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3D Steady-State Heat Conduction
a(laTj GKAGT) a(ﬂuaTj+Q(x,y,2)=0
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 Heat Generation
Uniform thermal conductivity A

T=0@Z=Z,4, HEX meshes
Z 4 — 1x1x1 cubes
— NX, NY, NZ cubes in each direction

Boundary Conditions
r—~ - T=0@Z=z,,,

Heat Gen. Rate Is a function of
NY location (cell center: x_,y,)

B Q(Xa Y, Z): QVOL‘XC + YC‘
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3D Steady-State Heat Conduction

0 /laT 0 /IGT +8 iaT
oy ) o0z\ o0z

+Q(x,y,2)=0

_|_
ox\ oOx ) oy

* Higher temperature
at nodes far from the
origin.

e Heat Gen. Rate is a

function of location
(cell center: x_,y,)

Q(Xa Y, Z): ‘XC + YC‘
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Finite-Element Procedures

« Governing Equations
e Galerkin Method: Weak Form

 Element-by-Element Integration
— Element Matrix

e Global Matrix
 Boundary Conditions
e Linear Solver
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FEM Procedures: Program

 |nitialization
— Control Data
— Node, Connectivity of Elements (N: Node#, NE: Elem#)
— Initialization of Arrays (Global/Element Matrices)
— Element-Global Matrix Mapping (Index, Item)

e Generation of Matrix

— Element-by-Element Operations (do icel= 1, NE)
« Element matrices
« Accumulation to global matrix

— Boundary Conditions

e Linear Solver
— Conjugate Gradient Method



Formulation of 3D Element

3D Heat Equations
— Galerkin Method
— Element Matrices

Running the Code
Data Structure
Overview of the Program
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Extension to 2D Prob.: Triangles
ZHARER
* Triangles can handle arbitrarily shaped object

e “Linear” triangular elements provide low accuracy,
therefore they are not used in practical applications.
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Extension to 2D Prob.: Quadrilaterals

YA ER

 Formulation of quac

. elements is possible if same

shape functions in 1D elements are applied along X-

and Y- axis.

— More accurate than triangles

 Each edge must be
— Similar to FDM

A
y 3
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X

“parallel” with X- and Y- axis.

* This type of elements
cannot be considered.
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Isoparametric Element (1/3)

 Each element is mapped to square element [*=1,*1]

on natural/local coordinate (§,n)
Y A A
3

4 1 3
. o +1 o
5 — 1S
1 ® ®
- X 1 -1 2

 Components of global coordinate system of each node
(x,y) for certain kinds of elements are defined by
shape functions [N] on natural/local coordinate system,
where shape functions [N] are also used for
interpolation of dependent variables.
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Isoparametric Element (2/3)

> X 1 -1 2

» Coordinate of each node: (x,,y,), (X,,¥»), (X3,¥3), (X4,Y4)
 Temperature at each node: T,, T,, T;, T,

=Z (Em)T,

ZN (5977)°Xi9 y:ZNI(§977)yI
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Isoparametric Element (3/3)

M
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e Higher-order shape function can handle curved
lines/surfaces.

« “Natural” coordinate system

Sub-Parametric
Super-Parametric

11
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Shape Fn’s on 2D Natural Coord. (1/3)

Polynomial shape functions
on squares of natural
coordinate:

T=a+a,+an+a,in

A

(4 e e 3
1 R
(1 2,

Coefficients are calculated as follows:

_—]+B+B—E

b

_ T1 _Tz +T3 _T4

T +T, +T,+T

o, = 1 2; 3+4, &, =
T, -T, +T,+T

a, = p— T 3"‘4, a,

4

-1
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Shape Fn’s on 2D Natural Coord. (2/3)

T=a+a,l+a,n+a,ién
_T1+T2+T3+T4 T, +T,+T, =T

+ LE+
4 4 o
—T,-T,+T,+T, T,-T,+T,-T
1 24 3 77 4 4 577

( ~E—n+EnT, + (1+§ n—En, +
—(1+<§+77+§777F3+—(1—§+f7—§777f4

= (=)= + (1 Y-, +
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ST+ (=N,
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Shape Fn’s on 2D Natural Coord. (2/3)

T=a+a,l+a,n+a,ién

A

+1
4T 4T 4T, T +T+T =T, o e
— §_|_
4 4 : .
T TAT T, T-TAT T - '
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Shape Fn’s on 2D Natural Coord. (3/3)

 Tis defined as follows

+1

accordingto T, : o 3
T=NT +N,T,+N,T,+N,T, — ¢

* Shape functions N,; : L B 2

NG =5 (1=E01=n) Ny =5 (14 £X1-n)
N, (E,7) = (1+~§)(1+77) N4(§,77)=Z(1—§)(1+77)

e Also known as “bi-linear” interpolation
» Calculate N; at each node

15
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Extension to 3D Problems

« Tetrahedron/Tetrahedra (EHME{A) : Triangles in 2D
— can handle arbitrary shape objects
— Linear elements are generally less accurate, not practical
— Higher-order tetrahedral elements are widely used.

e |n this class, “tri-linear” hexahedral elements
(isoparametric) are used (FNEARER)

16
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Shape Fn’s: 3D Natural/Local Coord.
N7 =L (1=EM-n)1-¢) NG = 1-6Mi-n)i+¢)

N ) = (L 0=nM1=C) Ny ) =<1+ EN1-n)1+6)

1

N; (6.7, =S 1+ EM1+nN1=¢) - No(Em )= (1+§)(1+77)(1+§)

N4(§,77,§)=%(1—§)(1+f7)(1—§) N8<f,n,§>=§(1—§)(1+n)(1+:)

X:ZS:Ni(f,mC)-xi T = ZN (&.1,6)T; (1,+? @/?(H,H,ﬂ)
I? (-1-1+1) (+1,-1,+1)

Y=Y N0, o] |
/ /

(-1,-1,-1) (+1,-1,-1)

(IEE]))

Z:ZNi(f’n’g).zi (5774/)

17



Formulation of 3D Element

3D Heat Equations
— Galerkin Method
— Element Matrices

Running the Code
Data Structure
Overview of the Program
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Galerkin Method (1/3)

* Governing Equation for 3D Steady State Heat
Conduction Problems (uniform A):

2 2 2
/1812- + /1812- + /laT +Q=0
OX oy 0z°

T = [N] Distribution of temperature in each element
N ¥} (matrix form), ¢: Temperature at each node

* Following integral equation is obtained at each
element by Galerkin method, where [N]'s are also
weighting functions:

) 452}

19
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Galerkin Method (2/3)

e Green’s Theorem (3D)

2 2 2
JA8?+@?+8? dV:jA@—BdS—j 8A88+8A&B+8AGB ny
ox- oy~ 0oz , On s\ OXx Ox 0oy oy oz oz

\Y

« Apply this to the 1st 3-parts of the equation with 2nd-
order diff. (surface integration terms are ignored):

[INT bl ), o, v
BT AT AT

Vv

e Consider the following terms:
T=[NJgt, T,=IN g, T,=[N, g, T, =[N, fig}
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Galerkin Method (3/3)

 Finally, following equation is obtained by considering
heat generation term Q :

_J UINGTING D+ AQN TN D+ AN TN, v .{¢}+JQ[N BV =0

» This is called “weak form (85%2z() ”. Original PDE
consists of terms with 2n9-order diff., but this “weak
form” only includes 1st-order diff by Green’s
theorem.

— Requirements for shape functions are “weaker” in “weak
form”. Linear functions can describe effects of 2"9-order
differentiation.

— Same as 1D problem
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Weak Form with B.C.: on each elem.

") = (1)°

K17 = JA0N TN Jov + N, TN v
SERICAY

[f17 = [Q[NTav



Element Matrix: 8x8

|.kijJ (i, J :1---8)

(+1,+1,+1)

(—1,+1,+1)

(-1,-1,+1)

O|1010|0|0]10|0|0||®

O|00|0|0]0|0|0||®
OO0 |0]0|0|@]|0|®

O|O00|010]0|0|0||®

O|010(0|0|0|0|0||®

O|O00|0|0]0|0|0]||®

O|O0|0|0|0]0|0|0|®

O|1010|0|0|0|0|0||®

(+1,-1,-1)

(&1,¢)=(-1,-1-1)
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Element Matrix: kij

|_kij J (|, J =1... 8) (-1,+1,+1) (+1,+1,+1)
(~1,-1+1) (+1,-1,+1)
(+1,+1,-1)
/ /
(&m.6)=(-1-1-1) (+1,-1,-1)

17 = [N, T Jov -+ o, TN, Jav

+j/1([|\| I[N, ]bv

Y

k== 4 Ny N+ 2N NG+ AN N AV

J
V
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Next Stage: Integration
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Methods for Numerical Integration

e Trapezoidal Rule
e Simpson’s Rule

e Gaussian Quadrature (or Gauss-Legendre)
— accurate

* Values of functions at finite numbers of sample
points are utilized:

[ = Sl (x) ﬂy‘

w
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Gaussian Quadrature in 1D
more accurate than Simpson’s rule

/(\f (X) = SiIl(X)

> -

X, X, X, 1 g 0 g+l
X, =0, x2=%, x3=§ £, & =+0.5773502692
/2 +1
h=x2—x1=x3—x1=% 5=£f(X)dX=_flf(§)hd§

S=D[F(x)+41(X,)+ (610023 =h3 W, T(5)=099847

k=1
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Gaussian Quadrature
HIORADES K

 On normalized “natural (or local)” coordinate
system [-1,+1] (BRAEEZER, BFEER)
e Can approximate up to (2m-1)-th order of functions

by m quadrature points (m=2 is enough for
guadratic shape functions).

+1 m 5:-1 620 §:+1
[fEHE=D"[w - (&)] .
-1 k=1 £,=-0.577350 &,=+0.577350

m=1 & =0.00,w, =2.00
m=2 & =+0.577350,w, =1.00
m=3 & =0.00,w, =8/9

£, =+0.774597, W, =5/9

28
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Gaussian Quadrature
can be easlily extended to 2D & 3D

7
(=) (1. 1)

(—1, —1) (e 1)
Wo=ta BEAFRW +ia w
0.57735 02692 1.00000 00000 0.77459 66692 0.55555 55555
0.00000 00000 0.88888 88889

n=4 n=5

a7 w E'a w
0.86113 63116 0.34785 48451 0.90617 98459 0.23692 68851

0.33998 10436  0.65214 51549  0.53846 93101 0.47862 86705
0.00000 00000 0.56888 88889

= [ [f&ndady
3D R ATIERS)

m,n: number of quadrature
points in & »-direction

(&.17,): Coordinates of Quad's
W,,W;: Weighting Factor
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Gaussian Quadrature
HOZDES SR

This configuration is widely
used. In 2D problem,
integration is done using
values of “f” at 4 quad. points.

=2
n
(—=1,1) (1, 1)
0 &
frmlii—nly (1, —1)
faneta BAERHEW

0.57735 02692 1.00000 00000

L . L .

+ a w
0.86113 63116 0.34785 48451
0.33998 10436 0.65214 51549

=0l W
0.77459 66692 0:55555 55555
0.00000 00000 0.88888 88889

n=>5

= W
0.90617 98459 0.23692 68851
0.53846 93101 0.47862 86705
0.00000 00000 0.56888 88889
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Gaussian Quadrature
A ZDES AR

This configuration is widely n=2 :
used. In 2D problem, ) e o) i
integration is done using

values of “f” at 4 quad. points.

T o R i =1

o=t a BAHFRHBW 8 w
0.57735 02692 1.00000 00000 0.77459 66692 0.55555 55555
0.00000 00000 0.88888 88889

n=5
+1 +1

I=j1 jlf@,mdédn:i ZM W, - F(&.7)]

=1.0x1.0x f(=0.57735,-0.57735) +1.0x1.0x f (—=0.57735,+0.57735)
+1.0x1.0x f (+0.57735,+0.57735) +1.0x1.0x f (+0.57735,-0.57735)

U.33995 1U430  U.0
000000 00000 056888 88889
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Next Stage: Integration

* 3D Natural/Local Coordinate (&,7,0):

— Gaussian Quadrature

B i +1 +1 +1
(—1,1) 7 (1, 1) L I :j J- jf(f)njé’) dfdndé’
-1 -1 -1
0 & , . . . L M
<-1,—1). .<1.—1> e - Z i Mi .WJ' .Wk a (§| 175 é/k)]
Womta  EHREHW +a w i=1 j=1 k=l

0.57735 02692 1.00000 00000 0.77459 66692 0.55555 55555
0.00000 00000 0.88888 88889

n=4 n=5

L,M,N: number of quadrature
points in &, n, £ -direction

(Gi»1;,4,) @ Coordinates of Quad’s
s o s e e e o e W, W, W, : Weighting Factor

0.00000 00000 0.56888 83889
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Partial Diff. on Natural Coord. (1/4)

« According to formulae:

8Ni(§,77,§):@Ni OX +8Ni @y+8Ni 0z
o0& ox 0 oy o& o0z 0&
8Ni(§,77,§):@Ni OX _|_8Ni oy +8Ni 0z
on OXx on oy on 07 On
8Ni(§,n,§):8Ni OX +8Ni oy +6Ni 0z
o¢ OX 0, oy 0 07 0¢

ON. ON. ON,
68 on oc | can be easily derived according to definitions.

P\li ON. oN,

: , are required for computations.
ox oy oz
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Partial Diff. on Natural Coord. (2/4)

e |In matrix form:

N | [ox oy azffen,]  [eN,
0 d0c 0 0g || ox OX
ON. oXx oy oz ||ON, ON,
S— ¢ = ] >:[J]<—>
on on dn 0n || oy oy
ON; OXx oy oz ||oN. ON;
o¢ | |o¢ o¢ oc|lor . | 0z

[J] : Jacobi matrix, Jacobian



FEM3D 35

Partial Diff. on Natural Coord. (3/4)

 Components of Jacobian:
X 0 ~ON; oy 0 N,
‘Jll_ag_ag(;l\lixl — 8§ le_@f_ﬁf(;l\liyij Z yl

i=1 aé:
8 8
JB _ 0Z _ %) (Z Nizi _ %Zi
O  0O¢ \iT - 0S

8 8 8 8
Jy = x — 0 ZNiXi — %Xi, Jy = 2 = 0 ZNiyi :Z%yia
on  0n - on on  on\‘3 o on
8 8
23 = o = 0 ZNiZi = %Zi
on  on\iS o On
X 0 (< 5. ON 0 (< 5. ON
31— = ZNIXI = —II 32— 8y (Z i |j Z—yM
0¢ 0¢\'i5 o 0¢ oc oc\5 - 0¢
8 8
Jy = 52 0 ZNiZi = %Zi
¢ 55 = - 0¢
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Partial Diff. on Natural Coord. (4/4)

« Partial differentiation on global coordinate system
IS Introduced as follows (with inverse of Jacobian

matrix (3 X 3))

(N | | Ox oy oz
OX 0 0O 0¢g
) ONi | _|ox oy oz
oy on 0n 07
ON; ox oy oz
0z 0 04 0¢
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Integration on Element

lkij J (Ia J =1... 8) (=1,+1,+1)

(-1,-1,+1)

:_I{A-Ni,X-Nj,X+l-N ‘N, +4-N,,

\

- ON. - ON.
j aN, ,+U%6N, ,
Y ax ax

8y oy 0z

0Z

37
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Integration on Natural Coord.
lkijJ (Lj:l--.S) (=1,+1,+1)

(~1-1+1) )

@N.@Nj ON. ON,
N J- ' + A dVv =
8x ax Gy oy 0z 01

V
ON, “ON.
_”j L T O L tdxdydz =
x ox oy ay oz oz
+1+1+1

S ON; ON; - 6N, ON,
_IH{ x o S oy 5)’ - azj}det“]‘dfdﬂdéy
—1-1-1




FEM3D

Gaussian Quadrature
lkijJ (Ia J — 18) (=1,+1,+1)

(-1,-1,+1)

(&n.0)=(-1,-1,-1) (+1,-1,-1)

14141 ON, ON; ON, ON oN, ON;
—Hj{ﬂ e A }detmugdndg

—-1-1-1

+1 +1 +1

I=[ [ [1&n.¢)dadnds

I -1

:Z Z ZMl Wi -W, - f(giﬂnjaé/k)]

=1 j=1 k=l
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Remaining Procedures

Element matrices have been formed.

