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Target Application

e Elastic Material
Z — Young’s Modulus E
— Poisson’s Ratio \Y

 Rectangular Prism
/ } — 1x1x1 cubes (hexahedra)
- — NX, NY, NZ cubes in each direction

 Boundary Conditions

- P Symmetric B.C.

- ) »AX ° UX:O@X:O
NY e U,=0@Y=0

X « U,=0@Z=0

— Dirichlet B.C
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Constitutive Egn’s: Stress-Strain

e Young's Modulus E
— Stress-Strain: Proportional
— Proportionality: E (depends on material)

e Poisson’s Ratio v £ =—Vg

— Body deforms in Y- and Z- I ______________________ i
directions, even if external force is |
In X-direction.

— Poisson’s ratio is proportionality for AR
this lateral strain.

« depends on material
— Metal: 0.30 E =—VE =—V
— Rubber, Water: 0.50 (incompressible)
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NX=NY=NZ=10, v=0.30

Z \ 1
10

gx = gy = —ng = —003

y —y =10xe_=-0.30

NZ T Uxlx=10,y=10 T V|x=107¥=10
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Finite-Element Procedures

« Governing Equations
e Galerkin Method: Weak Form

 Element-by-Element Integration
— Element Matrix

e Global Matrix
 Boundary Conditions
e Linear Solver



FEM3D-Partl

FEM Procedures: Program

Initialization

— Control Data

— Node, Connectivity of Elements (N: Node#, NE: Elem#)
— Initialization of Arrays (Global/Element Matrices)

— Element-Global Matrix Mapping (Index, Item)

Generation of Matrix

— Element-by-Element Operations (do icel= 1, NE)
e Element matrices
« Accumulation to global matrix

— Boundary Conditions

Linear Solver
— Conjugate Gradient Method

Calculation of Stress



FEM3D-Partl

Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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Extension to 2D Prob.: Triangles
ZHARER
* Triangles can handle arbitrarily shaped object

e “Linear” triangular elements provide low accuracy,
therefore they are not used in practical applications.
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Extension to 2D Prob.: Quadrilaterals

YA ER

 Formulation of quac

. elements is possible if same

shape functions in 1D elements are applied along X-

and Y- axis.

— More accurate than triangles

 Each edge must be
— Similar to FDM

A
y 3

o,

1

>

X

“parallel” with X- and Y- axis.

* This type of elements
cannot be considered.
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Isoparametric Element (1/3)

 Each element is mapped to square element [+=1,%1]

on natural/local coordinate (£,m) (B BFTEZER)
Y A 3 A

4 | 3
4 ° +1 ®
‘ > G
2 -1 +1
1 ® ®
> X 1 -1 2

 Components of global coordinate system of each node
(x,y) for certain kinds of elements are defined by
shape functions [N] on natural/local coordinate system,
where shape functions [N] are also used for
interpolation of dependent variables.
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Isoparametric Element (2/3)

> X 1 -1 2

» Coordinate of each node: (X;,Y1), (X5,¥5), (X3,¥3), (X4:Y4)

Deformation (in X-direction) of each node: uy, u,, U, U,
4
U :ZNi(§177)'ui
i=1

x=2 N(&m)x, =2 N(&n)»,
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Isoparametric Element (3/3)

y 4 i
o Ol o
I _1/ /+1 > &.’
o O e
- T-1

e Higher-order shape function can handle curved
lines/surfaces.

« “Natural” coordinate system

Sub-Parametric
Super-Parametric

12



FEM3D-Partl

13

Shape Fn’s on 2D Natural Coord. (1/3)

 Polynomial shape functions
on squares of natural
coordinate:

u=o,+a,l+an+a,én

A

0O
1 1S
L B 2

e Coefficients are calculated as follows:

Cu tu, tugtu,

o, = o. =
1 1 2
4

o, = o, =
3 ) 4
A
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Shape Fn’s on 2D Natural Coord. (2/3)

u=a,+a,é+an+a,ln

4 4
—U —U, +U;+U U, —U, +uU, — U
1 243 4y A 243 4 g

( -6 - 77"‘577)”1 (1"'5 n— 6577)”2
i(1+§+n+§n)u3 ~(1-é+n-én,
- =Ny + 1 N, +

A

%(1+§)(1+77)u3+Z(1—5)(1+77)”4

A

0O
1 1 S
L B 2
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Shape Fn’s on 2D Natural Coord. (2/3)

u=a,+a,é+an+a,ln

A

1
_u1+u2+u3+u4+—ul+u2+u3—u4§+ o —©
- 4 4 .
— U, — U, +U; T U, U —U, +Uy,— U, ~ "
4 T 0 0
1
4( -G - 77"‘577)”1 (1"'5 T — 577)”2
1
S S+ Snus +2 La-¢4n-en,
Ny - N,
LU ) i (RN )
1

gk

3

[
_|_
Ui
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Shape Fn’s on 2D Natural Coord. (3/3)

e 1 is defined as follows |

. +1
according to u; : o e
u=Nu, +Nyu,+Nyu,+N,u, 1 1S

» Shape functions N, : L B 2

N = A-ENt-n) No(Em) =7 A+ ENa-n)
Ny(Em)== (1+~§)(1+77) 4(5,77)=Z(1—§)(1+77)

Also known as “bi-linear” interpolation
Calculate N. at each node

e y: deformation in Y-direction
v=Nyv, +N,v, + Nv; + N,v,
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Extension to 3D Problems

Tetrahedron/Tetrahedra (EHME{A) : Triangles in 2D
— can handle arbitrary shape objects

— Linear elements are generally less accurate, not practical
— Higher-order tetrahedral elements are widely used.

In this class, “tri-linear” hexahedral elements
(isoparametric) are used (FNE{AFER)

Displacement-based FEM (Z{iL%)

DOF: displacement
— Three components of (1,v,w) are defined on each node.

17
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Shape Fn’s: 3D Natural/Local Coord.
NEn ) =g M-E-n)L-¢) Nyl ) =3 a-ENi-n)a+¢)
N6 ) =g EN-nIL=E)  No(m.) =T+ -+ S)
No(&,1,$) =2 (1+5)(1+n)( -¢) N(Em) =2 (1+§)(1+77)(1+§)
N4<§,n,¢)=§(1—5)(1+n)(1—¢) Ng(f,n,s)=§(1—f)(1+n)(1+:)

Z8:Nl. (&,n,8) u, (1,+1,6+1)ﬁ 6ﬂ(+1,+1,+1)
i=1 (-1,-1,+1) (+1-1+1)

ZN,-(&??,Q“)'VZ-

u

<
Il

(-1+1-1)|
(+1,+1,-1)

WZZNZ-(GC,U,Q'WZ- / /
i=1 (&7.¢)=(-1-1-1) (+1-1-1)
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Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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Governing Equations in Theory of
Elasticity

« Equilibrium Equations
o Compatibility Conditions: Displacement-Strain
o Constitutive Equations: Stress-Strain

20
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Equilibrium Equations in 3D
6 Independent Stress Components

> +—+—"+Y=0

21
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Normal Strain - Displacement

* PREPQ {(x+dx+u+audx)—(x+u)}—dx
. Ox _ Ou
’ dx Ox
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Shear Strain - Displacement
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Stress-Strain Relationship

1 v —v 0 0 0
-v 1 -—v 0 0 0
1j-v —v 1 0 0 0
"El0 0 0 20+v) O 0
0 0 O 0 20+v) 0

0 0 O 0 0  2(+v)

24
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Strain-Stress Relationship

1-v v 1% 0 0 0

o] v 1-v v 0 0 0 &,

o, Vv v l1-v 0 0 0 &y
JO: | _ L 0 0 0 1(1—21/) 0 0 1%

(" (1+ v)(l— 21/) 2 1 Y

r. 0 0 0 0 E(l_ 2v) 0 y..
S 0 0 O 0 0 %(1— 2v) |V

D]
lo}=[Dlie}

« Incompressible Material (v~0.50) (EEFEIEM KL
Special Treatment Needed
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Equilibrium Equations in X-Direction

‘ Galerkin Method

I[N]T {gx’x +7,,+T., .+ X}dV ~0

[N o Jav + [INT iz, Jav + [[NT {r....jav + [ [NT {x}av =0



FFFFFFFFFFF

Equilibrium Egn’s Iin X-dir. (1/3)

[N o Jav ==[[N [{o, Jav + [ [N {o, n.ds

_________________________

i j % [[N ]T {O-x }]dV :j [N ]T {O-x }”de i 1D Gauss
[T tolhy =[NT fo Jav + [V FloJav - pearton

Following “weak form” is obtained
(surface integration terms are not considered):

