1) 10° 77 8.5 11.7 20.2 0.152
10° 78 8.5 11.8 20.3 0.152
BIC(2) 10° 59 16.9 13.9 30.8 0.236
10° 59 16.9 13.9 30.8 0.236
SB-BIC(0)  10° 114 0.10 12.9 . 0.113
10° 114 0.10 12.9 13.0 0.113

Blocking and Higher Order of Fill-in’s
improved robustness.
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Preconditioning

Linear Solver in “fem3D”
Computation of Stress
Report #2
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SOLVES33 (1/4)

#include <stdio. h>
#include <string. h>
#include <math.h>
#include “pfem_util.h”
#include “allocate. h”
extern FILE *fp_log;
extern void CG_3();
%oid SOLVE33 ()

int i,j,k, ii,L;
KREAL ALU[3][3];
KREAL PW[3];
double ALO;

int ERROR, [CFLAG=0;
CHAR_LENGTH BUF;

/%
| PARAMETERs |

*k / I I
ITER = pfemlarray[0];
METHOD = pfemlarray[1]:
PRECOND = pfemlarray[2];
NSET = pfemlarray[3]: O
iterPREmax= pfemlarray[4]. {ERET
NREST = pfemlarray[5];: FAET
RESID = pfemRarray[0] ;
SIGMA_DIAG= pfemRarray[1]; 1.0

if( iterPREmax < 1 ) iterPREmax= 1;
if (iterPREmax > 4 ) iterPREmax= 4;

: INPUT_CNTL
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Control File: INPUT CNTL

#include <stdio.h>
#include <stdlib.h>
#include “pfem_util.h”
/*k kk/

%oid INPUT_CNTL O

FILE *fp;

if( (fp=fopen ("INPUT.DAT”, “r”)) == NULL) {
fpr{q%i(stdout,"input file cannot be opened!¥n”) ;
exi ;

fscanf (fp, “%s”, fname) ;

fscanf (fp, “%d %d”, &METHOD, &PRECOND) ;
fscanf (fp, “%d”, &iterPREmax) ;
fscanf (fp, “%d”, &ITER) ;

fscanf (fp, “%If %If”, &ELAST, &POISSON) ;
fclose (fp) ;

if( ( iterPREmax < 1) ){
iterPREmax= 1;

}
if( ( iterPREmax > 4 ) ) {
iterPREmax= 4;

SIGMA_DIAG= 1.0;

SIGMA = 0.0;

RESID = 1.e-8;

NSET = 0;
pfemRarray[0]= RESID;
pfemRarray[1]= SIGMA_DIAG;
pfemRarray[2]= SIGMA;
pfemlarray[0]= ITER;
pfemlarray[1]= METHOD;
pfemlarray[2]= PRECOND;
pfemlarray[3]= NSET;
pfemlarray[4]= iterPREmax;
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SOLVES33 (2/4)

| BLOCK LUs |

/%

*k /
if( ICFLAG == 0 ) {

ALUG =(KREAL*)al locate_vector (sizeof (KREAL), 9%N) ;
[CFLAG= 1;

strcpy (BUF. name, “#it#t LINEAR SOLVER: 3x3 Block” );

if (METHOD == 1) strcat (BUF. name, “ssCG”) ;
if (METHOD == 2) strcat (BUF. name, “ssBiCGSTAB”) ;

if (PRECOND == 0) {
strcat (BUF. name, “BILU (0) —-no ASDD”) ;
if (PRECOND '= 0) strcat (BUF. name, “Block Scaling”);

fprintf (stdout, “%s¥n”, BUF. name) ;
| fprintf (fp_log, “%s¥n”, BUF. name) ;
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~ SOLVE33 (3/4)

for (i=0; <O*N; i++) ALUGLi]=0.0;
for (11=0; 1 i<N; i i+ |
ALUTO] [

0] [0]= D[9%ii J*SIGMA_DIAG: .
ALULOT[11= D[O*ii+1]: ALUG: full LU
ALU[0] [2]= D[9xii+2]: -
ALU[1][0]= D[9%ii+3]; factorization of D
ALUT1][1]= D[9%i i +4]*#SIGMA_DIAG;
ﬁkﬂ ; =(2)== B=g*i i+g= :
2] 101= D[9*]|1+0];
ALU[2] [1]= D[9*ii+7]; SIGMA DIAG=1.0
ALU[2] [2]= D[0*ii+8]+SIGMA_DIAG; =

. <kL=_1k¢_;<<=3:k++> { (INPUT_CNTL)

ALO=fabs (ALU[L-1] [k=11) ;
For (izk+1;14=3;1+4) {
i (fabs (ALULI=1][k-11) > ALO ) {

A[6£fabs(ALU[L—1][k—1]>:}

]
ALU[k-1]1[k-11= 1. e0/ALU[k-1] [k-1];
for (i=k+1;i<=3; i++) {
ALULi-1] [k-1]1*=ALU[k-1] [k-1];
for (j=k+1; j<=3; j++) {
PW[j-11=ALULi-1]1[j-11 - ALU[i-1][k-1]1*ALU[k-11[j-11;]}
for (j=k+1; j<=3; j++) {
ALULi-11[j-11=PW[j-1];}

}

ALUG[9*ii ]=ALU[O] [O];
ALUG[9i i+1]=ALULO] [1];
ALUG[9*i i+2]=ALU[O] [2]
ALUG[9*i i+3]=ALU[1] [O]
ALUG[9*i i+4]=ALU[1][1];
ALUG[9*i i+5]=ALU[1] [2];
ALUG[9*i i+6]=ALU[2] [O];
ALUG[9*i i+7]=ALU[2] [1];
ALUG[9*ii+8]=ALU[2] [2];