Accumulation to Global Matrix
Implementation of Boundary Conditions
Solving Linear Equations

Detalls of implementation will be discussed in
classes later than next week through explanation
of programs

40
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Accumulation: Local -> Global Matrices
(4) (3) k™12 = (1)

_kl(IZ) k1(22) k1(32) kl(j)_ ¢1(2) f1(2)

1 SR Gl A B T
L A A

(2) L W @ ko) (1

) ) ) OT( M (1)
k11 klz k13 k14 ¢1 f1

) ) ) ) 1) )
kZl k22 k23 k24 ¢2 f2

) ) ) ) ) 0
k31 k32 k33 k34 ¢3 f3

O ® O || m
e _k41 k42 k43 k44 _ ¢4 f4

IN

©
(4) (3) k"=t
©

[KI{®} ={F}

D, X X X 1o, (B)

X D, X X o, |B,

X X D X X X|&o] |B]

X X X D, X X|o, |8,
X X D, X|®o |B

I X X X D@ |B




Formulation of 3D Element

3D Heat Equations
— Galerkin Method

— Element Matrices
— EXxercise

Running the Code
Data Structure
Overview of the Program
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Exercise

* Develop a program and calculate area of the following
quadrilateral using Gaussian Quadrature.

o O OO

o —
~ A~~~
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Tips (1/2)

e (alculate Jacobian

* Apply Gaussian Quadrature (n=2)

+1 +1

= [ [teEmdan=) ZM W, £ (&)

1 - i=1

implicit REAL*8 (A-H,O0-2Z)
real*8 W(2)
real*8 POI (2)

W(l)= 1.0d0

W(2)= 1.0d0

POI(1)= -0.5773502692d0
POI (2)= +0.5773502692d0
SUM= 0.dO0

do jp= 1, 2

do ip= 1, 2
FC = F(POI (ip) ,POI (jp))
SUM= SUM + W (ip)*W (jp) *FC

feat 1)

44

(1, 1)

(1, =1

Bn=mta

¥ A 4

BELERE W

0.57735 02692 1.00000 00000
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Tips (2/2)

ox oYy

0]=| % 0| gefo|= XK. Y Y X
oX oy 0f 0n O& 0On
on  0n

NG =5 (1= £01=n) Ny =5 1+ £X1-n)

1

N (@) = 1+ +m) NyEm = (1-&)i+7)

45
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3D Steady-State Heat Conduction
a(laTj a(iaTj %imjm(x,y,Z):O

+ +
ox\ ox/) oy\ oy) oz\ oz

 Heat Generation
Uniform thermal conductivity A

T=0@Z=Z,4, HEX meshes
Z 4 — 1x1x1 cubes
— NX, NY, NZ cubes in each direction

Boundary Conditions
r—~ - T=0@Z=z,,,

Heat Gen. Rate Is a function of
NY location (cell center: x_,y,)

B Q(Xa Y, Z) = QVOL‘XC + YC‘

Z \

A
\
N\
X
_<
[ )
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Copy/Installation

3D-FEM Code

>$ cd <S$SE-TOP>
>$ cp /home03/skengon/Documents/class eps/F/fem3d. tar
>$ cp /home03/skengon/Documents/class eps/C/fem3d. tar
>$ tar xvf fem3d.tar
>SS cd fem3d
>$ 1s

run src

Install

>$ cd <SE-TOP>/fem3d/src
>$ make
>$ 1ls ../run/sol

sol

Install of Mesh Generator

>$ cd <SE-TOP>/fem3d/run
>$ g95 -03 mgcube.f -o mgcube
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Operations

Starting from Grid Generation to Computation, File-
names are fixed

mgcube
mesh generator

'

—
\_/
cube.O — sol < INPUT.DAT
mesh file FEM Solver Control Data
p/

'

—
M

test.inp
for visualization

-~
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Z

A

Mesh Generation

T=0@Z=z2,,,

>$ cd <$feml>/fem3d/run

>$ ./mgcube
NX, NY, NZ — Number of
Elem’s in each
direction
20,20,20 —~ example
>$ 1ls cube.O confirmation

cube.O

50
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Control File: INPUT.DAT

INPUT.DAT
cube.0 fname
2000 ITER
1.01.0 COND, QVOL
1.0e-08 RESID
e fhame : Name of Mesh File
e ITER: Max. lIterations for CG
e COND : Thermal Conductivity
e QVOL : Heat Generation Rate
e RESID: Criteria for Convergence of CG
8(/18Tj+8 /IaT +a(ﬁﬁTj+Q(x,y,z):O
ox\ ox) oy\ oy ) oz\ oz

Q(x,Yy,2)=QVOL|X. + Y|
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Running

>$ cd <SE-TOP>/fem3d/run
>$ ./sol

>$ 1ls test.inp Confirmation
test.inp

52
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ParaView

http://www.paraview.org/

Opening files
Displaying figures
Saving image files

— http://nkl.cc.u-tokyo.ac.|p/class/HowtouseParaViewE.pdf
— http://nkl.cc.u-tokyo.ac.|p/class/HowtouseParaViewJ.pdf

53
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UCD Format (1/3)
Unstructured Cell Data

BRDEE F—7—k =

® ®a
7o 8 2
=1 pt 0 0 1 0 2 1
) line
=K =Ak2
=Ak tri 0 0
mip o JANBWA
& tet : 2 1 4 2 ‘“Eﬁiz
y::kii pyr 0
Pa £ fiz P iz 2 2
=A prism 0 3 o_7 3
FNEK hex 4 6
4 D

ZREZER 1 2 1 5 2 4
52 line2 S =2 =@t _ﬁﬁzz
=2 tri2 I '
mA R 2 quad2

y 9
P E A2 tet2 n 3
A2 pyr2 2 3 2 8 3 '0
=12 prism2

JNE{KR2 hex2
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UCD Format (2/3)

* Originally for AVS, microAVS
« Extension of the UCD file Is “inp”

 There are two types of formats. Only old type can
be read by ParaView.

55
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UCD Format (3/3): Old Format

(B (SR (BMAOT—58) (EEROT—5H) (BT LOT—S

(B RBES L) (XEEAR) (YEELR) (ZEEAR)
(BT RFES2) (XEEAR) (YEERR) (ZEHRR)

(BERESL) (MHES) (BERDER) (ERETEMI SERDOLGAY)
(BRES2) (MHES) (BRORER) (BEREHERT HERDDOGHY)

(EADT—2HAK) (R 1OBEE) (RS 2DOEHL) - - (B RS DL
(BRT—ZHALDTAIL), (Ehi)
(B RT—BHA205A L), (B

(BETRT—2RADINIL), (Hir)
(BIR&ESL) (HRT—%1) (BimT—52) -
(EiAES2) (HiAT—4%1) (BimT—52) =

(BEXDQT—SHS ) (R 1DERL) (H 5 20HRE) -+ - (& H5 DR
(ERTF—ARAIDOTAL), (Bhi)
(BRT—AKA205~)L), (Efi)

(BERTHRITDINIL), (Bfi)
(BRESL) (BERT 81 (BRT—H52) -
(BRES2) (BRTHL) (BRT—H2) -



Formulation of 3D Element

3D Heat Equations
— Galerkin Method
— Element Matrices

Running the Code
Data Structure
Overview of the Program
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Overview of Mesh File: cube.O
numbering starts from “1”

e Nodes
— Node # (How many nodes ?)
— Node ID, Coordinates

 Elements
— Element #
— Element Type
— Element ID, Material ID, Connectivity

 Node Groups
— Group #
— Node # in each group
— Group Name
— Nodes in each group
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Mesh Generator: mgcube.f (1/5)

implicit REALx8 (A-H,0-2)

real (kind=8), dimension(:,:), allocatable :: X , Y
real (kind=8), dimension(:,:), allocatable :: X0, YO
character (1en=80) :: GRIDFILE, HHH

integer , dimension(:,:), allocatable :: IW

allogate (IW(INODTOT, 4))

G

I +————— +

IC | INIT. |

IC +———- +
write g*,*; "NX, NY, NZ'
read (k %) NX NY,NZ
NXP1= NX + 1 Node number in X-direction
NYP1= NY + 1 Node number in Y-direction
NZP1= NZ + 1 Node number in Z-direction
DX= 1.d0
INODTOT=NXP1xNYP1«NZP1 Total number of Nodes
IGELTOT=NX =*NY *NZ Total number of Elements
IBNODTOT= NXP1«NYP1 Number of nodes in XY-plane
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IC

60

Mesh Generator: mgcube.f (2/5)

|cou— 1
i
do k— 1, NZP1
do J=11 NYP1
i=
|cou- icou + 1
(k- 1;*IBNODTOT + (j—1) *NXP1
lW(lcou ib)=ii
enddo
enddo

|cou 0
ib =2
do k— 1, NZP1

1
do i= 1, NXPT
|cou— icou + 1
i (k=1)*IBNODTOT + (j—1)*NXP1
IW(lcou ib)=ii

do j= 1, NYPI
do i= 1. NXPI

|cou- icou + 1
i (k=1)*IBNODTOT + (j—1)*NXP1

IW(lcou ib)=ii
enddo
enddo
icou= 0
ib =4
k= NZP1
do j= 1, NYP1
do 1= 1, NXP1
|cou- icou +
i (k- 1)*IBNODTOT + (j—1)*NXP1
IW(lcou ib)=ii
enddo
enddo

+

+

+

+

Nodes on X=Xmin surface
are stored in IW(ib,1) where
ib=1, NYP1*NZP1

Z \
T=0@Z=z2,,,,
NZ
— ,///’ Y
. : NX
NY
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IC

61

Mesh Generator: mgcube.f (2/5)

|cou ?
i
do k- 1, NZP1
do J=11 NYP1
i=
|cou- icou +
i (k- 1)*IBNODTOT + (j—1)*NXP1
IW(lcou ib)=ii
enddo
enddo

|cou— 0
ib 2
do k— 1, NZP1

1
do i= 1, NXPT
|cou— icou + 1
(k- 1;*IBNODTOT + (j—1) *NXP1
lW(lcou ib)=ii

do j= 1, NYPI
do i= 1. NXPI

|cou- icou + 1
i (k=1)*IBNODTOT + (j—1)*NXP1

IW(lcou ib)=ii
enddo
enddo
icou= 0
ib =4
k= NZP1
do j= 1, NYP1
do 1= 1, NXP1
|cou- icou +
i (k- 1)*IBNODTOT + (j—1)*NXP1
IW(lcou ib)=ii
enddo
enddo

+

+

+

+

Nodes on X=Xmin surface
are stored in IW(ib,1) where
ib=1, NYP1*NZP1

Z \
T=0@Z=z2,,,,
NZ
— ,///’ Y
, : NX
NY
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Mesh Generator: mgcube f (2/5)

|cou— 0

ib 1

do k— 1, NZP1

do J—11 NYP1
i=

|cou- icou +
i (k- 1)*IBNODTOT + (j—1)*NXP1
IW(lcou ib)=ii

enddo

enddo

icou= 0
ib =2
do ¥- 1. NZP1
b I 1. e

cou + 1
= (k 13*IBNODTOT + (j—1) *NXP1
lW(lcou ib)=ii
enddo
enddo

icou— 0

ib =3

k— 1

do j= 1, NYP1

do 1= 1, NXP1
cou: icou + 1

= (k- 1;*IBNODTOT + (j—1) *NXP1

lW(lcou ib)=ii

enddo

enddo

icou= 0
ib =4
k= NZP1
do j= 1, NYP1
do 1= 1, NXP1
|cou- icou + 1
(k- 1;*IBNODTOT + (j—1) *NXP1
lW(lcou ib)=ii

enddo
enddo

+

+

+

+

T=0@Z=z2,,,
NZ
— / Y
, , NX
NY

X
Nodes on Z=Zmin surface
are stored in IW(ib,3) where
ib=1, NXP1*NYP1

Nodes on Z=Zmax surface
are stored in IW(ib,4) where
ib=1, NXP1*NYP1
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Mesh Generator: mqgcube.f (3/5)

IC
IC + =
}8 | GeoFEM data |
iC:::
NN= 0
write (%, %) ' GeoFEM gridfile name ?’