[[NT o dV+_“NT dV+HN]T dV+j[N]TXdV=

ij[N, ay - HN oAV — HN dV+“N] X)dv =0



FFFFFFFFFFF

Equilibrium Egn’s In X-dir. (2/3)

~[[v.J{o,av - HN WAV — ”N dV+jN] X}y =0 (¥
E
o, = (1+v)(1 Zv)[(l—v)gx +ve, +vgz]
= E [(l—v)u +w +vw]
(1+v)1-2v) S
£, E ]
g 2(1+v) > 2(1+V) v
E E
.= 7o = . +w,]
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Distribution of Displacement in each

Element, Shape Functions
u=[N{U}, v=[N[r}, w=[Nlp}

u =N _[U} u,=|N [U} u =|N_{U}

v.=[NJry v, =N 3

w, =[N w. =[N 3

7. = i) o e e v oy
E _E

Vo = 2(1+ v)

(v, u3+[v Jr3)

T = (jf_v)yzx = Z(Jf—l/)([N’Z ]{U}+ [N,x ]{W})
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Equilibrium Egn’s In X-dir. (3/3)

Defline: D=

(1—V)E

Qrv)i-2v) °

vE E

L+v)i-2v) 7 2L+v)

o, =D|N fU}+alN, fr}+alN_ [}
Jur+[v oy
N_fur+b|N iy

()=-JIv.Fiejav ||

T—b

sz:b_

4

[V [N ]+

v,

Y R dV—HN [{e.Jav + [[NT {x}av

s v

v Fv]

R v v}
v 3= [lalv TV el TV, Jav )



FFFFFFFFFFF

Equilibrium Egn’s in Y-dir.

+ [[NT{r}av =0

-[loby Y T T J v Y, D

Tl Y Je ol Tl Dot [l I Jeel. T, v o)

Equilibrium Egn’s In Z-dir.

-Jlolv T J+o

+[[NT{z}av =0

v,

v T v, v )

Tl T Jolo T Do) T Bl o
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Three Equilibrium Egn’s

e 3 equations for 3 unknowns (disp. components)
e 3 equations are “coupled” (not independent)

* Vector of Shape Function: [N]: 8 X 1 matrix
— [N]J'[N],  [N,]J'[N,] etc.: 8 X 8 matrix

0
90, § L +8er +X =0
ox Oy 0z
o7, . oo, . o7, i
ox Oy 0z

32
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Element Matrix; 24 X 24

(u,v,w) components on each node are physically
strongly-coupled: these three components are treated in
block-wise manner: 8 X 8 matrix

(-1+1,+1) (+1,+1,+1)

00,

o0)@
o0ll®

<

X0

LT (+1,-1+1)

<>

<>

o0)®
o0)l®

o0
o0)l®

<3S

o0)®
C(CX

<

000)®
000]®

’

<>
000]000000]000)000)000

11 12 13

kijzl kijzz kijzs (i’j:]'"'S)

| 31 132 733

0
0

<>

®
*
(CX
OO0

oo
<>

OO0 |COOIOCCOIOO0[COO X000
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Element Matrix: 24 X 24

(u,v,w) components on each node can be treated
Independently, but 8 X 8 matrix iIs more robust (next

week)

0
*

000]000]00
0001000100
G0 O30 S0 OO0 OO0 OO0
5t
<

@
<
000

‘
X0

00]000

®
=<
o00)e

e®
000
GO 050
o
=<

=<

)
0,
*

(X
0
®

o
<>

000
<>
000

o0
&0

0 Q)
= =<
XD CX

<>

o
5

0010

G0 OO0 OO0

00
6.0.
SO0

000
<>
000

XX

<>

0010

*

90100,
<>

®
<P
0000

(XX
g
O
()
O

0
00 CO0 OO0 OO

()
OO
1C00 OO0 O8O OO0 OO0 OO0 O8O OO0

(-1-1+1)

11

21

| 31

(-1+1,+1)

12
22

132

13

23

733

34

(+1,+1,+1)
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14

v

~[{olv. Y, Jeev, T v, J+ (v TV D )

Element Matrix: 1-J, X-dir. (1/3)

kijll kij12 k 713 (-1+1+1) (+1+1,+1)
k; 21 k; 22 k 23 (l’ j=1.. 8) (~1-1+1) (+1-1+1)
ki ki Kk

| Mz iz Mijas |

- [lalv T, Jeol, TV Dar )

- Jlalv TV e oln T I Jar )

_..{D°Ni,x 'Nj,x +b'(Nz‘,y °Nj,y +Ni,z °NJ,Z)}dV
.
_..{a.Ni,x N, +b'Ni,y ONJ"x}dV

v

_..{a‘Ni,x 'Nj,z "'b'Ni,z 'Nj,x}dV

v
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v

v

Vv

o1

~[lolv TV, Jeelv Y Iv Je v Y v D )

Element Matrix: 1-, Y-dir. (2/3)

kijll kij12 k 713 (-1+1+1) (+1+1,+1)
k; 21 k; 22 k 23 (l’ j=1.. 8) (~1-1+1) (+1-1+1)
ki ki Kk

| Mz iz Mijas |

- [lalv, P Je o v, D v}
~Jlalw, TV Jeolv T v, Jav )

(a-N,,-N, +b-N, -N, |dV

J

ky, =—[1D-N,,-N,, +b-(N..-N, .+ N, ,-N, )jav
V

ky=-[1a' N, N, +b-N_-N, jav

Vv
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k
k
k

711 12 713
21 ij 22 23

| 31 32 733 |

[ o[y Tv Jeo(w TIv ]+ v TN, Dav i)

Element Matrix: 1-J, Z-dir. (3/3)

k k (-1,+1,+1)

(+1,+1,+1)

k. k (4, /=1...8) C1-141) (1141
k. k

v (&m.¢)=(-1-1-1) (+1-1-1)

Jlalv T Iv Jeolv F v Jariv)

14

Jlalv. YIv, Jeelv, v v )

14

kyw=—[la"N,. N, +b-N, N, _|dv
Vv

kyy=-[1a'N,.-N, +b-N, N, _jav
V
kyw=—[1DN. N, +b-(N,,-N, +N, N, Jldv

Vv



FEM3D-Partl

Next Stage: Integration
3D Natural/Local Coordinate (&, 7,<):
— Gaussian Quadrature
o it © oot 1:]1 j ]if(&m?) dgdndg

0.57735 02692 1.00000 00000 0.77459 66692 0.55555 55555
0.00000 00000 0.88888 88889

n=4 n=5

L,M,N: number of quadrature
points in &, n, £ -direction

($.1m,,¢,) : Coordinates of Quad’s
oo e e el oo e wam o W, W, W, 0 Weighting Factor

0.00000 00000 0.56888 83889
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Partial Diff. on Natural Coord. (1/4)

« According to formulae:
ON,(¢,1,6) _ON, Ox ON, & 0N, 0z

o0& ox 06 Oy o0& 0Oz O&
ON.(¢,n,¢) _ON,; Ox +8Ni Oy +8Nl. Oz
on Ox on Oy On 0Oz On
ON.(&,n,¢) _ON; x +8Nl. oy +8Nl. Oz
oc ox 0, Oy 0 0z O¢
ON. ON, ON,
{85 “on 85} can be easily derived according to definitions.

{GNZ. ON. oN,

, , are required for computations.
ox Oy Oz
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Partial Diff. on Natural Coord. (2/4)

e |In matrix form:

ON,| | o oz |[an
0¢ 0 05 0¢ || ox
<8]\71. _ ox 0Oy 0z ||ON,
on on 0n 0n || Oy
ON, ox oy 0Oz ||ON,
¢ |o¢c oc oc |l ez,

>:[J]< L

[J] : Jacobi matrix, Jacobian

40
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Partial Diff. on Natural Coord. (3/4)

 Components of Jacobian:

8 8 8 8
Ji = o = 0 (ZNi‘xi :ZaNixw Jpp = v = 0 (ZNiyij:ZaNiyh
0f  0& = 0 0§ 0&\'3 = 0S

i=1

0z 0 (< 5, 0N,
J13—8§—6§(2Nizi _Z(’a

lZl'
= - 0&
8 8 8 8
Sy = O = 0 ZNi‘xi — 8Nixi1 Sy = o = 0 (ZNiyij:ZaNiyh
on on\'3 - 07 on on\‘Z3 - 07

8 8
J, = 0z _ 0 ZN,'ZZ' _ 8NZ.Z.
on  on\‘m '

0 ZglNixi = : 8Nix" J y_ 2 (ZS:Niyij:ZS:aNiyﬂ
]

Sy = = i 32 = =
g 0¢ \ 1 0¢ A= 1 0¢

8 8
oz 0 (Z Nz = ON, _

J33 = a = ;
& 06\ 2 0¢
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Partial Diff. on Natural Coord. (4/4)