NNON——=— O OO
NN—ON—=ON—O
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 SOLVES33 (3/4)

) {
for (i=0; i<9%N; i++) ALUG[i]=0.0;
for ( AEUO KNG+

01[0]= D[9%ii 1*SIGMA_DIAG; :
ALUfO] [11= Dloxt ] ™ A ALUG: full LU
ALU[O] [2]= D[9*ii+2]; . .
ALU[11[01= D[9ii+31; factorization of D
ALU[1] [1]= D[ i+4]*SIGMA_DIAG:
Al B
2] 10]= | 9% |+ ;
ALU[21 [11= D[9*ii+71; SIGMA DIAG=1.0
ALUL2] [2]= D[9ii+81*SIGMA_DIAG; —

for (k=1 k<=3 ke | (INPUT_CNTL)

ALO—fabs(ALU[L—1][k—1]):
for ( i=k+1;i<=3;i++) |
i f( fabs(ALU[l 11[k-11) > ALO ) {

ALO fabs (ALU[L-1] [k-11) ;}

}
ALUTk-11[k-1]= 1. e0/ALU[k-1] [k-1];
for (i=k+1;i<=3;i++) {
ALULi-1] [k-1]*=ALU[k-1] [k-1];
for(J k+1 Jj<=3s j+) {
PW[j- 1]—ALU[| 11[j-11 - ALULi-11[k-11*ALU[k-1][j-1]:}
for (j=k+1; j<=3; j++) {
ALULi-1][j- 1] =PW[j-11:}

}

ALUGL9%ii J=ALU[
ALUG[9xi i+1]=ALU[
ALUG[9xi i +2]=ALU[
ALUG[9xi i +3]=ALU[
ALUG[9xi i +4]=ALU[
ALUG[9xi i +5]=ALU[
ALUG[9xi i +6]=ALU[
ALUG[9xi i +7]=ALU[
ALUGL9+i i +8]=ALU[

NRN=E=SSS
Iy =
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 SOLVE33 (3/4)

for (i=0 |<9*N i++) ALUG[i]=0.0;
for ( 1i=0:ii<N;ii+){
ALU (9 _*SIGMA_DIAG:

[0][0]=D
ALU[0] [1]= D[9*i i +1];
ALU[O] [2]= D[9*ii+2]
ALU[1][0]= D[9*i i +3]
ALU[T][1]= D[9+i i+4]+SIGNA_DIAG;
ALUT112]= DIO* +5] o _
ATGISE 8;8:;;:%; LU factorization with Full
ALU[2][2]= D[9*ii+8]*SIGMA_DIAG; FDi\/()tirl(l
for (k=1,;k<=3;k .
DU | Component with the
ALO=fabs (ALU[L-1] [k-11) ;
for (i=k+1;i<=3:1++) largest absolute value

if( fabs(ALU[l 11[k-11) >
ALO fabs(ALU[L 11 [k-11, .

}
ALULK-1] [k-1]= 1.e0/ALU[k—1][k—1]:
for (i=k+1;i<=3;i++) {
ALULi-1] [k-1]*=ALU[k-1] [k-1];
for(J k+1 Jj<=3s j+) {
PW[j- 1]—ALU[| 11[j-11 - ALULi-11[k-11*ALU[k-1][j-1]:}
for (j=k+1; j<=3; j++) {
ALULi-1][j- 1] =PW[j-11:}

becomes “pivot”

}

]

ALUG[9ii 1=ALU[0][0]:
ALUG[O%i i+1]=ALU[O] [1];
ALUG[9%i | +2]=ALU[0]
ALUG[9%i i+3]=ALU[
ALUG[ 9] i +4]=ALU[
ALUG[9%i i +5]=ALU[
ALUG[9%i i +61=ALU[
ALUG[9%i i+7]=ALU[
ALUG[9%i i +8]=ALU[

ALUG :full LU fact. of D

NN~ —o o
N — O N — O N
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Full LU Factorization

D(9 *i) DO *i+1) D(9*i+2)
DO *i1+3) DO *i+4) D(9*i+5) |=
DO *i+6) DO *i+7) D(9*i+8)
dy d, dig 10 O)uy wy, ugy
dy dyp dy|=|ln 1 0 0 wuy uy
dy dyp dy lyy Il 1)L0 0 ug

'

1 0 0y (1 0 0
ALUG(9 *i+3) 1 0l=|4, 1 O
ALUG(9 *i+6) ALUG( *i+7) 1) I, 1, 1

ALUG(9 *i) ALUG(9 *i+1) ALUG(9 *i+2)\ (1/u,, u,  uy
0 ALUG(9 *i+4) ALUG(9 *i+5)|=| 0 1lu, u,
0 0 ALUG(9 *i+8) 0 0 1lu
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/%%

sokk

SOLVES33 (4/4)

| ITERATIVE solver |

if (METHOD == 1) {
CG_3( N, NP, NPL, NPU, D, AL, indexL,

itemL, AU,

B, X, ALUG, RESID, ITER, &ERROR,

; PRECOND, iterPREmax) ;

ITERactual= ITER;

indexU,

itemU,
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CG 3 (1/2)

/*kx

sk CG 3

sokk /

#include <stdio.h>
#include <math.h>
#include “precision. h”
#include “allocate. h”
extern FILE *fp_log;

/*kx
CG_3 solves the linear system Ax = b with 3*3 block matrix
using the Conjugate Gradient iterative method with the following
preconditioners for SMP nodes:
sokk /
void CG_3(