GRIDFILE= " cube. 0’

open (12, file= GRIDFILE, status="unknown’, form="formatted)
write(12,” (10i10)’) INODTOT

icou= 0

go k= } N%H Node #

do 1= 1 NXP Node ID, Coordinates
XX= df|oat§1—1§*nx
YY= dfloat (j—1)*DX
77= dfloat (R-15 #DX

icou= icou + 1
write (12,7 (i10,3(1pe16.6))’) icou, XX, YY, ZZ

enddo

enddo

enddo

write (12, (i10)’) ICELTOT Element #

IELMTYPL= 361 Element Type (not in use)

write(12,” (10i10)") (IELMTYPL, i=1, ICELTOT)
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Example of “cube.0” (NX=NY=NZ=4)

Node, Element-Type

64

125 =5x5*h

1 0. 000000E+00 0. 000000E+00 0. 000000E+00

2 1. 000000E+Q0 0. 000000E+00 0. 000000E+00

3 2. 000000E+00 0. 000000E+00 0. 000000E+00

4 3. 000000E+00 0. 000000E+00 0. 000000E+00

5 4. 000000E+00 0. 000000E+00 0. 000000E+00

6 0. 000000E+00 1. 000000E+00 0. 000000E+00

7 1. 000000E+00 1. 000000E+00 0. 000000E+00

8 2. 000000E+00 1. 000000E+00 0. 000000E+00

9 3. 000000E+00 1. 000000E+00 0. 000000E+00

(R ERR)

121 0. 000000E+00 4.000000E+00 4.000000E+00
122 1. 000000E+Q0 4. 000000E+00 4. 000000E+00
123 2. 000000E+00 4.000000E+00 4.000000E+00
124 3. 000000E+00 4. 000000E+00 4. 000000E+00
125 4. 000000E+00 4.000000E+00 4. 000000E+00

64 =4x4x4
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361 361 361 361 361 361 361
361 361 361 361




FEM3D

Mesh Generator: mgcube.f (4/5)

icou + 1
(k=1) *IBNODTOT + (j-1)*NXP1 + i

NZ

NY

NX

inl + 1

in2 + NXP1

ind -

in1 + IBNODTOT

in2 + IBNODTOT
+ IBNODTOT

in3
in4 + [BNODTOT
(12, (10i10) ")

icou,

imat, inl, in2,
ind, in6,

in3,
in’,

in4,
in8

i
0/9

&

imat: Material ID (=1)
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Example of “cube.0” (NX=NY=NZ=4)
Element Connectivity

1 1 1 2 1 6 26 2] 32 31
2 1 2 3 8 1 2] 28 33 32
3 1 3 4 9 8 28 29 34 33
4 1 4 5 10 9 29 30 39 34
5 1 6 1 12 11 31 32 37 36
6 1 1 8 13 12 32 33 38 37
1 1 8 9 14 13 33 34 39 38
8 1 9 10 15 14 34 35 40 39
9 1 11 12 17 16 36 37 42 41
10 1 12 13 18 17 37 38 43 42
11 1 13 14 19 18 38 39 44 43
12 1 14 15 20 19 39 40 45 44
13 1 16 17 22 21 41 42 47 46
(..)

42 1 62 63 68 67 87 88 93 92
43 1 63 64 69 68 88 89 94 93
44 1 64 65 10 69 89 90 95 94
45 1 66 67 12 11 91 92 97 96
46 1 67 68 13 12 92 93 98 97
47 1 68 69 14 13 93 94 99 98
48 1 69 10 15 14 94 95 100 99
49 1 16 11 82 81 101 102 107 106
50 1 11 18 83 82 102 103 108 107
51 1 18 19 84 83 103 104 109 108
52 1 19 80 89 84 104 105 110 109
53 1 81 82 81 86 106 107 112 111
54 1 82 83 88 817 107 108 113 112
55 1 83 84 89 88 108 109 114 113
56 1 84 85 90 89 109 110 115 114
57 1 86 817 92 91 111 112 117 116
58 1 817 88 93 92 112 113 118 117
59 1 88 89 94 93 113 114 119 118
60 1 89 90 95 94 114 115 120 119
61 1 91 92 97 96 116 117 122 121
62 1 92 93 98 97 117 118 123 122
63 1 93 94 99 98 118 119 124 123
64 1 94 95 100 99 119 120 125 124
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NX=NY=NZ=4, NXP1=NYP1=NZP1=5
ICELTOT= 64, INODTOT= 125, IBNODTOT= 25

k=1 k=2 k=3
24 25 49 >0 74 &
16 32 48
20 45 70
19 44 69
11 12 36 ol 61 62
5 21 37
6 7 8 9 10 31 32 33 34 35 56 57 58 59 60
1 2 3 4 17 | 18 | 19 | 20 33134 | 35| 36
1 2 3 4 5 26 27 28 29 30 51 52 53 54 55
ki5 124 125 99 l00ki4
64 64
120 95
119 94
111 112 36 87
93 9O
106 107 108 109 110 81 82 83 84 a5
49 | 50 | 51 | 52 49 | 50 | 51 | 52

101 102 103 104 105 76 77 78 79 80
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(LAFES)

Mesh Generator:

1GTOT= 4

IBT1= NYP1*NZP1

IBT2= NXP1*NZP1 + IBT1
IBT3= NXP1+NYP1 + IBT2
IBT4= NXP1+NYP1 + IBT3

write g}%,:§10 10

. 9.3 18
write 10i10)') IBT1, IBT2, IBT3, IBT4

, ii=1, NYP1*NZP1)
, ii=1, NXP1*NZP1)
, ii=1, NXP1*NYP1)
W(ii,4), ii=1, NXP1*NYP1)

deal locate (IW)
close (12)

stop

end

mgcube.f (5/5)

IGTOT Group #

(Xmin,Ymin,Zmin,Zmax)

IBTX Accumulated #
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Example of “cube.0” (NX=NY=NZ=4)
Group Info.

4
. 25 50 75 100
Xmin
1 6 11 16 21 26 31 36 41 46
51 56 61 66 11 76 81 86 91 96
. 101 106 111 116 121
Ymin
1 2 3 4 5 26 21 28 29 30
51 52 53 54 55 76 77 78 79 80
. 101 102 103 104 105
min
1 2 3 4 5 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25
Zmax
101 102 103 104 105 106 107 108 109 110
111 112 113 114 115 116 117 118 119 120
121 122 123 124 125

(not in use after this point)
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Mesh Generation

» Big Technical & Research Issue
— Complicated Geometry
— Large Scale

e Parallelization is difficult

e Commercial Mesh Generator

— FEMAP
» |Interface to CAD Data Format
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Formulation of 3D Element

3D Heat Equations
— Galerkin Method
— Element Matrices

Running the Code
Data Structure
Overview of the Program
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FEM Procedures: Program

* |nitialization
— Control Data
— Node, Connectivity of Elements (N: Node#, NE: Elem#)
— Initialization of Arrays (Global/Element Matrices)
— Element-Global Matrix Mapping (Index, Iltem)

e Generation of Matrix

— Element-by-Element Operations (do icel= 1, NE)
e Element matrices
e Accumulation to global matrix

— Boundary Conditions

e Linear Solver
— Conjugate Gradient Method
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testl

main

Structure of

heat3D

input_cntl
input of control data

input_grid
input of mesh info

73

find_node

searching nodes

mat_con0
connectivity of matrix

mSORT

sorting

mat_con
connectivity of matrix

mat_ass_main
coefficient matrix

jacobi
Jacobian

mat_ass_bc
boundary conditions

solvell
control of linear solver

Cg

CG solver

output_ucd

visualization
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Main Part

program heat3D

use solverii
use pfem_ util

implicit REAL*8 (A-H, 0-2)

cal| INPUT_CNTL
cal| INPUT_GRID

cal |l MAT_CONO
call MAT_CON1

call MAT_ASS_MAIN
cal |l MAT_ASS_BC

call SOLVE11
cal |l OUTPUT_UCD
end program heat3D
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Global Variables: pfem util.f (1/3)

Name Type Size 1/O Definition
fname C (80) I Name of mesh file
N,NP | I | #Node
ICELTOT I I # Element
NODGRPtot I I # Node Group
XYZ R (N,3) 1 Node Coordinates
ICELNOD I (ICELTOT,8) I Element Connectivity
NODGRP _INDEX I (0:NODGRPtot) 1 # Node in each Node Group
NODGRP_ITEM | égggg_ll?_g?;;lDEX(N | Node ID in each Node Group
NODGRP_NAME C80 (()ggg(p;'l?'g?;;l DEX(N I Name of NodeGroup
NLU I O | # Non-Zero Off-Diagonals at each node
NPLU I 0 # Non-Zero Off-Diagonals
D R ()) 0 Diagonal Block of Global Matrix
B,X R (N) 0 RHS, Unknown Vector
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Global Variables: pfem_util.h (2/3)

Name Type Size I/O Definition
AMAT R (NPLU) 0 g?;ieﬁagg—magonal Components of
index [ (0:=N) O | # Non-Zero Off-Diagonal Components
item I (NPLU) 0 ggi;l;lg; gl)t Sof Non-Zero Off-Diagonal
o o[ Namberfon Zr O ige
o o [ Catm 051 Non e O Disgons
IWKX | (N,2) O | Work Arrays
ITER, ITERactual I I | Number of CG Iterations (MAX, Actual)
RESID R I Convergence Criteria (fixed as 1.e-8)
pfemIarray I (100) O | Integer Parameter Array
pfemRarray R (100) O | Real Parameter Array
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Global Variables: pfem_util.h (3/3)

77

Name Type Size I/O Definition
O8th R I =0.125
PNQ, PNE, PNT R |(2,2,8) 0 %Nf %’i ‘2“; (i=1~8ht each Gaussian Quad. Point
POS, WEI R ) 0 gcc))i(;lrtdmates, Weighting Factor at each Gaussian Quad.
NCOL1l, NCOL2 I (100) O | Work arrays for sorting
SHAPE R 2,2,2,8) 0 N; (i=1~8) at each Gaussian Quad Point
PNX, PNY, PNZ R 2,2,2,8) 0] 66“)'(‘ ,a;;‘ ,aa“i‘ (i=1~8) at each Gaussian Quad. Point
DETJ R (2.2.2) 0 gz‘fggiit of Jacobian Matrix at each Gaussian
COND, QVOL R I Thermal Conductivity, Heat Generation Rate

o ,0T o[ ,0T oT

OX

A

_|_
ox ) oy

A

+aﬁ
oy ) oz

Q(x,y,2)=QVOL|X. + Y|

' =0
~ +Q(x,y,2)
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INPUT_ CNTL: Control Data

subroutine INPUT_CNTL
use pfem_ util

implicit REAL*8 (A-H, 0-2)

open (11, file= ' INPUT.DAT', status="unknown’)
read (11, (a80)’) fname
read (11,*) ITER
read (11,*) COND, QVOL
read (11,*) RESID
close (11)
pfemlarray (1)= ITER
pfemRarray (1)= RESID WAE L Ll
return cube.O fname
end 2000 ITER

1.01.0 COND, QVOL
1.0e-08 RESID
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INPUT_GRID (1/2)

| Gk

ICx+x INPUT_GRID
| Gk
IC
subroutine INPUT_GRID
use pfem_ util
implicit REAL*8 (A-H, 0-2)
open (11, file= fname, status= "unknown', form= "formatted’)
IC
IC— NODE

read (11,%) N
NP= N

al locate (XYZ(N, 3))
XYZ= 0.d0
do i=1, N
read (11,%) ii, (XYZ(i, kk), kk=1, 3)
enddo
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allocate, deallocate (C)

#include <stdio. h>
#include <stdlib. h>
voidk al locate_vector (int size, int m)

void *a;

if ( (a=(void * )malloc( m * size ) ) == NULL ) {
fpri?¥;(stdout,”Error:Memory does not enough! in vector ¥n”);
exi ;

return a;

void deal locate_vector (void *a) Same interface with FORTRAN

free( a );

voidx* allocate matrix(int size, int m, int n)

yoid_**aa:

int i;

if ( (aa=(void ** )malloc( m * sizeof (void%) ) ) == NULL ) {
fpriq?f(stdout,”Error:Memory does not enough! aa in matrix ¥n”);
exi ;

if ( ( aa[0]=(void * )malloc( m * n * size ) ) == NULL ) {
fpriq?f(stdout,”Error:Memory does not enough! in matrix ¥n");
exi ;

for (i=1;i<m; i++) aal[il=(charx)aali-1]+size*n;
return aa;

J

void deal locate_matrix(void **aa)

free( aa );

J
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INPUT_GRID (1/2)

IC
IC—— ELEMENT
read (11,%) ICELTOT
allocate (ICELNOD (ICELTOT, 8))
read (11,” (10i10)") (NTYPE, i= 1, ICELTOT)
do icel= 1, ICELTOT
read (11, (10i10,2i5,8i8)") ii, IMAT, C(ICELNOD(icel, k), k=1,8)
enddo
IC

IC— NODE grp. info.
read (11, (10i10)") NODGRPtot
al locate (NODGRP_INDEX (0:NODGRPtot), NODGRP_NAME (NODGRPtot))
NODGRP_INDEX= 0

read (11, (10i10)") (NODGRP_INDEX (i), i= 1, NODGRPtot)
nn= NODGRP_INDEX (NODGRPtot)
allocate (NODGRP_ITEM(nn))

do k= 1, NODGRPtot
iS= NODGRP_INDEX (k-1) + 1
iE= NODGRP_INDEX (k )
read (11, (a80)") NODGRP_NAME (k)
nn= iE - iS + 1
if (nn.ne.0) then
read (11, (10i10)") (NODGRP_ITEM(kk), kk=iS, iE)
endif
enddo

close (11)

return
end
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testl

main

Structure of

heat3D

input_cntl
input of control data

input_grid

input of mesh info

mat_con0

connectivity of matrix

mat_conl

connectivity of matrix

mat_ass main

coefficient matrix

mat_ass_bc

boundary conditions

solvell
control of linear solver

find_node
searching nodes

mSORT
sorting

jacobi
Jacobian

Cg

CG solver

output_ucd

visualization

82



FEM3D

Global Variables: pfem util.f (1/3)

Name Type Size 1/O Definition
fname C (80) I Name of mesh file
N,NP | I | #Node
ICELTOT I I # Element
NODGRPtot I I # Node Group
XYZ R (N,3) 1 Node Coordinates
ICELNOD I (ICELTOT,8) I Element Connectivity
NODGRP _INDEX I (0:NODGRPtot) 1 # Node in each Node Group
NODGRP_ITEM | égggg_ll?_g?;;lDEX(N | Node ID in each Node Group
NODGRP_NAME C80 (()ggg(p;'l?'g?;;l DEX(N I Name of NodeGroup
NLU I O | # Non-Zero Off-Diagonals at each node
NPLU I 0 # Non-Zero Off-Diagonals
D R ()) 0 Diagonal Block of Global Matrix
B,X R (N) 0 RHS, Unknown Vector
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Global Variables: pfem_util.h (2/3)

Name Type Size I/O Definition
AMAT R (NPLU) 0 g?;ieﬁagg—magonal Components of
index [ (0:=N) O | # Non-Zero Off-Diagonal Components
item I (NPLU) 0 ggi;l;lg; gl)t Sof Non-Zero Off-Diagonal
o o[ Namberfon Zr O ige
o o [ Catm 051 Non e O Disgons
IWKX | (N,2) O | Work Arrays
ITER, ITERactual I I | Number of CG Iterations (MAX, Actual)
RESID R I Convergence Criteria (fixed as 1.e-8)
pfemIarray I (100) O | Integer Parameter Array
pfemRarray R (100) O | Real Parameter Array
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Global Variables: pfem_util.h (3/3)

85

Name Type Size I/O Definition
O8th R I =0.125
PNQ, PNE, PNT R |(2,2,8) 0 %Nf %’i ‘2“; (i=1~8ht each Gaussian Quad. Point
POS, WEI R ) 0 gcc))i(;lrtdmates, Weighting Factor at each Gaussian Quad.
NCOL1l, NCOL2 I (100) O | Work arrays for sorting
SHAPE R 2,2,2,8) 0 N; (i=1~8) at each Gaussian Quad Point
PNX, PNY, PNZ R 2,2,2,8) 0] 66“)'(‘ ,a;;‘ ,aa“i‘ (i=1~8) at each Gaussian Quad. Point
DETJ R (2.2.2) 0 gz‘fggiit of Jacobian Matrix at each Gaussian
COND, QVOL R I Thermal Conductivity, Heat Generation Rate

o ,0T o[ ,0T oT

OX

A

_|_
ox ) oy

A

+aﬁ
oy ) oz

Q(x,y,2)=QVOL|X. + Y|

' =0
~ +Q(x,y,2)
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Towards Matrix Assembling

* In 1D, it was easy to obtain information related to
index and item.
— 2 non-zero off-diagonals for each node
— ID of non-zero off-diagonal : i+1, iI-1, where “I” is node ID

* |n 3D, situation is more complicated:

— Number of non-zero off-diagonal components is between
7/ and 26 for the current target problem

— More complicated for real problems.