« Partial differentiation on global coordinate system
IS Introduced as follows (with inverse of Jacobian

matrix (3 X 3))

(ON.| |ox Oy Oz
Ox s 05 0¢

) ON; _ ox Oy Oz
0y on on dn
ON; ox Oy Oz
Oz |0 04 04

> = [J]_1<
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Integration on Each Element

_ - (-1,+1,+1) (+1,+1,+1)
711 712 713 o (-1,-1+1) (+1-1,+1)
kijZl kijzz kij23 (Z’J:]'"'S)
) ) ) (+1,+1-1)
| Mz Mijzp Mijas | / /
(&7.¢)=(-1-1-1) (+1-1-1)

k. :_J{D'Ni,x N, | -I—b(Nl-,y N, +N,, 'Nj,z)}dV

Y11
V

I{ ON, ON, [5]\@ ON, _aN, oN, j}dV
p Ox Ox oy oy Oz Oz
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Integration on Natural Coord. System

(-1,+1,+1) (+1,+1,+1)

711 712 713 o (-1,-1+1) (+1-1,+1)
kijZl kijzz kij23 (Z’J:]'"'S)
) ) ) (+1+1-1)
| Mz Mijzp Mijas | / /
(&m.¢)=(-1-1-1) (+1-1-1)

_J- aN 8N aNl,aN aN ON, o
Ox 8x 8y oy 82 Oz

a N, 8N aN - ON, a N, ON,
-[[[<D , dxdydz =
Ox 8x 6y oy 82 Oz

Ao gy
X X

det|J| d&dnd
oy Oy 82 82]} Hfﬂ(



FEM3D-Partl

Gaussian Quadrature

(-1,+1,+1)

11 512 513 (-1,-1+1)

kijZl kijzz kij23 (i’j:]'"'8)

| 31 32 733 |

(&7.¢)=(-1-1-1) (+1,-1-1)

_ffff pON; ON; b((’?N,- ON;  ON, ON, j}det\J\ dédnd(

WA T e \ay v e ez
I=| j jf(cf,n ¢) dédnds
i > i[ W W £ )]
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Remaining Procedures

e Element matrices have been formed.

« Accumulation to Global Matrix
 Implementation of Boundary Conditions
e Solving Linear Equations

« Detalls of implementation will be discussed In
classes later than next week through explanation
of programs

46
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47

Accumulation: Local -> Global Matrices

(3) KOKe®y=0r™3

@)
kll
2
k21
0
k31

(2)
_k41

&
0
o
2

@ @]
kl3 k14

(2) (2)
k23 k24
(2) (2)
k33 k34
(2) (2)
k43 k44

(3) KOHp™3={/"}

1
2
[KHP}={F}
D, X X
X D, X
X X D,
X X X
X
I X

7.
kll
@

k 21
@
k31

@
_k41

SRR
SHS NS

Y
T
e
Zy

¢1(2)
¢,
7
114

( ¢1(1)
#,"
4"
&,

o

o,

CDZ
X || @,
X ||o,
X || @,
D, ||®,

\
e
J

,
oy
(o2}
AN

&)
A
2
12
@
s

fl (€]
A
fs 1)
LY

2
Jo)
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Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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Homework

* Develop a program and calculate area of the following
quadrilateral using Gaussian Quadrature.

o O OO

o —
~ N~

> X

+1 +1

I=[av =] [detJ]d&d¢

-1 1
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Tips (1/2)

 Calculate Jacobian
o Apply Gaussian Quadrature (n=2)

+1 +1

1= [remazin=Y, Ylww, 1)

1 -1 =1 j=1

implicit REAL*8 (A-H,O0-2Z) n
real*8 W(2)
real*8 POI (2) (i1 1) a1

|

W(l)= 1.040
W(2)= 1.04d0
POI(1)= -0.5773502692d0
POI (2)= +0.5773502692d0 &

SUM= 0.d0
do jp= 1, 2 .
do ip= 1, 2
FC = F(POI (ip) ,POI(jp)) (=1, —1) (1, —1)
SUM= SUM + W (ip)*W (jp)*FC .
enddo Bo=ta BAEREW

enddo 0.57735 02692 1.00000 00000
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Tips (2/2)

ox 0Oy
U]=| 5 % gefy-&.Q D O
on 07 |

Gx_ ) 4 B 4 % ay_ P 4 ) 4 %
85_55(;]\5’9)—285%’ 85—85[2Niyij—lz Vi

i=1 i=1

5x_ 8 4 B 4 % ay - a 4 B 4 %
8’7_577(;Nixij_;5nx“ an_ﬁn(zNiy"j_Zany"

i=1

Ni(Em) =7 0-EMa-n) Ny =4 L+ M)

Ny = W W), Ny(Em) = 0-¢)an)

51
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Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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Z |\

53

Target Application

e Elastic Material
— Young’s Modulus E
— Poisson’s Ratio \Y

 Rectangular Prism
— 1x1x1 cubes (hexahedra)

\z — NX, NY, NZ cubes in each direction
 Boundary Conditions

~ — Symmetric B.C.

Y

NY

¢ U,=0@Y=0
« U,=0@Z=0
— Dirichlet B.C
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NX=NY=NZ=10, v=0.30

Z 1
g, =—=0.10
U,=1 10
g =¢&,=—ve,=-0.03
/ A
NZ SoU ¥=10,7-10 = T/ly 10,7210 =10x &,
v >
— / Y
- 3 - NX
NY

54

=-0.30
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Copy/Installation (1/2)

3D Code

>$ cd <S$feml>
>$ cp /home03/skengon/Documents/class/feml/fem3d. tar
>$ tar xvf fem3d. tar
>$ cd fem3d
>$ 1s
c f run

FEM Code in C

>$ cd <$feml>/fem3d/c
>$ make
>$ 1s ../run/sol

sol

FEM Code in FORTRAN

>$ cd <$feml>/fem3d/f
>$ make
>$ 1s ../run/sol

sol
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Copy/Installation (2/2)

Mesh Generator

>$ cd <$feml>/fem3d/run
>$ g95 -03 mgcube.f -o mgcube
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Operations

Starting from Grid Generation to Computation, File-
names are fixed

mgcube
mesh generator

'

T
w
cube.O — so| < INPUT.DAT
mesh file FEM Solver Control Data
\_/

'

T
Y

test.inp
for visualization
(u,v,w)+o,

-~
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Z

A

Mesh Generation

NY

>$ cd <$feml>/fem3d/run

>$ ./mgcube
NX, NY, NZ — Number of
Elem’s in each
direction
10,10,10 —~ example
>$ 1ls cube.O confirmation

cube.O
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Control File: INPUT.DAT

INPUT.DAT

cube.0 fname

1 O METHOD, PRECOND

1 iterPREmax (not in use)
2000 ITER

1.0 0.3 ELAST, POISSON

fname : Name of Mesh File

METHOD : lterative Method (fixed as 1)
PRECOND : Preconditioning Method

— 0 : Block-LU-GS, 1 : Block-Diagonal-Scaling
iterPREmax: (nhot In use)

ITER : Maximum lIterations for CG
ELAST : Young’s Modulus
POISSON : Poisson’s Ratio

— Try cases with Poisson’s Rati10=0.4999
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Running

>$ cd <S$feml>/fem3d/run
>$ ./sol

(History of Iterations)
33 2.218867E-08
34 1.325902E-08
35 7.384341E-09

### DISPLACEMENT at (Xmax,Ymax,Zmax))
1331 -3.000000E-01 -3.000002E-01 1.000000E+00

>$ 1ls test.inp Confirm that file is created
test.inp

Uz=1 Displacement at this point
1331th Node (=113)

NZ

NY
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Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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Overview of Mesh File: cube.O
numbering starts from “1”

e Nodes
— Node # (How many nodes ?)
— Node ID, Coordinates

 Elements
— Element #
— Element Type
— Element ID, Material ID, Connectivity

 Node Groups
— Group #
— Node # in each group
— Group Name
— Nodes in each group
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Mesh Generator: mgcube.f (1/5)

implicit REAL*8 (A-H,0-2)

real (kind=8), dimension(:,
real (kind=8), dimension(:,

), allocatable :: X , Y
), allocatable :: X0, YO

character (1en=80) :: GRIDFILE, HHH

integer , dimension(:, :),

write g*,*; "NX, NY, NZ'
read (%, %) NX, NY,NZ

NXP1= NX
NYP1= NY
NZP1= NZ
DX= 1.d0
INODTOT= NXP1xNYP1%NZP1
ICELTOT=NX *NY *NZ
IBNODTOT= NXP1xNYP1

allocate (IW(INODTOT, 4))
IW=10

+ + +
— — —

al locatable :: IW

Node # in X-direction
Node # in Y-direction
Node # in Z-direction

Node #
Element #
Node # on XY-surface
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Mesh Generator: mgcube.f (2/5)