KINT N, KINT NP, KINT NPL, KINT NPU, KREAL D[],
KREAL AL[], KINT INL[], KINT IAL[],

KREAL AU[], KINT INU[], KINT IAU[],

KREAL B[], KREAL X[], KREAL ALU[],

KREAL RESID, KINT ITER, KINT *ERROR,

KINT PRECOND, KINT iterPREmax)

int i, ], k;

int ieL, isL, ieU, isU;

double X1, X2, X3;

double WVAL1, WWAL2, WVAL3;
double SW1, SW2, SW3;

double WV1, WV2, WV3;

double BNRM20, BNRM2, DNRM20, DNRM2 ;
double S1_TIME, E1_TIME;
double ALPHA, BETA;

double C1, G10, RHO, RHOO, RHOT;
int iterPRE;

int indexA, indexB;

KREAL #WW;
KINT R=0, Z=1, Q=1, P=2, ZP=3;
KINT MAXIT;
KREAL TOL;

double COMPtime;
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Variables/Arrays

Global I/R Size CG_3
N, NP, NPL, NPU I N, NP, NPL, NPU
D,B, X R [3%N] D,B, X
AL, AU R [9«NPL], [9«NPU] | AL, AU
indexL, indexU I [N+1] INL, INU
itemL, itemU I [NPL], [NPU] IAL, IAU
ALUG R [9+N] ALU
RESID R RESID
ITER I ITER
PRECOND I PRECOND
| ter PREmax I i ter PREmax

R [4] [3*N] Ww
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CG 3 (2/2)

[ . Compute r®@= ph-[A]x©®
J . | for i= 1, 2, ..
ANV solve [_M]z('-_l): ra-n
o | pi = rG-D zG-D
WW=(KREAL**) allocate_matrix(sizeof (KREAL), 4, 3xN) ; i_'f i=1
ToL = RestD.  p= z©
for(i:OJ)i(E&]kN(:)iaf){ else
1‘ ('—0"<zll'_'+;r)’f (i=0; i <3#N; i++) WW[j][i]=0.0; i1 pi'-llpi'z i
or (j=0; j<4; j++) for (i=0;i<3+N; | j1li1=0.0; p(M= zG-D + B. . pG-D
endif
o qO= [A]p®
KINT R =0 WW[O][i]: {r} a; = pi_/pOgMd
KINT Z =1 WW[11[i]l: {z} XM= xG-1D + g;p®
_ e rd= G- - g.q®
KINT Q =1 WW:1: :!: lal check convergence |r|
KINT P =2 WW[2][i]l: {p} end
KINT ZP=3 WW[3]L[i.
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Preconditioning: LU-GS (1/3)

I {z}= [Minv] {r} I

/%

%% /
if( PRECOND == 0 ) {
/%

Block SSOR
%% /
for ( i=0;i<N;i++) {
WW[ZP] [3*i ]=WW[R][3*i ];
WW[ZP] [3*i+1]=WW[R] [3*i+1];
} WW[ZP] [3*i+2]=WW[R] [3*i+2];

for ( i=0; i<N;i++) {
WW[Z] [3*i ]=0.e0;
WW[Z] [3*i+1]=0. e0;

| WW[Z] [3*i+2]=0. e0;
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/%
FORWARD
%% /
for ( i=0;i<N; i++) {
SWi= WW[ZP] [3*i ]
SW2= WW[ZP] [3*i+1];
SW3= WW[ZP] [3*i+2];

R indexL = INL
Lo, -

- I 7
For (j=isL; < eL: j++) | iteml = IAL
k=TALLj1

X1= WW[ZP] [3xk ],

X2= WW[ZP] [3xk+1];

X3= WW[ZP] [3xk+2] ;

SWi+= - AL[9%j ]*X1 — AL[9*j+1]%X2 — AL[9*j+2]*X3;

SW2+= — AL[9*j+3]*X1 — AL[9%j+4]*X2 — AL[9*j+5]*X3;
| SW3+= — AL[9*j+6]*X1 — AL[9*j+7]*X2 — AL[9*j+8]*X3;

X1= SW1;

X2= SW2;

X3= SW3;

X2= X2 — ALU[9*i+3]#*X1;

X3= X3 — ALU[9*i+6]*X1 — ALU[9*i+7]*X2;

X3= ALU[9*i+8]* X3,

X2= ALU[9*i+4]*( X2 — ALU[9*i+5]*X3 ) ;

X1= ALU[9*i 1% ( X1 — ALU[9*i+2]*X3 — ALU[9*i+1]%X2) ;

WW[ZP] [3*i ]= X1;

WW[ZP] [3*i+1]= X2;
WW[ZP] [3*i+2]= X3;

L+Dly}={r}= ()= [0 ){}-[L]0)= ». =D,

Preconditioning: LU-GS (2/3)
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/%

Preconditi

BACKWARD

%% /

for (i=N-1;i>=0;i—) {
isU= INU[i];
ieU= INU[i+1];
SW1= 0. e0;
SW2=0. e0;
SW3= 0. e0;

for (j=isU; j<ieU; j++) {
k=IAU[j];
X1=WW[ZP] [3xk ];

X2=WW[ZP] [3%k+1];
X3=WW[ZP] [3*k+2] ;

oning: LU-GS (3/3)

1+ DT [z} = {y}= )= )= [0 [T fe)

—_— N —_—
:>Zl.:yl.—Dl.l._1 ZUUZ].
J=i+l
indexU = INU
itemU = IAU

SWi+= + AU[9*j ]*X1 + AU[9*j+1]*X2 + AU[9*j+2]*X3;
SW2+= + AU[9*j+3]*X1 + AU[9*)+4]*X2 + AU[9*j+5]*X3;
SW3+= + AU[9*j+6]*X1 + AU[9*j+7]*X2 + AU[9*j+8]*X3;