— Generally, there are no information related to number of
non-zero off-diagonal components beforehand.

movie
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Towards Matrix Assembling

* In 1D, it was easy to obtain information related to
index and item.
— 2 non-zero off-diagonals for each node
— ID of non-zero off-diagonal : i+1, iI-1, where “I” is node ID

* |n 3D, situation is more complicated:

— Number of non-zero off-diagonal components is between
7/ and 26 for the current target problem

— More complicated for real problems.
— Generally, there are no information related to number of
non-zero off-diagonal components beforehand.
e Count number of non-zero off-diagonals using
arrays: INLU[N], IALU[N]INLU]
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program heat3D

use solveril
use pfem_ util

implicit REAL*8 (A-H, 0-2)

cal | INPUT_CNTL
call INPUT_GRID

MAT_CONO
MAT_CONT

MAT_ASS_MAIN
MAT_ASS_BC

call SOLVE11
call OUTPUT_UCD
end program heat3D

Main Part

1—19)—(15>—9
7 | 8 | 9

(—1——1)—12
4 5 6

6—0—0—06
1 2 &)

O (o0—06B—~0

MAT CONO: generates INU, IALU
MAT CONI: generates index, item

Node ID starting from “1”
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MAT_CONO: Overview

do icel= 1, ICELTOT (-1,+1,+1)
generate INLU, TALU
according to 8 nodes of hex. elements

(+1,4+1,+1)

(FIND_NODE) =141 ~
enddo ( ) (+1-1+1)
(+1,+1,-1)
/ /
.0)=(=1,-1-1 1-1,-1
&) an @ @ (&n.¢)=( ) (+ )
7 8 9
AN 7\ A
(Q———1)—12
4 5 6

@
®
O
©,

N
[

:frt [=
)
L
W)
®
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90

Generating Connectivity of Matrix
MAT CONO (1/4)

IC
| Gk
| Gk
| Gk
IC

MAT_CONO

subroutine MAT_CONO

use pfem util

implicit REALx8 (A-H, 0-2)

NLU= 26

allocate (INLU(N), TALU(N,NLU))

INLU= 0
IALU= 0

NLU:

Number of maximum number
of connected nodes to each
node (number of upper/lower
non-zero off-diagonal nodes)

In the current problem,
geometry is rather simple.
Therefore we can specify NLU
in this way.

If it's not clear ->
Try more flexible
implementation
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Generating Connectivity of Matrix

MAT_CONO (1/4)

IG

| Gk
I Ctxx MAT_CONO
| Gk
IC
subroutine MAT_CONO
use pfem util
implicit REAL*8 (A-H,0-2)
NLU= 26
allocate (INLU(N), IALU(N, NLU))
INLU= 0
T1ALU= 0
Array Size Description
Number of connected
INLU (N) nodes to each node
(lower/upper)
Corresponding
IALU (N, NLU) connected node ID
(column ID)
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Generating Connectivity of Matrix
MAT _CONO (2/4). Starting from 1

do'i?echéLNégELToI 1)

Inl= 1cel,

in2= 1CELNOD (icel’ 2) (-1+1:+1)
in3= 1CELNOD (icel  3)
e {4 v
1 No= 1cel, — L —
in6= 1CELNOD (icel’ 6) (+L=1+1)
in7= 1CELNOD (icel 7)
ing= 1CELNOD (icel’ 8)

(+1,4+1,+1)

ND_TS_NODE (inf, in2)
D_TS_NODE (ini’ in3) / /
TS_NODE (ini. ind)

TSNODE (ind” 106 (Eme)=(1m1-1) (+1,-1-1)

TS_NODE (int, in7)
TS_NODE (inT, in8)

TS_NODE (in2, in1)
TS_NODE (in2, in3)
TS_NODE (in2, ind)
TS_NODE (in2, inb)
TS_NODE (in2, in6)
TS_NODE (in2, in7)
TS_NODE (in2, in8)

TS_NODE (in3, in1)
TS_NODE (in3, in2)
TS_NODE (in3, ind)
TS_NODE (in3, inb)
TS_NODE (in3, in6)
TS_NODE (in3, in7)
TS_NODE (in3, in8)
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FIND TS NODE: Search Connectivity
INLU,IALU: Automatic Search

ICx+x FIND TS _NODE
| Coksksk
IC
subroutine FIND TS _NODE (ip1, ip2)

do kk= 1, INLU(ip1)
if (ip2.eq. IALU(ip1, kk)) return
enddo
icou= INLU(ip1) + 1
IALU (ip1, icou)= ip2
INLU (ip1 )= icou
return

end subroutine FIND_TS_NODE

Array Size Description

Number of connected
INLU (N) nodes to each node
(lower/upper)

Corresponding
IALU (N, NLU) | connected node ID
(column ID)
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FIND TS NODE: Search Connectivity
INLU,IALU: Automatic Search

IC
| Cokokk

IC+xx FIND TS _NODE
| Cokokok

IC
subroutine FIND TS NODE (ipl, ip2)

do kk= 1, INLU(ip1)

if (ip2.eq. IALU(ip1, kk)) return If the target node is already included
enddo . .
}Xﬁﬂ:(_lqmuap)n_ + ; In IALU, proceed to next pair of
INLOCipT )= ico nodes

return

end subroutine FIND_TS_NODE
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FIND TS NODE: Search Connectivity
INLU,IALU: Automatic Search

IC
| Cokokk

IC+xx FIND TS _NODE
| Cokokok

IC
subroutine FIND TS NODE (ipl, ip2)

do kk= 1, INLU(ip1)

if (ip2.eq. IALU(ip1, kk)) return
enddo

oo INLUCipY) + 1 If the target node is NOT included in
INIEU(iBf )= tcou IALU, store the node in IALU, and
return

add 1 to INLU.
end subroutine FIND_TS_NODE
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Generating Connectivity of Matrix
MAT_ CONO (3/4)

FIND_TS_NODE (in4, ini
FIND_TS_NODE (in4, in2
FIND_TS_NODE (in4, in3

| -

| _

| ] (-1,+1,+1)
caII FIND_TS_NODE (in4, in5

| _

| -

(+1,4+1,+1)

IND TS NOBE (ind: ne

| N4, 1IN 1 _

FIND_TS_NODE (in4. in8 (-1-1+1) (+1,-1,+1)
| FIND_TS_NODE (in5, ini
| FIND_TS_NODE (inb. in2
| FIND_TS_NODE (inb. in3

caII FIND_TS
|
|

_NODE (inb, in4
cal| FIND_TS_NODE (inb, in6 - /
call FIND_TS_NODE (inb, in7
call FIND_TS_NODE (inb, in8 (&,1,¢)=(-1,-1,-1) (+1,-1,-1)

| FIND_TS_NODE (in6, inT
| FIND_TS_NODE (in6, in2
| FIND_TS_NODE (in6, in3
call FIND_TS_NODE (in6, in4
| FIND_TS_NODE (in6, in5
| FIND_TS_NODE (in6, in7
| FIND_TS_NODE (in6, in8

| FIND_TS_NODE (in7, inT
| FIND_TS_NODE (in7, in2
| FIND_TS_NODE (in7, in3
call FIND_TS_NODE (in7, in4
| FIND_TS_NODE (in7, in5
| FIND_TS_NODE (in7, in6
| FIND_TS_NODE (in7, in8
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Generating Connectivity of Matrix
MAT_ CONO (4/4)

TS_NODE (in8, inl1)
TS_NODE (in8, in2)
TS_NODE (in8, in3)
TS_NODE (in8, ind)
TS_NODE (in8, inb)
TS_NODE (in8, in6)
TS_NODE (in8, in7)

call FIND
call FIND
call FIND
call FIND
call FIND
call FIND
call FIND

enddo . : .
o Sort TALU(,k) in ascending order by
NS INLUCin) “bubble” sorting for less than 100
do k= 1, NN
NCOLT (= TALUin, K components.
enadao
cal| mSORT (NCOL1, NCOL2, NN)
do k= NN, 1, -1
IALU (in, NN-k+1)= NCOLT (NCOL2 (k))
enddo

enddo



FEM3D

IC
| Coksksk
| Coksksk
| Coksksk
IC

MAT_ CON1: CRS format

MAT_CON1

subroutine MAT_CON1
use pfem_ util
implicit REAL*8 (A-H, 0-2)

allocate (index(0:N))
index= 0

do i=
|ndex(|)— index (i—-1) + INLU(i)
enddo

NPLU= index (N)
al locate (item(NPLU))

do i=1, N
do k=1, INLUGi)
kk = k + index (i-1)
i tem (kk) = IALU (i, k)
enddo
enddo

deallocate (INLU, IALU)
end subroutine MAT_CON1

C

index([i Z INLU[K]
index[0] =0

FORTRAN

index (1) = ZI: INLU(k)

index(0) =0
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IC
| Coksksk
| Coksksk
| Coksksk
IC

MAT_ CON1: CRS format

MAT_CON1

subroutine MAT_CON1
use pfem_ util
implicit REAL*8 (A-H, 0-2)

allocate (index(0:N))
index= 0

doi=1, N
index (i)= index(i-1) + INLU(i)
enddo

NPLU= index (N)
allocate (item(NPLU))
d

i
"do k= LTINS (o)
= + = .
tem(klo=  TALUCI, k) NPLU=index(N)

enddo " Size of array: item
deal locate (INLU, IALU) Total number of non-zero off-

end subroutine MAT_CON1 diagonal blocks
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IC
| Coksksk
| Coksksk
| Coksksk
IC

MAT_ CON1: CRS format

MAT_CON1

subroutine MAT_CON1
use pfem_ util
implicit REAL*8 (A-H, 0-2)

allocate (index(0:N))
index= 0

do i=1, N

index (i)= index(i-1) + INLU(i)

enddo
NPLU= index (N)
al locate (item(NPLU))
do i=1, N
do k=1, INLU(i)
kk = k + index(i-1)
item (kk) = IALU (i, k)

enddo
enddo

deallocate (INLU, IALU)
end subroutine MAT_CON1

item
store node ID starting from 1
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IC
| Coksksk
| Coksksk
| Coksksk
IC

MAT_ CON1: CRS format

MAT_CON1

subroutine MAT_CON1
use pfem_ util
implicit REAL*8 (A-H, 0-2)

allocate (index(0:N))
index= 0

doi=1, N
index (i)= index(i-1) + INLU(i)
enddo

NPLU= index (N)
al locate (item(NPLU))
d

oi=1 N
do k=1, INLU(i)
kk = k + index (i-1)
i tem (kk) = TALU (i, k)
enddo

enddo
deal locate (INLU, IALU)
end subroutine MAT_CON1

Not required any more
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Main Part

program heat3D

use solverll
use pfem util

implicit REAL=8 (A-H, 0-2)

cal | INPUT_CNTL
call INPUT_GRID

cal | MAT_CONO
cal | MAT_CON1

cal| MAT_ASS_MAIN
cal| MAT_ASS_BC

call SOLVE11
call OUTPUT_UCD
end program heat3D
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MAT ASS_ MAIN: Overview

do kpn=1, 2
do jpn=1, 2
do ipn=1, 2
Define Shape Function at Gaussian Quad. Points (8-points)
Its derivative on natural/local coordinate is also defined.

enddo
enddo
enddo

do icel=1, ICELTOT
Jacobian and derivative on global coordinate of shape functions at
Gaussian Quad. Points are defined according to coordinates of 8 nodes. (JACOBI)

do ie= 1, 8
do je= 1, 8
Global Node ID: ip, jp

Address of A, , in “item” : Kk Je
O|O|0|0|0|O0|O0|0
do kpn=1, 2
do jpn=1, 2 O|O1010|0|10|0|0
do ipn=1, 2 .
integration on each element ,|©0]0|0|0]0|0|@|O
coefficients of element matrices OlOIO|IOI0|1010|0
enzzgumulatlon to global matrix olololololololo
,nddo oloolo|ololo]e
enddo O|l0|0|O0|0[0|0|0
engggdo O|lO|0|0|0|O0|0|0
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IG

MAT ASS MAIN (1/6)

ICxkx MAT_ASS_MAIN
| Ckkok
IC
subroutine MAT_ASS_MAIN
use pfem_ util
implicit REALx8 (A-H, 0-2)
integer (kind=kint), dimension( 8) :: nodLOCAL

allocate (AMAT (NPLU))
allocate (B(N), D(N), X(N))

AMAT= 0.d0 Non-Zero Off-Diagonal components (coef. matrix)
B= 0.d0 RHS vector
X=0.d0 Unknowns
D= 0.d0 Diagonal components (coef. matrix)

WEI (1)= +1.0000000000D+00
WET (2)= +1. 0000000000D+00

POS (1)= -0. 5773502692D+00
POS (2) = +0. 5773502692D+00

)
)
)
)
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IC
| Ckkok

| Ckkok
IC

MAT ASS MAIN (1/6)

[C#++ MAT_ASS_MAIN

subroutine

MAT_ASS_MAIN

use pfem_ util
implicit REALx8 (A-H, 0-7)

integer (kind=kint), dimension( 8) ::

allocate (AMAT (NPLU))
allocate (B(N), D(N), X(N))

AMAT= 0. d0

POS:
WEI:

+1.
+1.

0000000000D+00
0000000000D+00

—0. 5773502692D+00
+0. 5773502692D+00

Quad. Point

Weighting Factor

3
o
)

{=1.1) (1, 1)

(—1, —1) 1, —1)

BOS+ a SALEHEW
0.57735 02692 1.00000 00000
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IC

MAT ASS MAIN (2/6)

IC PNQ - 1st-order derivative of shape function by QSI
IC PNE - 1st-order derivative of shape function by ETA
IC PNT - 1st-order derivative of shape function by ZET

IC

do kp=1, 2

do jp=1, 2

do ip=1, 2
QP1=1.d0 + POS(ip)
QM1= 1.d0 - POS (ip)
EP1=1.d0 + POS (jp)
EM1= 1.d0 - POS (jp)
TP1=1.d0 + POS (kp)
TM1= 1.d0 - POS (kp)
SHAPE (ip, jp, kp, 1)= 08th * QM1 * EM1 *x TM1
SHAPE (ip, jp, kp, 2)= 08th * QP1 * EM1 *x TM1
SHAPE (ip, jp, kp, 3)= 08th * QP1 * EP1 *x TM1
SHAPE (ip, jp, kp, 4)= 08th * QM1 * EP1 *x TM1
SHAPE (ip, jp, kp, 5)= 08th * QM1 * EM1 *x TP1
SHAPE (ip, jp, kp, 6)= 08th * QP1 * EM1 *x TP1
SHAPE (ip, jp, kp, 7)= 08th * QP1 * EP1 *x TP1
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MAT ASS MAIN (2/6)

IC

IC— INIT.