B N Nodes on X=Xmin surface
| couZ '<ﬁ°‘1‘;Iu13NODT0T + (1) #NXPT + i are stored in IW(ib,1) where
ol icou. 6= 1 ib= 1, NYP1*NZP1

enddo

+

icou= 0
ib =2
do k= 1, NZP1

1
do i= 1, NXP1
|cou- icou + 1
i (k=1)*IBNODTOT + (j—1)*NXP1

+

ég(lcou ib)=ii
enddo
enddo Z |
icou= 0 _
ib - 3 U,=1
do j= 1, NYP1
do 1= 1, NXP1
icou= icou + 1
ii = (k- 1)*IBNODTOT + (J-1)*NXP1 + i
ég(lcou ib)=ii
enddo
enddo NZ
icou= 0
ﬁé NEP? g
do j= 1, NYPI — Y
do i= 1. NXPI NX
icou= icou +
i (k- 1)*IBNODTOT + (J-1)*NXP1 + i NY
IW(lcou ib)=ii
enddo X
enddo
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Mesh Generator: mgcube.f (2/5)

icou= 0
ib =1
1
1,

do k=1, NZP1
do j=

IS Nodes on Y=Ymin surface
iv‘;"“‘ (ﬁ"g);IBNODmT b (-1 + are stored in IW(ib,2) where
s icou, b)= i1 ib= 1. NXP1*NZP1

enddo
enddo

+

|cou— 0
ib 2
do %— 1, NZP1
do i= 1, NXPT

|cou- icou + 1
(k- 1;*IBNODTOT + (j—1) *NXP1

+

ég(lcou ib)=ii
enddo
enddo Z |
icou= 0 _
ib - 3 U,=1
do j= 1, NYP1
do 1= 1, NXP1
icou= icou + 1
i = (k- 1)*IBNODTOT + (j-1)*NXP1 + i
ég(lcou ib)=ii
enddo
enddo NZ
icou= 0
ﬁé NEP? g
do j= 1, NYPI — Y
do i= 1, NXP1 NX
|cou- icou +
i (k- 1)*IBNODTOT + (j-1)*NXP1 + i NY
IW(lcou ib)=ii
enddo X
enddo



FEM3D-Partl

IC

66

Mesh Generator: mgcube.f (2/5)

|cou ?
i
do k- 1, NZP1
do J=11 NYP1
i=
|cou- icou +
i (k- 1)*IBNODTOT + (j—1)*NXP1
IW(lcou ib)=ii
enddo
enddo

|cou— 0
ib 2
do k— 1, NZP1

1
do i= 1, NXPT
|cou— icou + 1
(k- 13*IBNODTOT + (j—1) *NXP1
lW(lcou ib)=ii

do i= 1, NXP1
|cou- icou + 1
(k- 1;*IBNODTOT + (j—1) *NXP1
lW(lcou ib)=ii
enddo
enddo

icou= 0
ib =4
k= NZP1
do j= 1, NYP1
do i= 1, NXP1
|cou— icou + 1
(k- 1;*IBNODTOT + (j—1) *NXP1
lW(lcou ib)=ii

enddo
enddo

+

+

+

+

Z A

NZ

Nodes on Z=Zmin surface
are stored in IW(ib,3) where
ib=1, NXP1*NYP1

Nodes on Z=Zmax surface
are stored in IW(ib,4) where
ib=1, NXP1*NYP1
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Mesh Generator: mqgcube.f (3/5)

IC
IC + =
}8 | GeoFEM data |
iC:::
NN= 0
write (%, %) ' GeoFEM gridfile name ?’

GRIDFILE= " cube. 0’

open (12, file= GRIDFILE, status="unknown’, form="formatted)
write(12,” (10i10)’) INODTOT

icou= 0

go k= } N%H Node #

do 1= 1 NXP Node ID, Coordinates
XX= df|oat§1—1§*nx
YY= dfloat (j—1)*DX
77= dfloat (R-15 #DX

icou= icou + 1
write (12,7 (i10,3(1pe16.6))’) icou, XX, YY, ZZ

enddo

enddo

enddo

write (12, (i10)’) ICELTOT Element #

IELMTYPL= 361 Element Type (not in use)

write(12,” (10i10)") (IELMTYPL, i=1, ICELTOT)
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Example of “cube.0” (NX=NY=NZ=4)

Node, Element-Type

68

125 =bxbxb

1 0. 000000E+00 0. 000000E+00 0. 000000E+00

2 1. 000000E+00 0. 000000E+00 0. 000000E+00

3 2. 000000E+00 0. 000000E+00 0. 000000E+00

4 3. 000000E+00 0. 000000E+00 0. 000000E+00

5 4. 000000E+00 0. 000000E+00 0. 000000E+00

6 0. 000000E+00 1. 000000E+00 0. 000000E+00

1 1. 000000E+00 1. 000000E+00 0. 000000E+00

8 2. 000000E+00 1. 000000E+00 0. 000000E+00

9 3. 000000E+00 1. 000000E+00 0. 000000E+00
121 0. 000000E+00 4.000000E+00 4. 000000E+00
122 1. 000000E+00 4. 000000E+00 4. 000000E+00
123 2. 000000E+00 4. 000000E+00 4. 000000E+00
124 3. 000000E+00 4. 000000E+00 4. 000000E+00
125 4. 000000E+00 4. 000000E+00 4. 000000E+00

64 =4x4x4
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361
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Mesh Generator: mgcube.f (4/5)

icou + 1
(k=1) *IBNODTOT + (j-1)*NXP1 + i

NZ

NY

NX

inl + 1

in2 + NXP1

ind -

in1 + IBNODTOT

in2 + IBNODTOT
+ IBNODTOT

in3
in4 + [BNODTOT
(12, (10i10) ")

icou,

imat, inl, in2,
ind, in6,

in3,
in’,

in4,
in8

i
0/9

&

imat: Material ID (=1)
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Example of “cube.0” (NX=NY=NZ=4)

WN—= OO~ TIRwN—
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NX=NY=NZ=4, NXP1=NYP1=NZP1=5
ICELTOT= 64, INODTOT= 125, IBNODTOT= 25

k=1 k=2 k=3
24 25 49 >0 74 &
16 32 48
20 45 70
19 44 69
11 12 36 ol 61 62
5 21 37
6 7 8 9 10 31 32 33 34 35 56 57 58 59 60
1 2 3 4 17 | 18 | 19 | 20 33134 | 35| 36
1 2 3 4 5 26 27 28 29 30 51 52 53 54 55
ki5 124 125 99 l00ki4
64 64
120 95
119 94
111 112 36 87
93 9O
106 107 108 109 110 81 82 83 84 a5
49 | 50 | 51 | 52 49 | 50 | 51 | 52

101 102 103 104 105 76 77 78 79 80
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(LAFES)

Mesh Generator:

1GTOT= 4

IBT1= NYP1*NZP1

IBT2= NXP1*NZP1 + IBT1
IBT3= NXP1+NYP1 + IBT2
IBT4= NXP1+NYP1 + IBT3

write g}%,:§10 10

. 9.3 18
write 10i10)') IBT1, IBT2, IBT3, IBT4

, ii=1, NYP1*NZP1)
, ii=1, NXP1*NZP1)
, ii=1, NXP1*NYP1)
W(ii,4), ii=1, NXP1*NYP1)

deal locate (IW)
close (12)

stop

end

mgcube.f (5/5)

IGTOT Group #

(Xmin,Ymin,Zmin,Zmax)

IBTX Accumulated #
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Example of “cube.0” (NX=NY=NZ=4)
Group Info.