J

X1= SW1;
X2= SW2;
X3= SW3;
X2= X2 - ALU[9*i+3]*X1;

X3= X3 — ALU[9*i+6]*X1 — ALU[9*i+7]*X2;

X3= ALU[9*i+8]* X3;

X2= ALU[9xi+4]*( X2 — ALU[9*i+5]*X3 );
X1=_ALU[9*i J*( X1 — ALU[9*i+2]*X3 — ALU[9*i+1]*X2) ;

WW[ZP] [3*i ]+= -X1;
WW[ZP] [3*i+1]+= -X2;
WW[ZP] [3*i+2]+= -X3;

for ( i=1;i<=N;i++) {

WW[Z] [3*i-3]= WW[ZP] [3*i-3];
WW[Z] [3*i-2]= WW[ZP] [3*i-2]
WWLZ] [3*i-11= WW[ZP] [3*i-1];
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Preconditioning: Block Scaling

if (PRECOND !'= 0 ) ({

/%%
ey Dlock SCALING Forward/Backward
for (i=0; i<N; i++ PR
" e ctorization of D (
*|+1]= *i+1]; ; :
WWEZ] Earia2]= WHIRT [3eia2] factorization of D (ALU)

for (i=0; i<N; i++) {
X1=WW[Z] [3%i 1
X2=WW[Z] [3*i+1]:
X3=WW[Z] [3*i+2];
X2= X2 - ALU[9*i+3]*X1;
X3= X3 — ALU[9*i+6]*X1 — ALU[9*i+7]*X2;
X3= ALU[9*i+8]* X3;
X2= ALU[9*i+4]*( X2 — ALU[9*i+5]*X3 )
X1=_ ALU[9*i  Ix( X1 — ALU[O*i+2]+X3 — ALU[9*i+1]*X2) ;
WWLZ] [3*i 1= X1;
WWZ] [3*i+1]= X2;
WWZ] [3*i+2]= X3;
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Full LU Factorization

D(9 *i) DO *i+1) D(9*i+2)
DO *i1+3) DO *i+4) D(9*i+5) |=
DO *i+6) DO*i+7) D(9*i+8)
dy d, dig 1 0 O)uy wy, ugy
dy dyp dy|=|ln 1 0 0 wuy uy
dy dyp dy lyy Il 1)L0 0 ug

'

1 0 0y (1 0 0
ALUG(9 *i+3) 1 0l=|4, 1 ©
ALUG(9 *i+6) ALUG( *i+7) 1) I, 1, 1

ALUG(9 *i) ALUG(9 *i+1) ALUG(9 *i+2)\ (1/u,, u,  uy
0 ALUG(9 *i+4) ALUG(9 *i+5)|=| 0 1lu, u,
0 0 ALUG(9 *i+8) 0 0 1lu
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Preconditioning: Block Scaling

if (PRECOND !'= 0 ) ({

/%%

ey Dlock SCALING Forward/Backward
for (i=0; i<N; i++ PR
" e ctorization of D (
*i+1]= *xi+1]; : .
WNEZ] [3%i+21= WNIR] [3i+21 factorization of D (ALU)

for (i=0; i<N; i++) {
X1=WW[Z] [3%i 1
X2=WW[Z] [3*i+1]:
X3=WW[Z] [3*i+2];
X2= X2 - ALU[9*i+3]*X1;
X3= X3 — ALU[9*i+6]*X1 — ALU[9*i+7]*X2;
X3= ALU[9*i+8]* X3;
X2= ALU[9*i+4]*( X2 — ALU[9*i+5]*X3 )
X1=_ ALU[9*i  Ix( X1 — ALU[O*i+2]+X3 — ALU[9*i+1]*X2) ;
WWLZ] [3*i 1= X1;
WWZ] [3*i+1]= X2;
WWZ] [3*i+2]= X3;

dy, dy, dys|\z 1 0 O)uy uy, wuslz n
dyy dy dy |z, |=|ly 1 0] 0 uy uy|z,|=|n
dy dyp  dy )\ 2 ly L, 1A0 0 gy )\ z; I3
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Forward Substitution

if (PRECOND !'= 0 ) ({

/%
Block SCALING 1
**/ (i=0;i<N ) |
for (i=0; i<N; i++ 7
"W Bk 1= WR)[3%i 1 ALUG(9 *i+3)
WWIZ] [3*i+1]= WW[R] [3*i+1]; ALUG(9 *i+ 6)
WWLZ] [3*i+2]= WW[R] [3*i+2];
1 0 O
for (i=0; i<N; i++)
"R S
= 11Lok¥I+1];
X3=WW[Z] [3*i+2]; ly I 1

X2= X2 - ALU[9*i+3]*X1;

X3= X3 — ALU[9*i+6]*X1 — ALU[9*i+7]*X2;
X3= ALU[9*i+8]* X3;

X2= ALU[9*i+4]*( X2 — ALU[9*i+5]*X3 ) :

X1= ALU[9*i
WW[Z] [3*i

(X1 = ALU[9*i+2]+X3 — ALU[9*i+1]%X2) ;

1= X1;

WWZ] [3*i+1]= X2;
WWZ] [3*i+2]= X3;

LRy}=1r}
1 0 0\ n
Iy 1 0fy,|=|r
ly I 1Ny, Fs

—_ Vo =1~y Xy

Y1=n

Vg =F—lyxy, =l xy,

0 0
1 0=
ALUG(9 *i+7) 1

X, =X,

—_ X, =X, —ly XX,

Xg =x3—131><x1—l:,,2><x2
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Backward Substitution

if (PRECOND '=0 ) |
/%
Block SCALING

for (1=0; i <N; i++) {
WW[Z] [3*i ]
WW[Z] [3*i+1]
WW[Z] [3*i+2]