IC PNQ - 1st-order derivative of shape function by QSI
IC PNE - 1st-order derivative of shape function by ETA

IC PNT - 1st-order derivative of shape function by ZET

ic
do kp=1, 2
do jp=1, 2
do ip=1, 2
Q= 146 - Pos (1o QPI(i)=(1+&), QMI(i)=(1-¢&)
Eiic 140 - POS i) EP1(j)=(1+7) EMI()=01-7)
TP1- }Zdo + POS (kp) J i) J i

-d0 - POS (kp) TP1(k)=(1+¢, ) TMI(k)

SHAPE (ip, jp, kp, 08th * QM1 * EM1 = TM1
SHAPE (ip, jp, kp, 08th * QP1 * EM1 = TM1
SHAPE (ip, jp, kp, 08th * QP1 * EP1 = TM1
SHAPE (ip, jp, kp, 08th * QM1 * EP1 = TM1
SHAPE (ip, jp, kp, 88th * QM1 * EM1 * TP1

p,

p, 0

p, 0

(1-¢,)

SHAPE (ip, jp, k 8th * QP1 * EM1 * TPT
8th * QP1 * EP1 * TP1
8th * QP1 * EP1 * TP1

SHAPE (ip, jp, k
SHAPE (ip, jp, k

e NN

OO\IO)O‘I-PC.OI\D—‘
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IC
IG— INIT.
IC PNQ
IC PNE
IC PNT
IC
do kp=
do jp=
do ip=
QP1=
QM1=
EP1=
EM1=
TP1=
™M1=

SHAPE (ip, jp, kp, 1)= 08th * QM1 * EM1 * TM1
SHAPE (ip, jp, kp, 2)= 08th * QP1 * EM1 * TM1
SHAPE (ip, jp, kp, 3)= 08th * QP1 * EP1 * TM1
SHAPE (ip, jp, kp, 4)= 08th * QM1 * EP1 * TM1
SHAPE (ip, jp, kp, 5)= 08th * QM1 * EM1 * TP1
SHAPE (ip, jp, kp, 6)= 08th * QP1 * EM1 * TP1

108

MAT ASS MAIN (2/6)

1st-order derivative of shape function by QSI
1st-order derivative of shape function by ETA
1st-order derivative of shape function by ZET

1, 2

1, 2

1, 2

B

) = ip g

1.d0 + POS (jp) (- 1,+1,+1) (+1,+1,+1)
1140 + b0S (ko

.d0 + p

1.d0 - POS (kp) (-1,-1,+1) (+1-1.+1)

SHAPE (ip. Jp. kp. 7)= 08th * QP1 * EP1 * TP1 N L
SHAPE (ip. ip. kp. 8)= 08th * QP1 * EP1 * TP1 (&.7,¢)=(=1-1-1) (+1.-1-1)
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MAT ASS MAIN (2/6)

1c
16— INIT.
IC PNQ - 1st-order derivative of shape function by QSI 1
€ BE - Jetoreer corlvetive of S Sumetion by Bl N (EnC)=—(1-&EN1-n)1-
©RE it st of e Tt by ol (&) =gU=gl-mi=¢)
do kp= 1, 2 _ _
fobe= . 2 N,(&,7.¢) = (1+§)( n)1-¢)
do ip=1, 2
Oz 190 oS i N;(&,7,¢)=— (1+§)(1+77)(1 $)
EP1= 1.d0 + POS (jp)
Tz 190 - PoS (D)
=1. + —
THi= 1.d0 — POS (kp) N4(§,77,§)—g(l—f)@“?)(l—?)

SHAPE (ip, jp, kp, 1)= 08th * QM1 * EM1 * TM1
SHAPE (ip, jp, kp, 2)= 08th * QP1 * EM1 * TM1

SHAPE (ip. ip. kp. 3)= 08th * QP1 * EP1 % TMI YA

SHAPE (ip’ Jp. kp. 4)= 08th * QM1 % EP1 * TH N,(&,1,8) = (1 ENL-n)1+¢)
SHAPE (ip. ip. kp. 5)= 08th * QM1 * EM1 % TP1

SHAPE (ip. ip. kp. 6)= 08th * QP1 * EM1 % TP1

SADE (1 Jb Kb ) O % Ob1 % EP1 » Th1 N(£,7,$) = (1+5)( —n)1+¢)
N, (&,17,8) =~ (1+§)(1+77)(1+§)
N8<§,n,;>=§(1—§)(1+n)(1+4“)
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MAT_ASS_MAIN (3/6)

e e o don ot 2 I
JP, KD, £)= * * |
PNQ (jp._ kp, 3)= + 08th * EP1 * THI PNQ(j,k) = ; ;
N0 (1o kb 43= ~ 08t » EP1 » TH ULk = 5 (6=l =15:6 =61
PNQ (jp, kp, 5)= — 08th * EM1 * TP1
M H o) =
,Kp, /)= + * * :— = . = 1. =
PNQ (1p. kp. 8)= — 08th % EP1 * TP1 (1K) 5 (E=G.m=1;,6=¢)
PNE (ip. kp, 1)= - 08th * QM1 * TMi n
I e o
1P, = + ¥k *k . .
PNE (ip. kp. 4)= + 08th = QM1 * TH PNT(i, )=—X(¢=¢.1=1n,,{ =¢&,)
PNE (ip. kp, 5)= - 08th * QM1 * TP1 o¢
PNE (ip. kp, 6)= - 08th * QP1 * TP1
PNE (ip. kp, )= + 08th * QP1 * TP1
BT (1b b 8 R O * N, I
Ip, = - *k %k - —
PNT(iB, jB 2)= - 08th * QP1 * EMI 5 (Gis7564) = 8( 77,-)(1 &)
PNT (ip. jp. 3)= - 08th * QP1 * EP1
G N |
1p, = + ¥k k 2
PNT (ip. Jp. 6)= + 08th % QP1 * ENI 5 (Gi:775,6) = +§(1 nj)(l—gk)
PNT (ip. jp, 7= + 08th * QP1 * EP] <
EﬂT(lp, ip. 8)= + 08th * QM1 * EP1 N i
0
onids (&0 =+ 7 J1-¢,)
enddo 5 8
do icel= 1, ICELTOT N, 1( )(1 )
CONDO= COND g (&is7>6k) = - 1+n, 1=,
ini= ICELNOD (icel, 1)
5= GECNOD (el 3 i d .
= 1Ccel,
Eﬂg‘f }SEtNSBE“’eI' 3‘3 First Order Derl_vatlve
in6= [CELNOD (icel’ 6) of Shape Functions at

in7= ICELNOD (icel 7)
ing= ICELNOD (icel & (fiﬂ?jagk)
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111

MAT ASS MAIN (3/6)

PNQ (jp, kp, 1)= — 08th * EM1
PNQ (jp, kp, 2)= + 08th * EM1
PNQ (jp, kp, 3)= + 08th * EP1
PNQ (jp, kp, 4)= - 08th * EP1
PNQ (jp, kp, 5)= - 08th * EM1
PNQ (jp, kp, 6)= + 08th * EM1
PNQ (jp, kp, 7)= + 08th * EP1
PNQ (jp, kp, 8)= — 08th * EP1
PNE (ip, kp, 1)= — 08th * QM1
PNE (ip, kp, 2)= — 08th * QP1
PNE (ip, kp, 3)= + 08th * QP1
PNE (ip, kp, 4)= + 08th * QM1
PNE (ip, kp, 5)= — 08th * QM1
PNE (ip, kp, 6)= — 08th * QP1
PNE (ip, kp, 7)= + 08th * QP1
PNE (ip, kp, 8)= + 08th * QM1
PNT (ip, jp, 1)= — 08th * QM1
PNT (ip, jp, 2)= — 08th * QP1
PNT (ip, jp, 3)= — 08th * QP1
PNT (ip, jp, 4)= — 08th * QM1
PNT (ip, jp, 5)= + 08th * QM1
PNT (ip, jp, 6)= + 08th * QP1
PNT (ip, jp, 7)= + 08th * QP1
PNT (ip, jp, 8)= + 08th * QM1

enddo

enddo

enddo

do icel= 1, ICELTOT

CONDO= COND

in1= ICELNOD (icel,
in2= ICELNOD (icel,
in3= ICELNOD (icel,
in4= ICELNOD (icel,
in5= ICELNOD (icel,
in6= ICELNOD (icel,
in7= ICELNOD (icel,
in8= ICELNOD (icel,

* TM1
* TM1
* TM1
* TM1
* TP1
* TP1
* TP1
* TP1
* TM1
* TM1
* TM1
* TM1
* TP1
* TP1
* TP1
* TP1
* EM1
* EM1
* EP1
* EP1
* EM1
* EM1
* EP1
* EP1

(-1,+1,+1) (+1,+1,+1)

(-1-L+1) (+1,-1,+1)

(&n.¢)=(-1,-1,-1) (+1,-1,-1)
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MAT ASS MAIN (4/6)

inl
in2
in3

in4

g Node ID (Global) (i)
nodLOCAL (7)= in7

nodLOCAL (8)= in8 (-1,-1,+1)

X1= XYZ (in1,

X2= XYZ (in2,

X3= XYZ (in3,

X4= XYZ (in4,

X5= XYZ (inb,

X6= XYZ (in6,

X7= XYZ (in7,

X8= XYZ (in8,

Y1= XYZ (in1,

Y2= XYZ (in2,

Y3= XYZ (in3,

Y4= XYZ (in4,

Y5= XYZ (inb,

Y6= XYZ (in6,

Y7= XYZ (in7,

Y8= XYZ (in8,

QVC= 08th * (X1+X2+X3+X4+X5+X6+X7+X8+
& Y1+Y2+Y3+Y4+Y5+Y6+Y7+Y8)

Z1= XYZ(in1, 3)

2= XYZ(in2, 3)

Z3= XYZ(in3, 3)

Z4= XYZ (in4, 3)

Z5= XYZ (inb, 3)

26= XYZ(in6, 3)

Z7= XYZ(in7, 3)

Z8= XYZ(in8, 3)

call JACOBI (DETJ, PNQ, PNE, PNT, PNX, PNY, PNZ,
X1, X2, X3, X4, X5, X6, X/, X8,
Y1, Y2, Y3, Y4, Y5, Y6, Y/, Y8,
21, 72, 73, 74, 15, 16, 71, 18 )

N e o N N NN

(&n.0)=(-1,-1,-1) (+1,-1,-1)

NONNPNNNNN — e e
R N T N g N N W Nl N N A g

Qo 2o o
Qo o o
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Qo o o

nodLOCAL (8)

X1= XYZ (in1,
X2= XYZ (in2,
X3= XYZ (in3,
X4= XYZ (in4,
X5= XYZ (inb,
X6= XYZ (in6,
X7= XYZ (in1,
X8= XYZ (in8,

MAT ASS MAIN (4/6)

in
in2
in3
in4
ind
in6
in/
in8

— ek ) —) —) —) — —
N e e N/ N N NN

X-Coordinates
of 8 nodes

Y1= XYZ(in1, 2)
Y2= XYZ(in2, 2)
Y3= XYZ(in3, 2)
Y4= XYZ(in4, 2)
Y5= XYZ(inb, 2)
Y6= XYZ(in6, 2)
Y7= XYZ(in1, 2)
Y8= XYZ(in8, 2)

Y-Coordinates
of 8 nodes

QVC= 08th * (X1+X2+X3+X4+X5+X6+X7+X8+
Y1+Y2+Y3+Y4+Y5+Y6+Y7+Y8)

Z1= XYZ(in1, 3)
Z2= XYZ(in2, 3)
Z3= XYZ(in3, 3)
Z4= XYZ(in4, 3)
Z5= XYZ(inb, 3)
Z6= XYZ(in6, 3)
Z7= XYZ(in1, 3)
Z8= XYZ(in8, 3)

Z-Coordinates
of 8 nodes

call JACOBI

(DETJ, PNQ, PNE,
X1, X2, X3, X4,
Y1, Y2, Y3, Y4,
21, 72, 13, 4,

PNT, PNX, PNY, PNZ,

X5, X6, X7, X8,
Y5, Y6, Y7, Y8,
Z5, 76, 71, 18)

(—1,+1,+1)

(-1,-1,+1)

(&.1.¢)=(1-1-1)

Qo o o
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Qo 2o o

nodLOCAL (8)

X1= XYZ (in1,
X2= XYZ (in2,
X3= XYZ (in3,
X4= XYZ (in4,
X5= XYZ (inb,

X6=
X1=
X8=

XYZ (in6,
XYZ (in7,
XYZ (in8,

Y1= XYZ (in1,
Y2= XYZ(in2,
Y3= XYZ (in3,
Y4= XYZ (in4,
Y5= XYZ (inb,
Y6= XYZ (in6,
Y7= XYZ(in,
Y8= XYZ (in8,

QVC= 08th *

Z1= XYZ(in1,

L2=
£3=

XYZ (in2,
XYZ (in3,

Z4= XYZ(in4,
Z5= XYZ(inb,
26= XYZ(in6,

Z7= XYZ(in7, 3

114

MAT ASS MAIN (4/6)

in
in2
in3
in4
ind
in6
in/
in8

N S S S S S SN S N N N N N N NN

X-Coordinates
of 8 nodes

Y-Coordinates
of 8 nodes

(XT+X2+X3+X4+X5+X6+XT7+X8+
Y1+Y2+Y3+Y4+Y5+Y6+Y7+Y8)

Z8= XYZ(in8, 3)

call JACOBI (DETJ, PNQ, PNE,
X2, X3, X4,
Y2, Y3, Y4,
[2, 13, 74,

X1,
Y1,
1,

PNT, PNX, PNY, PNZ,

X5, X6, X7, X8,
Y5, Y6, Y7, Y8,
Z5, 76, 71, 18)

(—1,+1,+1)

(-1,-1,+1)

(‘fs 7, é/) = (_ 1’_1’_1)
0 oT o oT 0

(l ax%@y(i 6yj 7

Q(x,y,z)=QVOL|x. + Y|

Heat Gen. Rate is a function of location
(cell center: x.,y,)

[ﬂgjw(x y,2)=0

OX 0z

&
&
&
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Qo 2o o
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MAT ASS MAIN (4/6)

in
in2
in3
in4
ind
in6
in/
in8

nodLOCAL (8)