4
. 25 50 75 100
Xmin
1 6 11 16 21 26 31 36 41 46
51 56 61 66 11 76 81 86 91 96
. 101 106 111 116 121
Ymin
1 2 3 4 5 26 21 28 29 30
51 52 53 54 55 76 77 78 79 80
. 101 102 103 104 105
min
1 2 3 4 5 8 9 1
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25
Zmax
101 102 103 104 105 106 107 108 109 110
111 112 113 114 115 116 117 118 119 120
121 122 123 124 125

(not in use after this point)
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Mesh Generation

» Big Technical & Research Issue
— Complicated Geometry
— Large Scale

e Parallelization is difficult

e Commercial Mesh Generator

— FEMAP
» |Interface to CAD Data Format
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Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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FEM Procedures: Program

Initialization

— Control Data

— Node, Connectivity of Elements (N: Node#, NE: Elem#)
— Initialization of Arrays (Global/Element Matrices)

— Element-Global Matrix Mapping (Index, Item)

Generation of Matrix

— Element-by-Element Operations (do icel= 1, NE)
* Element matrices
« Accumulation to global matrix

— Boundary Conditions

Linear Solver
— Conjugate Gradient Method

Calculation of Stress
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testl

main

input_cntl

Structure of
fem3d

Input of control data

input_grid

Input of mesh info

find_node
searching nodes

mat_conO

connectivity of matrix

MSORT

sorting

mat_conl
connectivity of matrix

mat_ass_main
coefficient matrix

jacobi
Jacobian

mat_ass_bc
boundary conditions

solve33
control of linear solver

cg_ 3

CG solver

recover_stress
stress calculation

jacobi
Jacobian

output_ucd
visualization
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Main Part

#include <stdio. h>

#include <stdlib.h>

FILEx fp_log;

#tdefine GLOBAL_VALUE_DEFINE
#include “pfem_util.h”

extern void INPUT_CNTL();
extern void INPUT_GRID();
extern void MAT_CONO() ;
extern void MAT_CON1();
extern void MAT_ASS MAINQ) ;
extern void MAT_ASS BC();
extern void SOLVE33() ;

extern void RECOVER_STRESS () ;
extern void OUTPUT _UCD() ;

int main()

/*x Logfile for debug sx/
if( (fp_log=fopen(“log. log”, “w”)) == NULL) {
fpriq¥;(stdout,”input file cannot be opened!¥n”) ;
exit(1);

INPUT_CNTL () ;
INPUT_GRID () ;

MAT_CONO () ;
MAT_CON1 () ;

MAT_ASS_MAINQ ;
MAT_ASS BC(O

SOLVE33 () ;

RECOVER_STRESS () ;
OUTPUT_UCD () ;
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Global Variables: pfem_util.h (1/3)

Name Type Size 1/O Definition
fname C [80] I Name of mesh file
N,NP | I # Node
ICELTOT I I # Element
NODGRPtot I | # Node Group
XYZ R [N]1[3] 1 Node Coordinates
ICELNOD I [ICELTOT][8] 1 Element Connectivity
NODGRP _INDEX I [NODGRPtot+1] 1 # Node in each Node Group
NODGRP_ITEM I ggggﬁg?ﬁ;) :Ii XN I Node ID in each Node Group
NODGRP_NAME C80 (Egggg'llq'g?m? 5 XN I Name of NodeGroup
NL, NU I 0 # Upper/Lower Triangular Non-Zero Off-Diagonals
at each node
NPL, NPU I 0 # Upper/Lower Triangular Non-Zero Off-Diagonals
D R [9*N] 0 Diagonal Block of Global Matrix
B,X R [3*N] 0 RHS, Unknown Vector
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Global Variables: pfem util.h (2/3)

Name Type Size Definition

ALUG R [9*N] O | Full LU factorization of Diagonal Blocks D
AL AU R [9*NPL], [9*NPU] 0 gfopk;e;l/ll_\;);\tlreirx Triangular Components of
indexL, indexU I [N+1] O | # Non-Zero Off-Diagonal Blocks
itemL, itemU [ [NPL], [NPU] O | Column ID of Non-Zero Off-Diagonal Blocks
INL, INU | [N] O | Number of Off-Diagonal Blocks at Each Node
1AL, TAU [ [NTINL], [N][NU] O | Off-Diagonal Blocks at Each Node
TWKX | IN]TI[2] O | Work Arrays
METHOD I I Iterative Method (fixed as 1)
PRECOND I I Erizcézr;]o;iltzggﬂggl\)/lethod (0: SSOR, 1: Block
ITER, ITERactual I I | Number of CG Iterations (MAX, Actual)
RESID R I Convergence Criteria (fixed as 1.e-8)
SIGMA DIAG R I Coefficient for LU Factorization (fixed as

— 1.00)
pfemlarray I [100] O | Integer Parameter Array
pfemRarray R [100] O | Real Parameter Array
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Global Variables: pfem_util.h (3/3)

81

TAU_N

Name Type Size I/O Definition
08th R 1 =0.125
PNQ, PNE, PNT | R | [21[21[8] 0 %]?,%]\7/7",%]?(1'=1~8}1t each Gaussian Quad. Point
POS. WEI R 2] 0 Co_ordmates, Weighting Factor at each Gaussian Quad.
Point
NCOL1, NCOLZ2 I [100] 0 Work arrays for sorting
SHAPE R [21[2]112]][8] 0 N, (i=1~8) at each Gaussian Quad Point
PNX, PNY, PNZ | R | [21[21[21[8] 0 g,g,‘g@:bs) at each Gaussian Quad. Point
Determinant of Jacobian Matrix at each Gaussian
DETJ R 2112112 0 .
[21[2]112] Quad. Point
ELAST, , . ’ .
PO1SSON R I Young’s Modulus, Poisson’s Ratio
SIGMA N,
— R INTL3] 0 Normal/Shear Stress at each Node
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#include <stdio. h>
#include <stdlib.h>
#include “pfem_util.h”

/*k kk/

%oid INPUT_CNTL O

FILE *fp;

if( (fp=fopen ("INPUT.DAT”, “r”)) == NULL) {
fprintf (stdout, “input file cannot be opened!¥n”);

exit(1);

fscanf (fp, “%s”, fname) ;

fscanf (fp, "%d %d”, &METHOD, &PRECOND) ;

fscanf (fp, “%d”, &iterPREmax) ;

fscanf (fp, “%d”, &ITER) ;

fscanf (fp, "%If %If”, &ELAST, &POISSON)

fclose (fp) ;

if( ( iterPREmax < 1) ){
iterPREmax= 1;

}
if( ( iterPREmax > 4 ) ) {
iterPREmax= 4;

SIGMA_DIAG= 1.0;

SIGMA = 0.0;

RESID = 1.e-8;

NSET = 0;
pfemRarray[0]= RESID;
pfemRarray[1]= SIGMA_DIAG;
pfemRarray[2]= SIGMA;
pfemlarray[0]= ITER;
pfemlarray[1]= METHOD;
pfemlarray[2]= PRECOND;
pfemlarray[3]= NSET;
pfemlarray[4]= iterPREmax;

INPUT.DAT

cube .0
1 0

1

2000
1.0 0.3

INPUT_ CNTL: Control Data

fname

METHOD, PRECOND
iterPREmax (not in use)
ITER

ELAST, POISSON
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INPUT_GRID (1/2)

#include <stdlib.h>
#include “pfem_util.h”
#include “allocate. h”
%oid INPUT_GRID ()

FILE *fp;
int i, j,k, ii,kk nn, icel,iS, iE;
int NTYPE, IMAT;

if ( (fp=fopen (fname, “r”)) == NULL) {
fprintf (stdout, “input file cannot be opened!¥n”);

exit(1);
/%
NODE
*k /
fscanf (fp, “%d”, &N) ;
NP=N;
XYZ= (KREAL#*x) a| |ocate_matrix (sizeof (KREAL), N, 3) XYZ[N] [3]

for (i=0;i<N; i++) {
for (j=0; j<3; j++) {
XYZ[i][j1=0.0;

J

for (i=0;i<N; i++) {
| fscanf (fp, "%d %If %If %If", &ii, &XYZ[i][0], &XYZLi]1[1], &XYZ[i1[2]);
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allocate, deallocate

#include <stdio. h>
#include <stdlib. h>
voidk al locate_vector (int size, int m)

void *a;

if ( (a=(void * )malloc( m * size ) ) == NULL ) {
fpri?¥;(stdout,”Error:Memory does not enough! in vector ¥n”);
exi ;

} return & Same interface with FORTRAN

void deal locate_vector (void *a)

free( a );

voidx* allocate matrix(int size, int m, int n)

yoid_**aa:

int i;

if ( (aa=(void ** )malloc( m * sizeof (void%) ) ) == NULL ) {
fpriq?f(stdout,”Error:Memory does not enough! aa in matrix ¥n”);
exi ;

if ( ( aa[0]=(void * )malloc( m * n * size ) ) == NULL ) {
fpriq?f(stdout,”Error:Memory does not enough! in matrix ¥n");
exi ;

for (i=1;i<m; i++) aal[il=(charx)aali-1]+size*n;
return aa;

J

void deal locate_matrix(void **aa)

free( aa );

J
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/%

*k /

/%

%k /

INPUT_GRID (1/2)

FLENENT ICELNODII][j]:
fscanf (fp, ”%d”, &ICELTOT), Node ID Startlng from “1".