*k /

0
0

1/ uy,
0
0

[3%i 1;
[3xi+1];
[3%i+2];

WW[R] 0
WW[R]
WW[R]

Uy Uz

1/ u,,
0

Uys

1/ w4,

for (i=0; i<N; i++) {
X1=WW[Z] [3%i 1
X2=WW[Z] [3*i+1]:
X3=WW[Z] [3*i+2];
X2= X2 — ALU[9*i+3]+*X1;
X3= X3 — ALU[9*i+6]*XT — ALU[9*i+7]*X2;
X3= ALU[9*i+8]* X3;
X2= ALU[9*i+4]*( X2 — ALU[9*i+5]*X3 )
X1=_ ALU[9*i_ Ix( X1 — ALU[O*i+2]+X3 — ALU[9*i+1]*X2) ;
WW[Z] [3*i 1= X1:
WW[Z] [3*i+1]= X2;
Ww[z] [3*i+2]= X3;

:U]{Z}:{y} 23 :[1/”33]>< [J’3]
Uy U Up || 4 V| ™™ = [1/”22]>< [J/2 T Uy X Zs]
0 up uy |z, |=| 1, 21 = [l/ull]x [yl T Uiz X Z3 U X Zz:
0 0 up iz V3 Iy = ::I-/”?,?,]>< |
\ Xo = [1/”‘22]>< |
X, =

ALUG(9 *i) ALUG(9 *i+1) ALUG(9 *i+2)
ALUG(9 *i+4) ALUG(9 *i+5) |=

ALUG(9 *i+8)

_x3]
[ Xy — Uy X x3]

.1/”11]>< [xl — U3 X X3 —Upp X xz]



FEM3D-Part3

Sparse Matrix-Vector Multiplication

/*kk

*okk /

i {al= [A]{p} i

for ( j=0; j<N; j+) [
X1=WW[PTT3*j 1
X2=WW[P] [3*]+11;
X3=WWP] [3%j+2] ;

]

WVAL1= D[9%j 1*X1 + D[9*j+1]*X2 + D[9*j+2]*X3;
WVAL2= D[9*j+3]*X1 + D[9*j+4]*X2 + D[9%*j+5]*X3;
WVAL3= D[9%j+6]1*X1 + D[9xj+7]*X2 + D[9*j+8]*X3;
for (k=INL[j] k<INL[j+17;k++) {

i=IAL[k]

X1=WW[P] [3*i ]:

X2=WW[P] [3*i+1]:

X3=WW[P] [3x*i+2];

WVALT+= AL[9kk ]*X1 + AL[9%k+1]*X2 + AL[9xk+2]*X3;
WVAL2+= AL[9kk+3]*X1 + AL[9%k+4]*X2 + AL[9*k+5]*X3;
WVAL3+= AL[9kk+6]*X1 + AL[9%k+7]*X2 + AL[9xk+8]*X3;

J
for (k=INU[j] ;k<INU[j+1];k++) {
i=TAU[K] ;
X1=WW[P] [3*i 1.
X2=WW[P] [3*i+1];
X3=WW[P] [3xi+2] ;

WVALT+= AU[9xk ]*X1 + AU[9*k+1]*X2 + AU[9xk+2]*X3;
WVAL2+= AU[9kk+3]*X1 + AU[9*k+4]*X2 + AU[9*k+5]*X3;
WVAL3+= " AU[9kk+6]*X1 + AU[9*k+7]*X2 + AU[9xk+8]*X3;

J

WW[Q] [3*j J=WVAL1;
WWLQ] [3*j+1]=WVAL2;
WWQ] [3*j+2]=WVAL3;
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DAXPY, Dot Products

2 AR |

for (i=0; i<N;i++) {
X[3*i ]+=ALPHA +*WW[P][3*i 1.
X[3%i+1]1+=ALPHA *WW[P] [3xi+1]
X[3*j+2]+=ALPHA +WW[P] [3*i+2] ;
WW[R] [3*i ][R]+= -ALPHA *WW[Q] [3*i 1.
WW[R] [3*i+1] [R]+= ~ALPHA *WW[Q] [3*i+1];
WW[R] [3*i+2] [R]+= -ALPHA *WW[Q] [3*i+2];

/*kk

*okk /

DNRM20= 0. €0;
for (i=0; i<N; i++) {
DNRM20+= WW[R] [3+1 T+WW[R][3*I ] +
WWLR] [3*i+1]«WW[R] [3xi+1] +
} WWIR] [3*i+2]+WW[R] [3*i+2];

DNRM2=DNRM20;
RESID= sqrt (DNRM2/BNRM2) ;
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DAXPY, Dot Products

P2 0 el |

for (i=0; i<N; i++) { _
X[3%i J+=ALPHA *WW[3xi 1[P];
X[3xi+1]+=ALPHA *WW[3xi+1][P];
X[3xi+2]+=ALPHA *WW[3xi+2] [P];
WW[3*i ][R]+= -ALPHA +WW[3*i ][Q];
WW[3*i+1] [R]+= —ALPHA «WW[3xi+1] [Q];
WW[3xi+2] [R]+= —ALPHA *WW[3*i+2] [Q];

/*kk

*okk /

DNRM20= 0. eO0;
for (i=0; i<N; i++) {
DNRM20+= WW[R][3%I J+WW[RI[3%«I 1 +
WWIR] [3%i+1]+*WW[R] [3*i+1] +
| WWIR] [3xi+2]«WW[R] [3*i+2] ;

DNRM2= DNRM20;
RESID= sqrt (DNRM2/BNRM2) ;
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Preconditioning

Linear Solver in “fem3D”
Computation of Stress
Report #2
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Stress

e So far, “displacement” at each node has been
computed.