X1= XYZ (in1,
X2= XYZ (in2,
X3= XYZ (in3,
X4= XYZ (in4,
X5= XYZ (inb,
X6= XYZ (in6,
X7= XYZ (in7,
X8= XYZ (in8,
Y1= XYZ (in1,
Y2= XYZ (in2,
Y3= XYZ (in3,
Y4= XYZ (in4,
Y5= XYZ (inb,
Y6= XYZ (in6,
Y7= XYZ (in7,
Y8= XYZ (in8,
QVC= 08th * (X1+X2+X3+X4+X5+X6+X7+X8+

Y1+Y2+Y3+Y4+Y5+Y6+Y7+Y8)
Z1= XYZ (in1,

22= XYZ(in2,
Z3= XYZ(in3,
Z4= XYZ(in4, 3)
Z5= XYZ(inb, 3)
26= XYZ(in6, 3)
Z7= XYZ(in7, 3)
Z8= XYZ(in8, 3)

call JACOBI (DETJ, PNQ, PNE,
X1, X2, X3, X4,
Y1, Y2, Y3, Y4,
21, 72, 13, 4,

P N N N N N N e P e e s e e g

l\)l\)l\)l\)l\)l\)l\)l\)—‘—*—k—k—k—n—m—x

X5, X6, X7, X8,
Y5, Y6, Y7, Y8,
Z5, 76, 71, 18)

(—1,+1,+1)

(-1,-1,+1)

(&.1.¢)=(1-1-1)

PNT, PNX, PNY, PNZ,

0 ol o ol 0 ol
A A A—

8x( ax)+8y( 8yj Gz( azj+Q(X y,2)=0
Q(X, ¥,2)=QVOLJx + Y|
QVC =|x; + Y|

Qo o o
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Qo @o o

nodLOCAL (8)

X1= XYZ (in1,
X2= XYZ (in2,
X3= XYZ (ing,
X4= XYZ (in4,
X5= XYZ (inb,
X6= XYZ (in6,
X7= XYZ (in7,
X8= XYZ (in8,
Y1= XYZ(in1,
Y2= XYZ(in2,
Y3= XYZ(in3,
Y4= XYZ (in4,
Y5= XYZ (inb,
Y6= XYZ(in6,
Y7= XYZ(inT,

Y8= XYZ(in8,

MAT ASS MAIN (4/6)

in
in2
in3
in4
ind
in6
in/
in8

l\)l\)l\)l\)l\)l\)l\)l\)—‘—‘—*—*—*—*—‘—‘
R N T N g N N W Nl N N A g

QVC= 08th * (X1+X2+X3+X4+X5+X6+X7+X8+
Y1+Y2+Y3+Y4+Y5+Y6+Y7+Y8)

Z1= XYZ(in1,
22= XYZ(in2,

Z3= XYZ(in3,

Z4= XYZ(in4, 3)

Z5= XYZ(inb,
26= XYZ(in6,
Z7= XYZ(inT,

3)
3)

3)
Z8= XYZ(in8, 3)

cal | JACOBI (DETJ, PNQ, PNE,
X1, X2, X3, X4,
Y1, Y2, Y3, Y4,
21, 72, 173, 74,

PNT, PNX, PNY, PNZ,

X5, X6, X7, X8,
Y5, Y6, Y7, Y8,
Z5, 16, 71, 18 )

Qo @o o

116



FEM3D

&
&

JACOBI (1/4)

subroutine JACOBI (DETJ, PNQ, PNE, PNT, PNX, PNY, PNZ,
X1, X2, X3, X4, X5, X6, X7. X8, Y1, Y2, Y3, Y4 Y5 Y6, Y7, Y8, &
21, 72, 73, 74, 15, 76, 71, 18')

calculates JACOBIAN & INVERSE JACOBIAN
dNi/dx, dNi/dy & dNi/dz

implicit REAL*8 (A-H, 0-2)

dimension DETJ(2, 2, 2)

dimension PNQ(2,2,8), PNE(2,2,8), PNT(2, 2, 8)
dimension PNX(2,2,2,8), PNY(2,2,2,8), PNZ(2,2,2,8)

do kp=1, 2
do jp=1, 2
do ip=1, 2
PNX (ip, jp, kp, 1)=0. dO
PNX (ip, Jp, kp, 2)=0. dO
PNX (ip, Jp, kp, 3)=0. dO
PNX (ip, Jp, kp, 4)=0. dO
PNX (ip, Jp, kp, 5)=0. dO
PNX (ip, Jp, kp, 6)=0. dO
PNX (ip. jp. kp, 7)=0. d0
SEReE : :
Ip, JP, KP, 1)=V.
PNY (ip. Jp. kp. 2)=0. d0 Inout ON, ON; OoN, (%, y,,2,)(1
PNY (Cip, jp, kp, 3)=0. d0 F) 5 5 s \ N » Y\, I
PNY (ip, jp, kp, 4)=0. d0 o oOn o0¢
PNY (ip, jp, kp, 5)=0. d0 - -
PNY (ip, jp, kp, 6)=0. dO - -
PNY (ip, jp, kp, 7)=0. d0 8N| aNl @Nl
PNY (ip. jp. kp, 8)=0. dO0 Output , , det‘J‘
PNZ Cip, jp, kp, 1)=0. dO X ay 0z
PNZ (ip. jp. kp, 2)=0. dO |
PNZ (ip, jp, kp, 3)=0. d0
ARTEEE -
Enggigijﬁgitgi%zggg Values at each Gaussian Quad.
Ip, Jp, Kp, =0. . . . .
PNZ ip. Jp. kp. 8)=0. d0 Points: (ip,jp.kp)
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Partial Diff. on Natural Coord. (1/4)

« According to formulae:

8Ni(§,77,§):@Ni OX +8Ni @y+8Ni 0z
o0& ox 0 oy o& o0z 0&
8Ni(§,77,§):@Ni OX +8Ni oy +8Ni 0z
on oXx on oy on 07 On
aNi(é,n,g)zﬁNi OX +8Ni oy +6Ni 0z
o¢ OX 0, oy 0 07 0¢

ON. ON. ON.
88 on oc | can be easily derived according to definitions.

P\li ON. oN.

, , are required for computations.
ox oy oz
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Partial Diff. on Natural Coord. (2/4)

e |In matrix form:

N | [ox oy azffen]  [eN,
0g O 0Og 0g || ox OX
ON, OXx oy oz ||oN, ON,
s —1b= 3 >:[J]<—>
on on oOn on|| oy oy
ON; oXx oy oz ||oN. ON;
oc ) |o¢ o¢c oc |ler ) 67 |

[J] : Jacobi matrix, Jacobian
[J]: Jo Jn Jy
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Partial Diff. on Natural Coord. (3/4)

 Components of Jacobian:

X o[ N, oy o< N,
Jll_@g_@g(;l\lix'j .1595 le_@é:_@é:[;l\liyij ,Z:‘@é‘y'

0z O (< aN
J”_ﬁé_@é(;l\liz'j 2 oe "

8 8 8 8
Jy = X = 0 ZNiXi = %Xi, Jy = 2 = 0 ZNiyi :Z%yia
on  0On o 07 on  on\'g o on
8 8
23 = oz = 0 ZNiZi = %Zi
on  on\i5 o on
X 0 (< 5. ON 0 (< 5, ON
‘]31: = ZNIXI = —II 32 = 8y (Z i |j Z—yM
o¢ 0¢\'o o 0¢ o¢ os\5 - 0¢
8 8
Jy = 52 0 ZNiZi = %Zi
8/; 6; =1 =1 ag
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JACOBI (2/4)

DETERMINANT of the JACOBIAN

IC
IC

cPoPodod oFoPodod oFoFodod oJododod oFododed oFododed

dXdQ
dYdQ
dZdQ
dXdE
dYdE
dZdE

cPoPodod oFoPodod oFoPodod oJododod oFododed oFododed
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IC
10==

RORORORO QOO EROEO Q00O R0

dXdT =
+
+
+
+
dYdT =
+
+
+
+
dzdT =
+
+
+
+
DETJ(ip. jp

*
*
*
*

PNT (ip, jp, 1
PNT (ip, jp, 3
PNT (ip, jp, 5
PNT (ip, jp, 7

PNT (ip, jp, 1
PNT (ip, jp, 3
PNT (ip, jp, 5
PNT (ip, jp, 7

PNT Cip, jp, 1) *
PNT Cip, jp, 3) *
PNT (Cip, jp, 5) *
PNT Cip, jp, 7) *

*
*
*

)
)
)
)
) *
)
)
)
)
)

JACOBI (3/4)

X1 + PNT (ip, j
X3 + PNT (ip, j
X5 + PNT (ip, j
X7 + PNT (ip, j
Y1 + PNT (ip, j
Y3 + PNT (ip, j
Y5 + PNT (ip, j
Y7 + PNT (ip, j
Z1 + PNT (ip, |
Z3 + PNT (ip, |
Z5 + PNT (ip, |
Z1 + PNT (ip, |

,2)
,4)
, 6)
,8)

,2)
,4)
, 6)
,8)

,2)
,4)
, 6)
,8)

, kp) = dXdQ* (dYdE*dZdT-dZdExdYdT) +
dYdQ* (dZdE*dXdT-dXdE*dZdT) +

dZdQ+ (dXdE*dYdT-dYdE*dXdT)

INVERSE JACOBIAN

coef= 1.d0 / DETJ(ip, jp.

all= coef
al2= coef
al3= coef

a21= coef
a22= coef
a23= coef

a31= coef
a32= coef
a33= coef

*
*
*
*
*
*

*
*
*

kp)
( dYdExdZdT - dZdExdYdT )
( dZdQxdYdT - dYdQ*dZdT )
( dYdQxdZdE - dZdQxdYdE )
( dZdExdXdT - dXdExdZdT )
( dXdQxdZdT - dZdQxdXdT )
( dZdQxdXdE - dXdQxdZdE )
( dXdExdYdT - dYdExdXdT )
( dYdQxdXdT - dXdQxdYdT )
( dXdQxdYdE - dYdQxdXdE )

DETJ (ip, jp, kp)= dabs (DETJ (ip, jp, kp))

* X2
* X4
* X6
* X8

* Y2
* Y4
* Y6
* Y8

* /2
* /4
* /6
* /8

RORORORO QOO EROEO Q00O RS

Qo o

[J]
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Partial Diff. on Natural Coord. (4/4)

« Partial differentiation on global coordinate system
IS Introduced as follows (with inverse of Jacobian
matrix (3 X 3))

-1

oN,| | ox ez | [oN, N,
OX 0 0¢ 0Og | |0g 0
[N o oy ez | N, | o, |
oy on oOn 0n on on

Nl x oy | |oN, N,
o) loc ac oc) lec)  lec
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IC

RORORORO QOO EROEO Q00O R0

Qo o

dXdT

JACOBI (3/4)

+ PNT (ip, jp, 1) * X1 + PNT (ip, jp, 2)
+ PNT (ip, jp,3) * X3 + PNT (ip, jp, 4)
+ PNT (ip, jp,5) * X5 + PNT (ip, jp, 6)
+ PNT (ip, jp, 7) * X7 + PNT (ip, jp, 8)
dYdT =
+ PNT (ip, jp, 1) * Y1 + PNT (ip, jp, 2)
+ PNT (ip, jp,3) * Y3 + PNT (ip, jp, 4)
+ PNT (ip, jp,5) * Y5 + PNT (ip, jp, 6)
+ PNT (ip, jp, 7) * Y7 + PNT (ip, jp, 8)
dzdT =
+ PNT (ip, jp, 1) * Z1 + PNT (ip, jp, 2)
+ PNT (ip, jp,3) * Z3 + PNI(ip, jp, 4)
+ PNT (ip, jp,5) * Z5 + PNI (ip, jp, 6)
+ PNT (ip, jp, 7) = Z7 + PNT (ip, jp, 8)

DETJ (ip, jp, kp)= dXdQ* (dYdExdZdT-dZdExdYdT) +
dYdQ* (dZdExdXdT-dXdExdZdT) +

dZdQ* (dXdE*xdYdT-dYdE*dXdT)

INVERSE JACOBIAN
coef= 1.d0 / DETJ(ip, jp, kp)

all= coef

*
al2= coef *
*

al13= coef

a21= coef

*
a22= coef *
*

a23= coef

a31= coef *
a32= coef *
a33= coef *

dYdExdZdT - dZdExdYdT
dZdQ*dYdT - dYdQxdZdT
dYdQxdZdE - dZdQ*xdYdE

( )
( )
( )
( dZdExdXdT - dXdExdZdT )
( dXdQ*dZdT - dZdQ*dXdT )
( dZdQ*dXdE - dXdQ*dZdE )
E dXdExdYdT - dYdExdXdT g
( )

dYdQxdXdT - dXdQxdYdT
dXd@xdYdE - dYdQ*xdXdE

DETJ (ip, jp, kp)= dabs (DETJ (ip, jp, kp))

* X2
* X4
* X6
* X8

* Y2
* Y4
* Y6
* Y8

* /2
* /4
* /6
* /8

RORORORO QOO EROEO Q00O RS

Qo o

a11
a21

a31

a12
a22

a32

QD

13

a23

a33
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IC

IC== set _the dNi/dX,

PNX (ip,
PNX (ip, jp,
PNX (ip, jp,
PNX (ip, jp,
PNX (ip, jp,
PNX (ip, jp,
PNX (ip, jp,
PNX (ip, Jp,

PNY (ip, jp,
PNY (ip, jp,
PNY (ip, jp,
PNY (ip, jp,
PNY (ip, jp,
PNY (ip, jp,
PNY (ip, jp,
PNY (ip, Jp,

PNZ (ip, jp,
PNZ (ip, jp,
PNZ (ip, jp,
PNZ (ip, jp,
PNZ (ip, jp,
PNZ (ip, jp,
PNZ (ip, jp,
PNZ (ip, J

enddo
enddo
enddo

O~NOOCIhwWwN— O~NOoOCIhwWwN—QO

O~ CIhwWwN—

e NN e NN SN =

al1xPNQ (jp, k
al1*PNQ (jp,
al1#PNQ (jp,
al1#PNQ (jp,
al1#PNQ (jp,
al1%PNQ (jp,
al1#PNQ (jp,
al1#PNQ (jp,

a21*PNQ (jp,
a21%PNQ (jp,
a21%PNQ (jp,
a21*PNQ (jp,
a21*PNQ (jp,
a21%PNQ (jp,
a21%PNQ (jp,
a21%PNQ (jp,

a31*PNQ (jp,
a31*PNQ (jp,
a31*PNQ (jp,
a31*PNQ (jp,
a31*PNQ (jp,
a31*PNQ (jp,
a31*PNQ (jp,
a31*PNQ (jp,

JACOBI (4/4)