ICELNOD= (KINT*x) al locate_matrix (sizeof (KINT), ICELTOT, 8) ; Element |D starts from “O”.

for (i=0; i<ICELTOT; i++) fscanf (fp, “%d”, &NTYPE) ;

for (icel=0;icel<ICELTOT: icel++) { B
fscanf (fp, “%d_%d_%d %d %d %d %d_%d_%d %d”, &ii, &IMAT, _
&ICELNOD[ice!] [0], &ICELNOD[ice|][1], RICELNOD[ice!] [2], &1CELNOD[icel] [3
&ICELNOD[icel] [4], &ICELNOD[ice!|][5], &ICELNOD[ice!][6], &ICELNOD[ice!l][7

| N R

)

NODE grp. info.
fscanf (fp, “%d”, &NODGRPtot) ;

NODGRP_INDEX=(KINT* )allocate _vector (sizeof (KINT), NODGRPtot+1) ;
NODGRP_NAME =(CHAR80%) al |locate_vector (sizeof (CHAR80) , NODGRPtot) ;
for (i=0; i<NODGRPtot+1;i++) NODGRP_INDEX[i]=0;

=0;

for (i=0; i<NODGRPtot; i++) fscanf (fp, “%d”, &ODGRP_INDEX[i+1]) ;
nn=NODGRP_INDEX [NODGRPtot] ;
NODGRP_ITEM=(KINT*) al locate_vector (sizeof (KINT), nn) ;

for (k=0; k<NODGRPtot; k++) {
i S= NODGRP_INDEX [k] ;
iE= NODGRP_INDEX [k+1];
fscanf (fp, “%s”, NODGRP_NAME [k]. name) ;
nn= iE - iS;
if(nn 1=0){
for (kk=iS;kk<iE;kk++) fscanf (fp, “%d”, &NODGRP_ITEM[kk]) ;

}
fclose (fp) ;
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/%

*k /

/%

%k /

86

INPUT_GRID (2/2)

ELEMENT
fscanf (fp, “%d”, & [CELTOT) ;

ICELNOD=(KINT*%) al locate_matrix (sizeof (KINT), ICELTOT, 8) ;
for (i=0; i<ICELTOT; i++) fscanf (fp, “%d”, &TYPE) ;

for (icel=0; icel<ICELTOT; icel++) { .
fscanf (fp, “%d %d %d %d %d %d %d %d %d %d”, &ii, &IMAT,
&ICELNOD[icel][0], &ICELNOD[ icel][1], &ICELNOD[ice|] [2], &ICELNOD[icel][3],
&ICELNOD[icel] [4], &ICELNOD[icel] [5], &ICELNOD[icel][6], &ICELNODicel][7]);

L

NODE grp. info.
fscanf (fp, “%d”, &NODGRPtot) ;

NODGRP_INDEX=(KINT* )allocate _vector (sizeof (KINT), NODGRPtot+1) ;
NODGRP_NAME =(CHAR80%) al |locate_vector (sizeof (CHAR80) , NODGRPtot) ;
for (i=0; i<NODGRPtot+1;i++) NODGRP_INDEX[i]=0;

for (i=0; i<NODGRPtot; i++) fscanf (fp, “%d”, &NODGRP_INDEX[i+1]) ;
nn=NODGRP_INDEX [NODGRPtot] ;
NODGRP_ITEM=(KINT*) al |ocate_vector (sizeof (KINT), nn) ;

0o Node 1D Sart rom
I — ' J 111 b
iE= NODGRP_INDEX[k+1]; 210l S start from
fscanf (fp, “%s”, NODGRP_NAME [k]. name) ;
nn= iE - iS;
if(nn1=0){

for (kk=iS;kk<iE;kk++) fscanf (fp, “%d”, &NODGRP_ITEM[kK]) :

}
fclose (fp) ;
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Some Features of “fem3d”

« Non-Zero Off-Diagonals o
— Upper/Lower triangular ..
components are stored ..
separately (E=A/KS, T=f& o
o) . I

e Stored as Block
— Vector: 3-components per node
— Matrix: 9-components per block

— Processed as “block” based on 3
variables on each node (not each
component of matrix)
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Coef. Matrix derlved from FEM

 Sparse Matrix vhx xax
- Many 0" L
 Storing all components Ciax wpax xax o
(e.g. A(i,j)) is not efficient B R
for sparse matrices Cxxa rbxxxe

— A(i)) is suitable for dense Y i v ‘j};
matrices iy 2 ole

 Number of non-zero off-diagonal components is
O(100) in FEM
— If number of unknowns is 108:
e A(ij): O(10%) words
e Actual Non-zero Components: O(10%°) words
e Only (really) non-zero off-diag. components should

be stored on memory

R I I I IS RSN SIENECSE
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Variables/Arrays in 1d.f, 1d.c
related to coefficient matrix

name type

N |
NPLU

Diag(:) R
U(:) R
Rhs(:) R
Index (:) |
Item(:) |
AMat (:) R

size

N
N

N

O:N
N+1

NPLU

NPLU

description
# Unknowns

# Non-Zero Off-Diagonal Components
Diagonal Components
Unknown Vector

RHS Vector

Off-Diagonal Components (Number of Non-Zero Off-
Diagonals at Each ROW)

Off-Diagonal Components (Corresponding Column ID)

Off-Diagonal Components (Value)

Only non-zero components are stored according
to “Compressed Row Storage”.
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Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

Diag (i)
Index (1)
Item (k)

AMat (k)

Diagonal Components (REAL, i=1~N)
Number of Non-Zero Off-Diagonals at Each ROW (INT, i=0~N)
Off-Diagonal Components (Corresponding Column ID)
(INT, k=1, index(N))

Off-Diagonal Components (Value)

( REAL, k=1, index(N) )

{Y}= [A]{X]
do i=1, N

Y(i)=Diag(i)*X(i)
do k= Index (i-1)+1,

Index (i)

Y(i)= Y(i) + Amat (k) *X (Item(k))

enddo
enddo

D X X X
X DX XXX
X DX XXX
X D X X
X X (D)X X X
XXX XDX XXX
X X X X D X X X X
X X X D X X
X X D X X X
X X X X D X X X X
X X X X D X X X X
X X X D X X
X X D X
XXX XDX
X X X X DX
X X X D]

1]
2~
CEEEEEEEEEE DEEEE
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Mat-Vec. Multiplication for Sparse Matrix
Compressed Row Storage (CRS)

{Q} =[A] {P}

for (i=0;i<N; i++) {
WIQI[i] = Diagli] = W[P][il;
for (k=Index[i];k<Index[i+1];k++) {
} WIQ][i] += AMat[kI*W[P][Item[k]];
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Mat-Vec

Ay 11

. Multiplication for Dense Matrix

Very Easy, Straightforward

yp o Giyg dy
ty dy N1 dy N
Ay Ayaina Ayan
Ayo =+ Ayya1  Ayy
{Y}= [A] {X]
do j=1, N
Y(j)= 0.d0
do i=1, N

-

N
Vo

VN4

Y()=Y() + AG, j)*X(i)

enddo
enddo

N

VN

92
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Compressed Row Storage (CRS)

1.1

2.4

4.3 3.6

0
0
3.1

0
4.1
9.5

0
6.4
9.5

0 25
5.7 0

0 098
104 O
6.5 O
25 0
1.3 9.6

0
1.5
2.5

11.5

0

0

0

37 0 91
0 31 O
2.7 0 0
0 43 O
124 95 0
1.4 231 131
31 0

51.3

93
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Compressed Row Storage (CRS):C

Numbering starts from O In program
00000060060
1.1 24 3.2

Q . . . N= 8
© | @® @
43| 3.6 2.5 3.7 9.1 Diagonal Components
0 © | @D © ®) @ Diag[O0]= 1.1
5.7 1.5 3.1 Diag[1]= 3.6
e @ @ ® Diag[2]= 5.7
e 4.1 9.8 25|27 DgagE3}= 9.8
@| @ | G D!ag 4 f 11.5
31|95 |10.4 11.5 4.3 Diag[5]= 12.4
@ © | | ® @ ® D!ag[6]— 23.1
6.5 12.4] 9.5 Diag[7]= 51.3
e @ ® | ®
G 6.4 | 2.5 1.4 [23.1]13.1
® | @ ®|® |
a 95| 1.3 |96 3.1 51.3
® 2|3 ® @
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Compressed Row Storage (CRS):C

50 =
Je  |2el2e

5O (SO MG
SQ  |Z9de

N@ 2O

SQ2e L8

~© 30|26 |20ae

@ e
30(20|50|26|J0|d 050 46
OC00O0OOOOO
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Compressed Row Storage (CRS):C

Q0000060
@

(Index[i]) **~ (Index[i+1]) *®h:

# Non-Zero
Off-Diag.
1.1 | 24| 3.2 5
©@ @ @
36 1 43|25 |3.7]09.1 4
ORECHECRECORRY
5.7 |15 | 3.1 5
@ @ | ®
98 |41 |25 |27 3
® | @ |6
11.5| 3.1 |1 95104 | 4.3 4
ORECHEOREOREG
12.4| 6.5 | 95 5
® | @ ®
23.1/ 64 | 25|14 |13.1 4
®  ©® Q2|6 | @
51.3| 95|13 |9.6 | 3.1 4
@ ® 2|6

Index[O]= O
Index[1]= 2
Index[2]= 6
Index|[3]= 8

Index[4]= 11
Index[5]= 15
Index[6]= 17
Index[7]= 21

Index[8]= 25

Non-Zero Off-Diag. Components corresponding to i-th row.