« “Stress” Is Important from the engineering point of
view !!
— “stress” is calculated by “strain”, which is derivative of
“displacement” (or rate of displacement)
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Q

N N
S =

,
o
=

QO Q

rt3

Strain-Stress Relationship

1-v v 1% 0 0 0
v 1-v v 0 0 0
1% v 1l-v 0 0 0
£ 0 0 0 fa-2) o 0
(1+v)1-2v) .
0 0 0 0 ~(1-2v) 0
0 0 0 0 0 3(1—2v)
[D]
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Strain-Stress Relationship

(o] [valX valA valA 0 0 0 |[e,)
o, valA valX valA 0 0 0 || ¢,
o valA valA valX O 0 0 ||e.
Iz, 0 o o vaB 0o 0 |||
T, 0 0 0 0 wvalB 0 ||y,
z..] | O 0 0 0 0 wvalB||y. ]

[D]
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Normal Strain - Displacement

* PREPQ {(x+dx+u+audx)—(x+u)}—dx
. Ox _ Ou
’ dx Ox
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Shear Strain - Displacement
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Computation of Stress Components

E -
o, = (1+v)(1—2v) _(1—v)gx +Ve, +ng]

= ] _(1—v)8—u+vav+vaw
(1+v)1-2v) i ox oy 0Oz
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Stress

So far, “displacement” at each
node has been computed.

“Stress” Is important from the
engineering point of view !!

— “stress” is calculated by “strain”,
which is derivative of
“displacement”

Accurate stress components are
calculated at Gussian Quad.

Points.

Stress at nodes (vertices)
— Averaged Value
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Computation of Stress Components

E

o, = :(1—v)gx +Ve, +ng]

" (l+v)i-2v) _
E

C(@+v)a-2v)|

Vv

[[N] oav =[[NT |

[T

\
\

= (1—v)8—u+v +Vv

oy 0z

Ox

E

(1

+

| 24

-

X

E

2v)

(1

_|_

| 24

N1

2v)

oV 8w}

Galerkin Method: Ave. Elem. Stress X Volume

v w4 W,Z]}dv

(RN GEI Go I G
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1D: Elem.-by-Elem. Integration: {f}

W2 w (A () (L)
L L dx L dx L

H1—x/L XAL |1
IX[N]TdV:XAI ) }dxz—{ } Body Force
) . x/ L 2 |1
1 ; 1
il A :Sectional Area

L:Length of Element
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2D: Stress Components at Node

[[N] o.av
v
“Volume of Contribution X Stress” |
at each node from surrounding N
elements ®

[[NT av

V

“Volume Contribution” at each
node

> [[Nf o.av
o, = Z .[N]T 1 Average Stress at Each Node

7
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RECOVER STRESS: Stress (1/4)

#include <math.h>
#include “pfem_util.h”
#include “allocate.h”
extern  void JACOBI () ;
%oid RECOVER_STRESS ()

int i,k Kk, icel;

int 1e, Jje, Ip, Jp;

int ipn, jpn, kpn;

int iiS,iiE;

double  RB;

double  UUi, VVi, WWi, UUj, VVj, WWj;

double  valX, valA, valB, EO, POIO, VOL, coef;
int inl1,in2,in3, in4, inb, in6, in7, in8;
double X1, X2, X3, X4, X5, X6, X7, X8;

double  Y1,Y2,Y3,Y4, Y5 Y6,Y7,Y8;

double  71,72,73,74,6175,176,71,18;

double  SHi, SHj;

double  EPS_xx, EPS_yy, EPS_zz, GAM_xy, GAM_xz, GAM_yz;

KINT nodLOCAL[8];

SIGMA_N=(KREALx*) al locate_vector (sizeof (KREAL), 3*N) ;
TAU N =(KREALx*)al locate_vector (sizeof (KREAL), 3*N) ;

for (i=0; i<3+N; i++) SIGMA_N[i]=0.0;
for (i=0; i<3*N;i++) TAU_N[i]=0.0;
for (i=0; i<3N; i++) B[i]=0.0;

for ( icel=0;icel< ICELTOT;icel++) {
E0O = ELAST;
POIO= POISSON;

valA= POIO / (1. e0-POI0) ;
valB= (1. e0-2. e0xP0O10) / (2. e0x (1. €0-PO10) ) ;
valX= EOx (1.e0-POI0)/((1.e0+P0OI0)*(1.e0-2. e0%P0I0)) ;

valA= valA * valX;
valB= valB * valX;
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RECOVER_STRESS: Stress (2/4)

in1= ICELNOD[icel] [O]

in2= lCELNOD_lceI;;1;;
in3= ICELNOD[icel] [2];
ind= ICELNOD[icel] [3];
in5= ICELNOD[icel] [4];
in6= ICELNOD[icel] [5]:
in7= ICELNOD[icel] [6]:
in8= ICELNOD[icel][7];
nodLOCAL[0]= inT;
nodLOCAL[1]= in2;
nodLOCAL [2]= in3;
nodLOCAL[3]= in4;
nodLOCAL [4]= inb;
nodLOCAL [5]= in6;
nodLOCAL [6]= in7;
nodLOCAL[7]= in§;
X1= XYZ[in1-1][0];
X2= XYZ[in2-1][0];
(FPHE%) | o
X7= XYZ[in7-1][0];
X8= XYZ[in8-1][0];
Y1= XYZ[in1-1][1];
Y2= XYZ[in2-1][1];
(FPHE%) | o
Y7= XYZ[in7-1][1];
Y8= XYZ[in8-1][1];
Z1= XYZ[in1-1][2];
2= XYZ[in2-1]1[2];
(FPHE%) | o
Z1= XYZ[in7-1][2];
Z8= XYZ[in8-1][2];
/*%