/dY & dNi/dZ components

+ al2xPNE (ip, kp, 1) + al13*PNT (ip, jp, 1)
+ al2xPNE (ip, kp, 2) + al13*PNT (ip, jp, 2)
+ al2xPNE (ip, kp, 3) + al13*PNT (ip, jp, 3)
+ al2xPNE (ip, kp, 4) + al13*PNT (ip, jp, 4)
+ al2xPNE (ip, kp, 5) + a13*PNT (ip, jp, 5)
+ al2xPNE (ip, kp, 6) + al13*PNT (ip, jp, 6)
+ al2xPNE (ip, kp, 7) + al13*PNT (ip, jp, 7)
+ al2xPNE (ip, kp, 8) + a13*PNT (ip, jp, 8)
+ a22xPNE (ip, kp, 1) + a23*PNT (ip, jp, 1)
+ a22xPNE (ip, kp, 2) + a23*PNT (ip, jp, 2)
+ a22xPNE (ip, kp, 3) + a23*PNT (ip, jp, 3)
+ a22xPNE (ip, kp, 4) + a23*PNT (ip, jp, 4)
+ a22xPNE (ip, kp, 5) + a23*PNT (ip, jp, 5)
+ a22xPNE (ip, kp, 6) + a23*PNT (ip, jp, 6)
+ a22xPNE (ip, kp, 7) + a23*PNT (ip, jp, 7)
+ a22xPNE (ip, kp, 8) + a23*PNT (ip, jp, 8)
+ a32xPNE (ip, kp, 1) + a33*PNT (ip, jp, 1)
+ a32xPNE (ip, kp, 2) + a33*PNT (ip, jp, 2)
+ a32xPNE (ip, kp, 3) + a33*PNT (ip, jp, 3)
+ a32xPNE (ip, kp, 4) + a33*PNT (ip, jp, 4)
+ a32xPNE (ip, kp, 5) + a33*PNT (ip, jp, 5)
+ a32xPNE (ip, kp, 6) + a33*PNT (ip, jp, 6)
+ a32xPNE (ip, kp, 7) + a33*PNT (ip, jp, 7)
+ a32xPNE (ip, kp, 8) + a33*PNT (ip, jp, 8)
N - -1 5
”5|\|i ox oy oz ON.
OX 0 05 0s | |0¢
<aNw oX oy oz ON,
= 3
oy on oOn 07§ on
oN, oX oy oz ON,
Loz ) |o¢ oc oc| |o¢

a11
a21

a31

a12
a22

a32

al 3
a23

a33 _

N
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MAT ASS MAIN (5/6)

FEM3D
IC
IC== CONSTRUCT the GLOBAL MATRIX
do ie= 1, 8
ip = nodLOCAL (ie)
do je=1, 8
jp = nodLOCAL (je)
kk= 0

if (jp.ne.ip) then
iiS= index (ip-1) + 1
iiE= index(ip )
do k= iiS, iiE
it ( iﬁem(k).eq.jp ) then
exit
endif
enddo
endif

(—1,+1,+1)

(—1,-1,+1)

Non-Zero Off-Diagonal Block
in Global Matix

A

ip, jp

kk: address in “item”

ip= nodLOCAL[ie]
jp=nodLOCALTJje]

Node ID (ip,jp)
starting from 1

126



Element Matrix: 8x8

|.kijJ (i, J :1---8)

(+1,+1,+1)

(—1,+1,+1)

(-1,-1,+1)

O|1010|0|0]10|0|0||®

O|00|0|0]0|0|0||®
OO0 |0]0|0|@]|0|®

O|O00|010]0|0|0||®

O|010(0|0|0|0|0||®

O|O00|0|0]0|0|0]||®

O|O0|0|0|0]0|0|0|®

O|1010|0|0|0|0|0||®

(+1,-1,-1)

(&1.¢)=(-1,-1-1)
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MAT ASS MAIN (5/6)

IC== CONSTRUCT the GLOBAL MATRIX
do ie= 1, 8
ip = nodLOCAL (ie)
do je=1, 8
jp = nodLOCAL (je)
kk= 0 N
i, 1) Element Matrix (i.~j,) : Local ID

| 132 Indextip=l} + 1 Global Matrix (i~j,): Global ID
do k= iiS, iiE
if (item(k).eq.jp ) then o .
Fél;?tk kk:address in “item” starting from “1”
ggdif
endif k: starting from “1”

1p,jp: starting from “1”
(—1,+1,+1) (+1,+1,+1)

(-1,-1+1) (+1,-1,+1)
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MAT ASS MAIN (6/6)

QO =0.d0
COEFi j= 0.d0
do kpn= 2
do jpn=
do ipn=1, 2

coef= dabs (DETJ (ipn, jpn, kpn) ) #WEI (ipn)*WET (jpn) *WEI (kpn)

PNXi= PNX (ipn, jpn, kpn, ie)
PNYi= PNY (ipn, jpn, kpn, ie)
PNZi= PNZ (ipn, jpn, kpn, ie)

PNXj= PNX (ipn, jpn, kpn, je)
PNY j= PNY (ipn, jpn, kpn, je)
PNZ j= PNZ (ipn, jpn, kpn, je)

COEFi j= COEFij + coef * GONDO
& (PNXi*PNX j+PNY i #PNY j+PNZ i *PNZ j)

SHi= SHAPE (ipn, jpn, kpn, ie)
QvV0= QVO + SHi * QVOL * coef
enddo
enddo
enddo

— ) —h
N

if (jp.eq.ip) then
D(ip)= DC(ip) + COEFij
?(ip)= B(ip) + QVOxQVC

else
AMAT (kk)= AMAT (kk) + COEFi

endif
enddo el
onddo —ffffza'\'i Ny N5 NN eyl hedmde
regurn —1—1—11 oX  OX ay ay oz 0z
en
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130

MAT ASS MAIN (6/6)

0.d0

COEFij= 0.d0
2

2

do kpn= 1,
do jpn= 1,
do ipn=1, 2

coef= dabs (DETJ (ipn, jpn, kpn) ) #WEI (ipn)*WET (jpn) *WEI (kpn)

PNXi= PNX (ipn, jpn, kpn, ie)
PNYi= PNY (ipn, jpn, kpn, ie)
PNZi= PNZ (ipn, jpn, kpn, ie)

PNXj= PNX (ipn, jpn, kpn, je)
PNY j= PNY (ipn, jpn, kpn, je)
PNZ j= PNZ (ipn, jpn, kpn, je)

COEFi j= COEFij + coef * GONDO
(PNXi*PNX j+PNY i #PNY j+PNZ i *PNZ j)

SHi= SHAPE (ipn, jpn, kpn, ie)

QVO= QVO + SHi * QVOL * coef +1o+41 41
code L= [ [f(&n.¢) dédnds
enddo a4
if (jp.eq.ip) then L M N
D(ip)= D(ip) + COEF ] :Z Z Z W, 'Wk’f(fiaﬂjagk)l

?(ip)= B(ip) + QVO*QVC
else
AMAT (kk)= AMAT (kk) + COEFi

endif
enddo
enddo ey ON, ON; ON, ON, ON, ON;
enddo _”j{z B~ axj +A = ayj +A ~ azj det|J| flednpdg

return -1-1-1
end
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MAT ASS MAIN (6/6)

0.d0

COEFij= 0.d0
2

2

do kpn= 1,
do jpn= 1,
do ipn=1, 2

coef= dabs (DETJ (ipn, jpn, kpn) ) *WEI (ipn)*WEI (jpn)+WEI (kpn)

PT1= PNY 1o Jon. ko, 10 £ =W, -W. -W, -det]( )
PNZi= PNZ (ipn, jpn. kpn, i0) SRS Sl =ik =W © et‘ SioM> 5k

PNXj= PNX (ipn, jpn, kpn, je)
PNY j= PNY (ipn, jpn, kpn, je)
PNZ j= PNZ (ipn, jpn, kpn, je)

COEFi j= COEFij + coef * GONDO
(PNXi*PNX j+PNY i #PNY j+PNZ i *PNZ j)

SHi= SHAPE (ipn, jpn, kpn, ie)

QVO= QVO + SHi * QVOL * coef +1o+41 41
code L= [ [f(&n.¢) dédnds
enddo a4
if (jp.eq.ip) then L M N
D(ip)= D(ip) + COEF ] :Z Z Z W, 'Wk’f(fiaﬂjagk)l

?(ip)= B(ip) + QVO*QVC
else
AMAT (kk)= AMAT (kk) + COEFi

endif
enddo el
onddo —ffffz ON, ON; | N OB, N, aNj}det\J\ i&dndg
re’gurn —1—1—11 oX  OX ay ay oz 0oz
en




MAT ASS MAIN (6/6)

QO =0.d0
COEFi j= 0.d0
do kpn= 2
do jpn=
do ipn=1, 2

coef= dabs (DETJ (ipn, jpn, kpn) ) #WEI (ipn)*WET (jpn) *WEI (kpn)

PNXi= PNX (ipn, jpn, kpn, ie)
PNYi= PNY (ipn, jpn, kpn, ie)
PNZi= PNZ (ipn, jpn, kpn, ie)

PNXj= PNX (ipn, jpn, kpn, je)
PNY j= PNY (ipn, jpn, kpn, je)
PNZj= PNZ (ipn, jpn, kpn, je)

— ) —h
N

G O PN APNY  PNY +PNZ +PNZ ) _kijJ (Ia J=1.. 8)
SHi= SHAPE (ipn, jpn, kpn, ie) j
enngZOVOJrSHi * QVOL * coef olololololololole
onddo ololololo|o|o]o|e
inggqubi(ri)z))tEe(r;OEFij i OlO|0O|O|10|0|@|0O||®
el?éép):B(ip) + QVO*QVC O|0|0|0|0|0|0|0||®
AMAT (kk)= AMAT (kk) + COEFi j C|0|0|0|0|0|0|0|| @
enddo. ololololo|o|o]o|e
enddo. " ololololololo|o]e
return Ol0|0|O0|0|O|0|0|| @

end
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%#4175 : MAT ASS MAIN (6/6)

Qv0O =0.d0
COEFi j= 0.d0
do kpn= 2
do jpn=
do ipn=

— ) —h
N

, 2
coef= dabs (DETJ (ipn, jpn, kpn))*WEI (ipn)*WEI (jpn) *WEI (kpn)

PNXi= PNX (ipn, jpn, kpn, ie)
PNYi= PNY (ipn, jpn, kpn, ie)
PNZi= PNZ (ipn, jpn, kpn, ie)

PNXj= PNX (ipn, jpn, kpn, je)
PNY j= PNY (ipn, jpn, kpn, je)
PNZj= PNZ (ipn, jpn, kpn, je)

COEFi j= COEFij + coef * GONDO

& (PNX i xPNX j+PNY i «PNY j+PNZ i *PNZ j)
SHi= SHAPE (ipn, jpn, kpn, ie)
QV0= QVO + SHi * QVOL * coef
enddo
enddo
enddo
if (jp.eq.ip) then
D(ip)= D(ip) + COEFij
?(ip): B(ip) + QVO*QVG
else
AMAT (kk) = AMAT (kk) + COEFi j
endif
enddo
enddo
enddo
return

end

K"} = (1)
117 = [QN av

Q(x,y,2)=QVOL|X. + Y|
QVC =X + Y|
QV0=[QVOL[NTdv

[f]¥ =QVo0.QvC
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MAT ASS BC: Overview

do i=1, N

“Mark” nodes where Dirichlet B.C. are applied (IWKX)
enddo
do i=1, N

if (IWKX(i, 1).eq.1) then
corresponding components of RHS (B),
Diagonal (D) are corrected
do k= index(i-1)+1, index(i)
corresponding comp. of non-zero off-diagonal
components (AMAT) are corrected

enddo
endif
enddo NZ

T=0@Z=2z

max

doi=1, N
do k= index (i-1)+1, index(i) >
it (IWKX(item(k),1).eq. 1) then / Y

NX

corresponding components of RHS and AMAT are corrected (col.) NY
endif
enddo
enddo
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MAT ASS BC (1/2)

subroutine MAT_ASS_BC
use pfem util
implicit REAL*8 (A-H, 0-2)

al locate (IWKX(N, 2))

IWKX= 0
IC
IC== Z=7max
do in=1, N
IWKX (in,1)= 0
enddo
ib0= -1

do ibO= 1, NODGRPtot
if (NODGRP_NAME (ib0).eq. Zmax') exit
enddo

do ib= NODGRP_INDEX (ib0O-1)+1, NODGRP_INDEX (ib0)
in= NODGRP_ITEM(ib)
IWKX (in, 1)= 1

enddo

If the node “in” is included in the
node group “Zmax”

IWKX(in,1)= 1
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MAT ASS BC (2/2)

do in=1, N
( ).eqg.1) then

if (IWKX
B(in)=
D(in)=

iS= index(in-1) + 1
iE= index(in )
do k= iS, iE
AMAT (k)= 0.d0
enddo
endif
enddo

do in=1, N
iS= index(in-1) + 1
iE= index(in )
do k= iS, iE
if (IWNKX(item(k),1).eq.1) then
AMAT (k)= 0.d0
endif
enddo
enddo

in, 1
0.do0
1.d0

I0==
return
end
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1D Steady State Heat Conduction

heat generation/volume Q

o(,0T :
% I l 8x(/18xj+Q_O

x=0 (Xmin)
o Uniform: Sectional Area: A, Thermal
Conductivity: 4
« Heat Generation Rate/Volume/Time [QL3T2] Q

e Boundary Conditions
—x=0 : T=0  (Fixed Temperature)

oT

— X=Xray - e 0 (Insulated)

X= Xmax




(Linear) Equation at x=0
T,=0 (or T4=0)

heat generation/volume Q N |
A +Q=0
OX\ OX

x=0 (Xmin)
o Uniform: Sectional Area: A, Thermal
Conductivity: 4
« Heat Generation Rate/Volume/Time [QL3T2] Q

e Boundary Conditions
—x=0 : T=0  (Fixed Temperature)

oT

— X=Xray - e 0 (Insulated)

.

X= Xmax
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Program: 1d.f (6/6)
Dirichlet B.C. @ X=0

IC

IC + :

IC | BOUNDARY CONDITIONS T,=0

IC + :

1C===

Diagonal Component=1

50 o RHS=0

= X?im{n Off-Diagonal Components= 0.
jS= INDEX (i-1) ]
AMAT (jS+1)= 0. d0 B
DIAG(i)= 1.d0 —
RHS (i)= 0.d0 H
do k= 1, NPLU N

if (ITEM(k).eq. 1) AMAT (k)= 0.d0 —

enddo B
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Program: 1d.f (6/6)
Dirichlet B.C. @ X=0

IC
IC :
IC | BOUNDARY CONDITIONS
IC :
!C:::
1C
IG— X=Xmin
=1
jS= INDEX (i-1)
AMAT (jS+1)= 0.d0
DIAG(i)= 1.d0
RHS (i)= 0.d0
do k=1, NPLU

1C===

if (ITEM(k).eq.1) AMAT (k)= 0.d0
enddo

T,=0

Diagonal Component=1
RHS=0

Off-Diagonal Components= 0.

Erase !
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Program: 1d.f (6/6)
Dirichlet B.C. @ X=0

IC

IC + : T,=0

IC | BOUNDARY CONDITIONS

5g_i_ ’ Diagonal Component=1

a RHS=0

1C Oft-Diagonal Components= 0.