NPLU= 25
(=Index[N])
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Compressed Row Storage (CRS):C

# Non-Zero
Off-Diag.
‘:' 1.1 | 2.4 | 3.2 5
©@ @ @
'!’ 36 1 43|25 |3.7]09.1 4
ORECRECRECRRY
‘E’ 57|15 | 3.1 5
@ | @ | ®
(3] 3
(4] 4
‘a’ : : 5
®| 2|6
G 23.1/64 | 25|14 131 4
®  ©® 12|60
a 51.3/ 95|13 |96 | 3.1 4

(Index[i]) **~ (Index[i+1]) *®h:

Index[O]= O
Index[1]= 2
Index|[2]= 6

Index[3]= 8

Index[4]= 11

Index[5]= 15
Index|[6]= 17
Index[7]= 21

Index|[8]= 25

Non-Zero Off-Diag. Components corresponding to i-th row.

NPLU= 25
(=Index[N])

97
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Compressed Row Storage (CRS):C

1.5
2.5

]
]

Item[ 6]= 4, AMat[ 6
Item[18]= 2, AMat[1l8

XS 20 |s6|de
56 |Nelsel |Se|ge
R R R R i
se|2olaelielsoalzelge
30(20|50|26|J0|d 050 46
CO0OPOOHOOO
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Compressed Row Storage (CRS):C

oL

2.4
®,0

3.2
@,1

@.00

4.3
©,2

2.5
®,3

3.7
©,4

9.1
@,5

@Sf'

1.5
@,6

3.1
®,7

@5

4.1
@8

2.5
@,9

2.7
®,10

=
=
@b'l

3.1
©,11

9.5
®,12

10.4
2,13

4.3
®,14

=
N
@L

6.5
2,15

9.5
®,16

& O
H

6.4
®,17

2.5
@,18

1.4
®,19

13.1
@,20

o)
[N
@'oo

9.5
®,21

1.3
2,22

9.6
®,23

3.1
5,24
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Diag (i) Diagonal Components (REAL, i=1~N)
Index (i) Number of Non-Zero Off-Diagonals at
Each ROW (INT, i=0~N)

Item(k) Off-Diagonal Components
(Corresponding Column ID)
(INT, k=1, index(N))

AMat (k) Off-Diagonal Components (Value)
( REAL, k=1, index(N) )

{Y}=[A] {X}

for (i=0;i<N; i++) {
Y[i] = Diagli] * X[i];
for (k=Index[i];k<Index[i+1];k++) {
Y[i]l += AMat[k]*X[Item[k]];
}
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Storing 3x3 Block (1/3)

e Less memory requirement
— Index, Item

| J
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Storing 3x3 Block (2/3)

« Computational Efficiency
— Ratio of (Comptation/Indirect Memory Access) is larger

— >2X speed-up both for vector/scalar processors
e Contiguous memory access, Cache Utilization, Larger Flop/Byte

do i= 1, 3*N do i=1, N
Y(i)=D(i)*X(i) X1= X (3*i-2)
do k= index(i-1)+1, index(i) X2= X (3%i-1)
kk=item (k) X3= X (3x*i)
Y(i)=YC(i) + AMAT (k) *X (kk) Y (3%i-2)= D (9%i—-8) *X1+D (9*i—7) *X2+D (9% i —6) *X3
enddo Y (3*i—1)= D (9%i-5) *X1+D (9%i—4) *X2+D (9% —-3) *X3
enddo Y (31 )= D(9%i-2)*xX1+D (9%i—1) «X2+D (9% ) *X3
do k= index (i-1)+1, index(i)
kk= item(k)

X1= X (3*kk-2)

X2= X (3*kk-1)

X3= X (3*kk)

Y (3%i—2)= Y (3%i-2) +AMAT (9xk—8) xX1+AMAT (9xk—7) *X2 &
+AMAT (9%k-6) *X3

Y (3xi—1)= Y (3%i—1) +AMAT (9%k—5) *X1+AMAT (9%k-4) *X2 &
+AMAT (9xk-3) *X3

Y(3%I )= Y(3I )+AMAT (9%k—-2) *X1+AMAT (9xk—1) %X2 &
+AMAT (9%k ) *X3

enddo
enddo
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Storing 3x3 Block (3/3)

« Stabilization of Computation (StEDZEIL)

— Instead of division by diagonal components, full LU
factorization of 3x3 Diagonal Block is applied.

— Effective for ill-conditioned problems
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Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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Performance Gap between |::
CPU and Memory

tinyg bandwidth == HUGE BOTTLEMECK

1008 ¢ | | | | | |
1808 | CPU Speed — -
" : IRAM Speed — ]
c
=
L 18
o -
-
<
m
o
1 E
d.1
1372 1388 19385 1398 1995 2008 cE8lD 2Ald

fear
http://www.streambench.org/
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Scalar Processor :
Hierarchical Structure CPU-Cache-Memory

CPU

Register

FAST *

Cache

SLOW 1

Main Memory

Small Capacity (MB)
Expensive
Large (O(10°) Transistors)

Large Capacity (GB)
Cheap
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Vector Processor -
Vector Register/Fast Memory

» Good for Parallel Processing of Simple

o Suitable for Simple/Huge Calculations

do 1= 1, N
A(i)= B(i) + C(i)
Vector enddo

Register

SAAAAAA,

Main Memory
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GFLOPS

Typical Behavior: CG for
Sparse Matrices by FEM

3.00 [
250 F
2.00 F

150 F

S e

1.00

0.50

0.00 L

GFLOPS

8 % of peak

1.0E+04 1.0E+05
DOF: Problem Size

IBM-SP3:

1.0E+06 1.0E+07

Performance is better for smaller
problems, because of cache effect.

107
000

1.0E+02 E
40 % of peak
1.0E+01 ././/././H——./H
1.0E+00
1'OE_01 2 000 2 000
1.0E+04 1.0E+05 1.0E+06

DOF: Problem Size

Earth Simulator:

Performance is better for larger
problems, because of vector length.

1.0E+07
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Tuning according to Processor

e Optimum Memory Access !

|

K-

A(1,])
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Tuning according to Processor
(cont.)

e Vector Processor
— Effect of Loop Length

e Scalar Processor
— Best use of cache: small segments of data
— Reduction of memory latency, increase of memory
bandwidth, but multi-/many-cores compensate
these improvement.
« Common Issues (Vector/Scalar)
— Contiguous Memory Access
— Locality
— Changing order of computation may affect restuls.

109
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Scalar

Typical Tuning for Scalar
Processors

* Loop Unrolling
— Reduction of Loop Overhead
— Reduction of Load/Store Operations

* Blocking
— Reduction of Cache Misses
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Scalar
Loop Unrolling
Reduction of Load/Store Operations (1/4)

« Ratio of computations compared to loop operation
Increases by loop unrolling.

A T2K Tokyo (sec.)
do j= 1, N

d i= 1, N

A(1)='A(i) + B(i)*C(i,9) 4.023438E-01

enddo 3.085938E-01
enddo

2.617188E-01
do j= 1, N-1, 2

do i= 1, N
A(i)= A(1i) + B(i)*C(1i,])
A(i)= A(i) + B(i)*C(i,J+1)
enddo
enddo
do j= 1, N-3, 4
do i= 1, N
A(i)= A(i) + B(i)*C(i,])
A(i)= A(i) + B(i)*C(i,3j+1)
A(i)= A(i) + B(i)*C(i,3+2)
A(i)= A(i) + B(i)*C(i,3+3)
enddo

enddo
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Scalar

Loop Unrolling

Reduction of Load/Store Operations (2/4)

 Load: Memory~Cache~Reqgister CPU

o Store: Register~Cache~Memory

« Efficient if Load/Store operations REYISIeN
FAST *

are few

Cache

SLOW ‘

Main Memory
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Scalar
Loop Unrolling
Reduction of Load/Store Operations (3/4)

do j= 1, N
do i= 1, N
A(i)= A(1) + B(1)*C(1,3])
Store Load Load Load
enddo
enddo

* In each loop, load/store operations occurs on
arrays (A, B, C)
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Scalar
Loop Unrolling
Reduction of Load/Store Operations (4/4)

do j= 1, N-3, 4
do i= 1, N
A(i1)= A(1) + B(1)*C(1,])
load load load
A(i)= A(1) + B(i)*C(i,3+1)
A(i)= A(1) + B(i)*C(1i,3+2)
A(i)= A(1) + B(i)*C(i,3+3)
store
enddo
enddo

* Load occurs at the beginning of the loop, and store only
occurs at the end of the loop. During the loop, data is saved
on register.