JACOBIAN & inv—JACOBIAN

*% /
JACOBI (DETJ, PNQ, PNE, PNT, PNX, PNY, PNZ,
X1, X2, X3, X4, X5, X6, X/, X8,
Y1, Y2, Y3, Y4, Y5, Y6, Y/, Y8,
1, 72, 73, 74, 15, 16, 71, /8 );
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RECOVER STRESS: Stress (3/4)

sk
MATRIX
*k /

for (ie=0; ie<8; ie++) {

ip= nodLOCAL[ie];

for (je=0: je<8; Je++){
jp= nodLOCAL[ je] ;

Displacement at each node

UU j= X[3+*jp-3
Wi= X[3%jp-2];
= X[3*jp-1];
UUi= X[3*ip-3]:
Wi= X[3*ip-2];
WWi= X[3xip-1];
EPS_xx= 0.e0;
EPS_yy= 0.e0;
EPS zz= 0.€0;
GAM_xy= 0. e0;
GAM_xz= 0.€0;
GAM_yz= 0. e0;
GAM_xy= 0. e0;
GAM_xz= 0.€0;
GAM_yz= 0. e0;

VOL =

0.

e0;
for ( ipn=0; ipn<2;ipn++) {
jpn= 0 jpn<2; jpn++) {
for ( kpn=0; kpn<2;kpn++) {

for (

coef= fabs(DETJ[lpn][Jpn][kpn])*WEI[lpn]*WEl[Jpn]*WEI[kpn]
SHi= SHAPE[ipn] [jpn] [kpn] Lie] coef;

EPS_xx+= SHi*PNX[ipn] [ jon] [kon] [je];
EPS_yy+= SHi*PNY[ [ipn] [jpn] [kpn] [je];
EPS_zz+= SHi*PNZ[ipn] [jpn] [kon] [je];
GAM_xy+= SHi*PNX[ipn] [jpn] [kpn] [je] * VVj

+  SHi*PNY[ipn] [jpn] [kpn] [je] * UUj;
GAM_xz+= SHi*PNX[ipn] [jpn] [kpn] [je] * WW]

+  SHi*PNZ[ipn] [jpn] [kpn] [je] * UUj;
GAM_yz+= SHi*PNY[ipn] [jpn] [kpn] [je] * WW]

+ SHi*PNZ [ipn] [jpn] [kpn] [je] * VVj;
VOL = VOL + SHi; }]f
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RECOVER STRESS: Stress (3/4)

sk
MATRIX

*k /

for (ie=0; ie<8; ie++) {
ip= nodLOCAL[ie];
for (je=0; je<8; Je++){
jp= nodLOCAL[ je];
UUj= X[3*jp-3];
VVj= X[3*jp-2];
WWj= X[3*jp-11;

UUi= X[3*xip-3];
Wi= X[3*ip-2];
WWi= X[3*ip-1]1;
EPS xx= 0.¢€0;
S = 0 c0.
7= . ev,
GAICxy= 0ol u,=|N U} u,=|N [U} u.=|N_{U}
| XZ= .el,;
GAM_yz= 0.e0; vxz[Nx]{V}, % :[N ]{V}
T N
e G wo=[NJory wo=[v_Jr}
VL = 0.

e0;
for ( ipn=0; ipn<2; ipn++) {
for ( jpn=0; Jpn<2 jpn++) {
for ( kpn=0;kpn<2; kpn++) {
coef= fabs(DETJ[lpn][Jpn][kpn])*WEI[|pn]*WEI[Jpn]*WEI[kpn]
SHi= SHAPE[ipn] [jpn] [kpn] [ie] coef;

EPS_xx+= SHi*PNX[ipn] [jpn] [kpn] [je]:
EPS_yy+= SHi*PNY[ Lipn] [ipn] [kpn] [je]:
EPS_zz+= SHi*PNZ[ipn] [jpn] [kpn] [je]:
GAM_xy+= SHi*PNX[ipn] [ipn] [kpn] [je] * VVj
+  SHi*PNY[ipn] [ipn] [kpn] [je] * UUj;
GAM_xz+= SHi*PNX[ipn] [ipn] [kpn] [je] * WWj
+  SHi*PNZ[ipn] [ipn] [kpn] [je] * UUj;
GAM_yz+= SHi*PNY[ipn] [ipn] [kpn] [je] * WWj
+ * VW,

SHi*PNZ[ |pn} jipn] [kpn] [jel
VOL = VOL + SHi ]f
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RECOVER STRESS: Stress (4/4)

EPS_xx= EPS_xx * UUj;
EPS_yy= EPS_yy * VVj;
EPS_zz= EPS_zz * WWj;

SIGMA_N[3*ip-3]+= valX*EPS_xx+ valA*EPS_yy + valAxEPS_zz;
SIGMA_N[3*ip-2]+= valA*EPS_xx+ valX*EPS_yy + valA*EPS_zz;
SIGMA_N[3*ip-1]+= valA*EPS_xx+ valA*EPS_yy + valX*EPS_zz;
TAU_N[3*ip-3]+= GAM_xyx*valB;

TAU_N[3*ip-2]+= GAM_xz*valB;

TAU_N[3*xip-1]+= GAM_yz*valB;

if (ip==jp) Blip-1]+=VOL;