* Be careful about the sequence of computation.
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Scalar

Effect of Loop Exchange (1/2)

TYPE-A _
do 1= 1, N J
do j= 1, N
A(i,j)= A(i,3) + B(i,3)
enddo
enddo
TYPE-B i A(i,])
do j= 1, N
do 1= 1, N
A(i,j)= A(i,3) + B(i,3)
enddo
enddo

« FORTRAN: Address of A(i,)) component is in the sequence of
A(1,1), A(2,1), A(3,1),..., A(N,1), A(1,2), A(2,2),..., A(1,N),
A(2,N),..., A(N,N)

— C: A[0][0], A[O][1], A[0][2], ..., A[N-1][0], A[N-1][1],...,A[N-1][N-1]
 Each component should be accessed according to this
seguence.



FEM3D-Partl 116

Scalar
TYPE-A T2K Tokyo (sec.) by FORTRAN
do i= 1, N
d; j= 1, N $HE N ### 512
A(i,j)= A(i,j) + B(i,]) g\ g-égggggg—gg
dd . —
enggo ° H## N ### 1024
A 2.343750E-01
TYPE-B B 7 .812500E-03
do j= 1, N $HE N ### 1536
do i= 1, N A 3.476563E-01
= W4E N HEE 2048
n
engdo ° A 9.296875E-01
B 3.125000E-02
TYPE-A ### N ### 2560
AR ] A
R Ll S R BEE N BEE 3072
A[i][3]1= A[i][3] + B[i]1[3]~ A 5 152344E4+00
} b B 7.421875E-02
#ﬁ# N f#gzls7géséo
TYPE-B - &
O or (3207 s S FHE N BFE 4096
for (320, J<N; Jt+){ A 3.804688E+00

} A[i][3j]= A[i]1[3] + B[i]1[3]1; B 1.250000E-01

}
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Scalar

Effect of Blocking on Reduction of
Cache Miss (1/7)

do i= 1, NN
do j= 1, NN
A(j,i)= A(j,i) + B(i,J)
enddo
enddo

for (j=0;Jj<NN;j++) {

for (1=0;i<NN;i++) {

\ A[j][i]l= A[j]lI[i] + BI[i][J]:
}

e This type of computation could happen.
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Effective Use of Cache

e Cache CPU

— Consists of “cache lines” Register
where size of each cache line ™°T *
I - Small Capacity (MB)
IS 64 128bytes Cache Expensive

— Cache line is the unit for Large (O(10°) Transistors)

. . SLOW l

requesting data to main |
memory Main Memory | cpesy e (68

 TLB (Translate Lookaside Buffer)

— Buffer for Address Translation (KL X Z /v T 7)
 Translation: Virtual Buffer — Real Buffer

— Cache for TLB
* e.g. 128 X 8 kbytes: can be changed at linkage

— If cache is well-utilized, TLB-miss does not happen.
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Scalar

Effect of Blocking (2/7)

« Memory access patterns of [A] and [B] are different:
— In this case, very inefficient for [B]

=

J

¥

Rl

A[]][1]

b

j' >
-
B[i] []]
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Effect of Blocking (3/7)

» If the size of cache line is 4-words, values of array [A] IS
transferred to cache as follows:

|

K-

A[j] [1]
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Effect of Blocking (4/7)

 Therefore, if A[0][O] is touched, A[O][O], A[O][1], A[O][2],
A[O][3]are on cache.

o If A[1][9] is accessed, A[1][9], A[2][0], A[2][1], A[2][2] are also
on cache,

- 1
2,0
2,1
2,2

A[j] [1]

=
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Effect of Blocking (5/7)

* Therefore, following “block-wise” access pattern is efficient.

| |

i =

A[]][1] B[1][]]

=
|-
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Effect of Blocking (6/7)

« [, [J: Components are on cache.

I

A[]][1]

| |

AL AL
ARERER"

AR

=
|-

B[1] []]
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Scalar
e 2x2 Block Fujitsu FX10 (sec.)
FORTRAN
for (j=0;3j<NN;j=++) { (-01)
for (i=0;i<NN;i=++) {
A[jl1[i]l= A[j1[i] + BIil[j1: B4 N H## 500
BASIC 2.838309E-03
} 2x2 1.835505E-03
H## N ### 1000
for (j=0;]j<NN-1;]j=+2) { BASIC 1.167853E-02
for (i=0;i<NN-1;i=+2){ _ 2x2 9.495229E-03
A[j 1[i ]= A[j 1[i ] + B[i ][] 1;
A[j 1[i+1]= A[]j ][i+1] + B[i ][Jj+1];
A[j+1][i ]= A[J+1][i ] + B[i+1l][] ];
A[j+1][i+1]= A[F+1][i+1] + B[i+1][3F+1]; SEE N B4 GG
y } BASIC 2.081746E-01

2x2 1.294938E-01

#H# N ### 4500
BASIC 3.203001E-01
2x2 2.335151E-01

#H# N ### 5000
BASIC 3.517879E-01
2x2 2.478577E-01
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Scalar

Summary: Tuning

e Scalar Processor
e Dense Matrices

e Tuning of Sparse Matrix Operation is more difficult
(on-going research topic)
— Fundamental idea is same
— Effective memory access is everything !
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Storing 3x3 Block (3/3)

« Stabilization of Computation (StEDZEIL)

— Instead of division by diagonal components, full LU
factorization of 3x3 Diagonal Block is applied.

— Effective for ill-conditioned problems
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Formulation of 3D Element

Governing Equations of 3D Elastic Problem
— Galerkin Method
— Element Matrices

HW

Running the Code

Data Structure

Overview of the Program
Computational Issue
Visualization by ParaView
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ParaView

e Opening files
« Displaying figures
e Saving image files

— http://nkl.cc.u-tokyo.ac.|p/class/HowtouseParaViewE.pdf
— http://nkl.cc.u-tokyo.ac.|p/class/HowtouseParaViewdJ.pdf
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UCD Format (1/3)
Unstructured Cell Data

BRDEE F—7—k =

® ®a
7o 8 2
=1 pt 0 0 1 0 2 1
) line
=K =Ak2
=Ak tri 0 0
mip o JANBWA
& tet : 2 1 4 2 ‘“Eﬁiz
y::kii pyr 0
Pa £ fiz P iz 2 2
=A prism 0 3 o_7 3
FNEK hex 4 6
4 D

ZREZER 1 2 1 5 2 4
52 line2 S =2 =@t _ﬁﬁzz
=2 tri2 I '
mA R 2 quad2

y 9
P E A2 tet2 n 3
A2 pyr2 2 3 2 8 3 '0
=12 prism2

JNE{KR2 hex2
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UCD Format (2/3)

* Originally for AVS, microAVS
« Extension of the UCD file Is “inp”

 There are two types of formats. Only old type can
be read by ParaView.
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UCD Format (3/3): Old Format

R (SERH) EHROT—5H) BBROT—58) (RTNOT—5  EROTSANY) EALOMRE) (LI20WRE) - (BHSOWAH)
) (BERT—ARRLOTAL), (Ef)

(B B2 1) (XEEAE) (YEEAR) (ZEESE) (BEET—AEH2D5/L), (i)

(B R ES2) (XEAE) (YEERR) (ZEESR)

(BERT S DINIL), (Bh)

(EBEES1) (MHES) (BROEE) (EREERT HHAOORY) (BRES1) (BRT—41) (BRT—42) -+
(BXRES2) (HHES) (BROBE) (BREHHET AH AN OEAY) (BEREE) (BRT—AD) (BRT—H) -+

(EADT—2HAK) (R 1OBEE) (RS 2DOEHL) - - (B RS DL
(BRT—ZHALDTAIL), (Ehi)
(B RT—BHA205A L), (B

(BETRT—2RADINIL), (Hir)
(BIR&ESL) (HRT—%1) (BimT—52) -
(EiAES2) (HiAT—4%1) (BimT—52) =