J

/Hkokx u,x = le J{U}’ u,y = |.Ny .I{U}’ u,z = lNz J{U}
vy VDAL VALUE v = [N,x]{V}, v, = [N,y ]{V}
for (i=0; i<N;i++) [ w, = [N]{W} w, = [le]{W}

RB=1.0e0/B[i];

SIGMA_N[3*I ]*=RB;
SIGMA_N[3*i+1]*=RB;
SIGMA_N[3*i+2]*=RB;

TAU_N[3*i ]*=RB;
TAU_N[3*i+1]*=RB;
TAU_N[3*i+2]*=RB;

J
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RECOVER STRESS: Stress (4/4)

EPS_xx= EPS_xx * UUj;
EPS_yy= EPS_yy * VVj;
EPS_zz= EPS_zz * WWj;

SIGMA_N[3*ip-3]+= valX*EPS_xx+ valA*EPS_yy + valA*EPS_zz;
SIGMA_N[3*ip-2]+= valA*EPS_xx+ valX*EPS_yy + valA*EPS zz;
SIGMA_N[3*ip-1]+= valA*EPS_xx+ valA*EPS_yy + valX*EPS_zz;
TAU_N[3*ip-3]+= GAM_xy*valB;

TAU_N[3*ip-2]+= GAM_xz*valB;

TAU_N[3*ip-1]+= GAM_yz*valB;

if (ip==jp) B[ip-1]+=VOL;

J

Sk (o] [valX valA valA 0 0 0 |[e,]
NODAL  VALUE
sokok / o, valA valX valA 0 0 0 g,
For (i1=0; i <N; i+4)
WU Gl Jo: - valA valA valX 0 0 0 Jé: |
sl 00 0T e o |
*|+1 | *=RDb,
SIGMAN[3%[+2]+=RB" 0z 0 0 0 0 wvalB 0 |7,
TAU_N[3%i J%=RB: z..)] | O 0 0 0 0 valB|(y.]

TAU_N[3*i+1]*=RB;
TAU_N[3*i+2]*=RB;

J



FEM3D-Part3 104

RECOVER STRESS: Stress (4/4)

EPS_xx= EPS_xx * UUj;
EPS_yy= EPS_yy * VVj;
EPS_zz= EPS_zz * WWj;

SIGMA_N[3*ip-3]+= valX*EPS_xx+ valA*EPS_yy + valA*EPS_zz;
SIGMA_N[3*ip-2]+= valA*EPS_xx+ valX*EPS_yy + valA*EPS zz;
SIGMA_N[3*ip-1]+= valA*EPS_xx+ valA*EPS_yy + valX*EPS_zz;
TAU_N[3*ip-3]+= GAM_xy*valB;

TAU_N[3*ip-2]+= GAM_xz*valB;

TAU_N[3*ip-1]+= GAM_yz*valB;

if (ip==jp) B[ip-1]+=VOL;

J

[k o ] [valX valA valA 0 0 0 e
NODAL  VALUE
Aok / o, valA valX valA 0 0 0 g,
for (i=0; i<N; i
0r<IRB=1I_ Oe()l;rl.;:Ei{]; Jo- | _ valA valA valX 0 0 0 )& |
e N il I IR
*k|+] |*=RKb,
SIGMA N [3#i +2]+=RB. 0z 0 0 0 0 wvalB 0 |7,
TAU_N[3%i J%=RB: 7. | O 0 0 0 0 wvalB||y.,

TAU_N[3+i+1]*=RB;
TAU_N[3+i+2]*=RB;

J
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Preconditioning

Linear Solver in “fem3D”
Computation of Stress
Report #2
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Report #2 (1/2)

AAMMMMIMMIITITITMTEaBBil

T I 4
VA

* Implement and evaluate a 3D-linear-elastic-code
solving the following problem:

— Cantilevered Beam with Rect. Section
o E=1.00, p (density)=0.025, v=0.30

— u=v=w=0@x=Xmax=L
— Set initial value of “NU” and NL” in mat_con0O as “5”
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Report #2 (2/2)

* Modify mesh generation program
 Modify “fem3d” (Boundary Conditions, Body Force)

« Evaluation (Comparison with Analytical Solution,
Effect of Mesh)

* Apply various numbers of Gaussian quad. points
- n=2 (fem3d) , n=1, n=3
e Try ILU(O) (or IC(0)) and GS as preconditioners (if
you have time)
e Report

— Due on August 18t (M), 2014 at 17:00

— Documents
* Report (Outline, Results, Discussions) (less than total 10 pages)
o List of Source Code
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Z

Z

~ g N

maXx

- 24E]

Analytical Solution

If “L” Is sufficiently Large

/4

(x—L) -(x2 + 2Lx+3L2)

4
— it where £ >4
8ET

AMMMMMIITTHHHTTHH

disp. in z-direction

Length of Beam

Density per Length

Young’s Modulus

Geometrical Moment of Inertia
(for rectangular section)

I =—bh’
12

-t
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Gaussian Quadrature

s

(=150 (1)

(—1,—1) @ =D
Wamta EHFRHEW

0.57735 02692 1.00000 00000

n=4

a. | w
0.86113 63116 0.34785 48451
0.33998 10436 0.65214 51549

el w
0.77459 66692 0.55555 55555
0.00000 00000 0.88888 88889

n=5

E'a w
0.90617 98459  0.23692 68851
0.53846 93101 0.47862 86705
0.00000 00000 0.56888 88889

Quadrature Point: 0.000
Weighting Factor: 2.000

At Center of the Element
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Body Force in Z-Direction

T, +Txy,y +0, . +7 =0
‘ Galerkin Method
I[N]T {sz,x + Ty +0, . _|_Z}dV -0

[Nt Jav + [[NT {e, Jav + [INT o Jav + [ INT {z}av =0