1C— X=Xmi — :

C Xiim{” Elimination and Erase
jS= INDEX (i-1) ]
AMAT (jS+1)= 0. d0 B
DIAG(i)= 1.d0 —
RHS (i)= 0.d0 |
do k= 1, NPLU N

if (ITEM(k).eq.1) AMAT (k)= 0.d0 -

enddo B

1C=== -

Column components of boundary nodes (Dirichlet B.C.) are
moved to RHS and eliminated for keeping symmetrical feature of
the matrix (in this case just erase off-diagonal components)
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IC
IC 4

IC 4

IC | BOUNDARY CONDITIONS |

! C:::

IC

IC— X=Xmin

=1
JS= INDEX (i-1)

AMAT (jS+1)= 0. d0
DIAG(i)= 1.d0
RHS (i)= PHImin

do i=1, N
do k= INDEX(i-1)+1,

142

if T, 0

Column components of boundary nodes
(Dirichlet B.C.) are moved to RHS and
eliminated for keeping symmetrical feature
of the matrix.

Index[ j+1]-1
Diag ¢, + > Amat, @ = Rhs;

k=Index[ j]

INDEX (i)

if (ITEM(k).eq.1) then
RHS (i)= RHS(i) - AMAT (k) *PHImin

AMAT (k)= 0.d0
endif
enddo
enddo
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if T, 0

IC

:g | BOUNDARY CONDITIONS | e

iC : : Dlagj¢j + Z Ama‘tk ¢Item[k]

=== k=Index[ j],k=ks

1C = Rhs. — Amat

10— ¥=Xmin j ksqéneWWKs]
i= 1 _ _ _
[ ——— = Rhs; — Amat, ¢,,, where Item[k ]=0
AMAT (jS+1)= 0. dO Column components of boundary
DIAG(i)= 1.d0 nodes (Dirichlet B.C.) are moved to
RES (1)= PHlmin RHS and eliminated for keeping
do i=1, N symmetrical feature of the matrix.

do k= INDEX(i—-1)+1, INDEX(i)
if (ITEM(k).eq.1) then
RHS (i)= RHS(i) - AMAT (k) *PHImin
AMAT (k)= 0.d0
endif
enddo
enddo
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I0==

MAT ASS BC (2/2)

do in=1, N
if (INKX(in, 1).eq.1) then
B(in)= 0.d0
D(in)= 1.d0

iS= index(in-1) + 1
iE= index(in )
do k= iS, iE
AMAT (k)= 0.d0
enddo
endif
enddo

do in=1, N
iS= index(in-1) + 1
iE= index(in )
do k= iS, iE
if (IWNKX(item(k),1).eq.1) then
AMAT (k)= 0.d0
endif
enddo
enddo

return
end

Same as 1D case

Boundary Nodes: IWKX(in,1)=1

Erase !l
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I0==

MAT ASS BC (2/2)

do in=1, N

it (IWKX( ).eq. 1) then
B(in)=
D(in)=

iS= index(in-1) + 1
iE= index(in )
do k= iS, iE
AMAT (k)= 0.d0
enddo
endif
enddo

do in=1, N
iS= index(in-1) + 1
iE= index(in )
do k= iS, iE
if (IWKX(item(k),1).eq.1) then
AMAT (k)= 0.d0
endif
enddo
enddo

in, 1
0.do0
1.d0

return
end

Boundary Nodes: IWKX(in,1)=1

Elimination and Erase

Same as 1D case
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test1 input_cntl
main input of control data
input_grid find_node
input of mesh info searching nodes
mat_con0 mSORT
connectivity of matrix sorting
mat_con
connectivity of matrix
mat_ass_main jacobi
coefficient matrix Jacobian
mat_ass_bc

boundary conditions

solvell
Structure of

heat3D output_ucd

Ccg
CG solver
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Main Part

program heat3D

use solverll
use pfem util

implicit REAL=8 (A-H, 0-2)

cal | INPUT_CNTL
call INPUT_GRID

cal | MAT_CONO
cal | MAT_CON1

cal|l MAT_ASS_MAIN
cal|l MAT_ASS_BC

call SOLVE11
call OUTPUT_UCD
end program heat3D
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SOLVE1]

module SOLVER11

contains
subroutine SOLVE11

use pfem_ util
use solver_CG

implicit REALx8 (A-H, 0-2)

integer :: ERROR, ICFLAG
character (Ien=char_length) :: BUF

data ICFLAG/0/

IC
1C +

;8 | PARAMETERs |

ITER
RESID
!C:::
IC
IC + =
;8 | ITERATIVE solver |

pfemlarray (1) Max. Iterations for CG
pfemRarray (1) Convergence Criteria for CG

call GG
& ( N, NPLU, D, AMAT, index, item, B, X, RESID, ITER, ERROR )

ITERactual= ITER

end subroutine SOLVET1
end module SOLVER11
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Preconditioned CG Solver
Diagonal Scaling/Point Jacobi Preconditioning

Compute r(®= b-[A]x(® _ _
for i= 1, 2, . D 0 .. 0 0
solve [M]zG-D= p(-1) 0 D, 0 0
P;i_1= r(i-1) z(i-1) _
if i=1 M]=] ...
pM= zO® 0 0 DN_l 0
else
Bi1= Pi-1/Pis 0 0 .. 0 D]

p(D= zG-D + . . pG-D
endif
q¥’= [A]lp®
o; = pi-1/PHq
x(MD= x@-1) 4 Oﬂip(i)
rd= rG-1 _ g.qd
check convergence |r|

)
>
o
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Diagonal Scaling, Point-Jacobi

D 0 .. 0 0
0 D, 0 0
M]=| ...

e solve [M]z(G 1= r(E-1) |svery easy.
* Provides fast convergence for simple problems.
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&

CG Solver (1/6)

module solver_CG
contains

subroutine CG

(N, NPLU, D, AMAT, index, item, B, X, RESID, ITER, ERROR)

implicit REAL*8 (A-H, 0-2)
include 'precision. inc’

integer (kind=kint ), intent(in):: N, NPLU

integer (kind=kint ), intent(inout):: ITER, ERROR
real (kind=kreal), intent(inout):: RESID

real (kind=kreal), dimension(N) , intent(inout) ::
real (kind=kreal), dimension(NPLU), intent(inout)::
integer (kind=kint ), dimension(0:N ), intent(in) ::
integer (kind=kint ), dimension(NPLU), intent(in) ::

real (kind=kreal), dimension(:,:), allocatable

integer (kind=kint), parameter :: R=
integer (kind=kint), parameter :: Z=
integer (kind=kint), parameter :: Q=
integer (kind=kint), parameter :: P=
integer (kind=kint), parameter :: DD=

A wpNhnpdpND =

integer (kind=kint ) :: MAXIT
real (kind=kreal) :: TOL, W, SS

B, X, D
AMAT
Index

I tem

Co WW
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CG Solver (1/6)

module solver_CG

L

W (i, 1)= WG, R = {r] Compute r®= b-[A]x
. _ . (] or 1= ’ > e
WW(!, 2) - WW(!’ Z) = %Z# ID, solve [M]Z(i—l): -1
WW(i,2)= W(i,Q = 1d pi_= ra- z3a-1H
W (i, 3)= WW(i,P) = [p if =
. . = Z
WW(i,4)= Ww(i,DD) = 1/1{D} 'i’
IHILeger \nNiru—niIIiv ), Irreerie \rrivuL) - - 1LI1LN, ERRO| ﬁ
real  (kind=kreal), intent(inout):: RESID Bi_-1= Pi-1/Pi-2
real (kind=kreal), dimension(N) , intent(inout pM= zG-1) 4 Bi_1 p(-b
real (kind=kreal), dimension(NPLU), intent (inout. endif "
integer (kind=kint ), dimension(0:N ), intent(in) — _
integer (kind=kint ), dimension(NPLU), intent(in) q('): [A]p(')_ ]
| o o; = pij1/pqd
real (kind=kreal), dimension(:, :), allocatable x(D= x@-1) 4 ocip(i)

rd= rG-0 - o.qM®
check convergence |r]|

integer (kind=kint), parameter :: R= 1
integer (kind=kint), parameter :: Z= 2
integer (kind=kint), parameter :: Q= 2
3
4

D
>
o

integer (kind=kint), parameter :: P=
integer (kind=kint), parameter :: DD=

integer (kind=kint ) :: MAXIT
real (kind=kreal) :: TOL, W, SS
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CG Solver (2/6)

IC
IC +———— +
IC | INIT. |
IC +———— +
!C:::
ERROR= 0
allocate (WW(N, 4))
MAXIT = ITER
TOL = RESID
X =0.d0
!C:::
IC + :
IC | {r0}= {b} - [Al{xini} |
IC + :
!C:::
do j=1, N

WW(j, DD)= 1.d0/D(})
WVAL= B(j) - D(j)=*X(J)

do k= index (j-1)+1, index(j)
i= item(k)
WVAL= WVAL - AMAT (k) *X (i)

enddo
WW(j, R)= WVAL
enddo

WW(i, 1)= WW(i,R) =
WW(i,2)= W(i,2) =
WW(i,2)= WW(i,Q =
WW(i,3)= WW(i,P) =
WW(i,4)= Ww(i,DD) =

N —s

O

o e

~ O

Reciprocal numbers (3##{) of diagonal
components are stored in WV(1,DD).

Computational cost for division is
usually expensive.
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CG Solver (2/6)

IC
IC +———— +
IC | INIT. |
IC +———— +
!C:::
ERROR= 0
allocate (WW(N, 4))
MAXIT = ITER
TOL = RESID
X =0.d0
!C:::
IC + :
IC | {r0}= {b} - [Al{xini} |
IC + :
!C:::
do j=1, N

WW(j,DD)= 1.d0/D(})

WVAL= B(j) - D(j)*X(j)

do k= index (j-1)+1, index(})
i= item(k)
WVAL= WVAL - AMAT (k) *X (i)

enddo

WW(j, R)= WVAL

enddo

Compute r(%= b-[A]x(9
for i=1, 2, .
solve [M]zCG-D= G-
1f 1=1
pM= z©
else
Bi-1= Pi-1/Pis _
pHO= z3G-1 + Bi_1 pCi-D
endif
q(O= [A]p®
o; = pi/ptg®
XM= x0-1D + . p®
r(H= pG-1) _ aiq(i)
check convergence |r|
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CG Solver (3/6)

BNRN20= 0. 0
do i=1, N S

BNRM20= BNRM20 + B (i)%+2 BNRM2=| b -
enddo for convergence criteria

of CG solvers
BNRM2= BNRM20

if (BNRM2. eq. 0.d0) BNRM2= 1.d0

ITER = 0
! C===
do iter= 1, MAXIT
IC
| Crskorskotokaiokeorsorskoisksioreorksorskorskokokskorskorskkkkkrskorkokkrkk  Con jugate Gradient Iteration
IC
IC =
IC | {z}= Minv]{r}
IC + =

do i=1, N
WW(i,Z)= WW(i,R) = WW(i, DD)
enddo
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CG Solver (3/6)

BNRM20= 0. d0
do i=1, N

BNRM20= BNRM20 + B (i) **2
enddo

BNRM2= BNRM20

if (BNRM2. eq. 0.d0) BNRM2= 1.d0

ITER = 0
! C===
do iter= 1, MAXIT
IC
!C********************************************
1C
IC + :
IC | {z}= Minv]{r} |
IC + :
do i=1, N
WW(@i,Z)= WW(i,R) * WW(i, DD)
enddo

o

Compute r®= pb-[A]x©®
for 1= 1, 2,

solve [M]zG-ll= p(E-1)
Pi_1= r(i-1) »(@-1)
if i=1
p(l): z(0)
else
Bijlz Pi—_1/Pi-2 _
p(l): z@(-1) 4 Bi—l p(|_1)
endif
q(i): [A]p(i)
o; = pi-1/PMIgd
x(D= x(-D + o .p®
rd= rG-0 - g.q®
check convergence |r|
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CG Solver (4/6)

1C
IC + :
IC | {RHO}= {r}{z} |
IC + !
RHOO= 0. d0
do i=1, N
RHOO= RHOO + WW (i, R)+WW (i, Z)
enddo
RHO= RHOO
IC + :
IC | {p} = {z} if ITER=1 |

IC | BETA= RHO / RHO1 otherwise |
IC + :

if ( ITER.eqg.1 ) then
do i=1, N
WW(i,P)= WN(i,2)
enddo
else
BETA= RHO / RHO1
do i=1, N
WW(i,P)= WW(i,Z) + BETAxWW (i, P)
enddo
endif

Compute r©®= b-[A]x®
for i= 1, 2, .
solve [M]z(-D= rG-D
P;_1= r(i-1) z(i-1)
if i=1
p(1)= z(o)
else
Bi1= Pi-1/Pi-2
p(l): z(i—l) + Bi_l p(i_l)

a;j = pi/pg®

XM= x(G-1D + g.plD
rO= rG-0 - g q®d
check convergence |r]|
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CG Solver (5/6)

IC + :
IC | {al= [Al{p} |
IC + :
' =
do j=1, N
WVAL= D (j)*WW(j, P)
do k= index (j-1)+1, index(})
i= item(k)
WVAL= WVAL + AMAT (k) *WW (i, P)
enddo
WW(j, Q)= WVAL
enddo
IC + :
IC | ALPHA= RHO / {p}{a} |
IC + !
G10= 0.d0
do i=1, N
C10= C10 + WW(i, P)xWW (i, Q)
enddo
G1= C1

ALPHA= RHO / C1
! C:::

o

Compute r®= pb-[A]x©®
for 1= 1, 2,

solve [M]z(-D= rG-D
Pi_1— r(i—l) Z(i—l)
1f 1=1

p(l): z(0)

else

Bi-1= Pi-1/Pi-2

p(i): z@(-1) 4 Bi—l p(i_l)
endif
q®= [A]p®

o; = pi/pHq
XM= xG-D + .pd

rO= rG-10 _ o.qd
check convergence |r]|
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IC

IC 4
IC |
IC

iC :

IC

IC

CG Solver (6/6)

{x}
{r}]

{x} + ALPHA*{p} i
{r} - ALPHA*{q} |

do i=1, N
X(i) =X (i) + ALPHA *= WN(i,P)
WW(i,R)= WW(i,R) — ALPHA * WW(i, Q)
enddo

DNRM20= 0. d0
do i=1, N
DNRM20= DNRM20 + WW (i, R) *x2
enddo
DNRM2= DNRM20
RESID= dsqrt (DNRM2/BNRM2)

if ( RESID. le.TOL ) exit
if ( ITER .eq.MAXIT ) ERROR= -300

RHO1 = RHO
enddo

Compute r®= pb-[A]x©®
for 1=1, 2, ..
solve [M]zG-D= rG-D
pi = rG-D zG-D

if i1=1
p= z©®
else
Bi-1= Pi-1/Pi-2
pd= zG-1D + g, pG-D

endif

qO= [A]p®

oy = pi_l/p(i)q(i)

x(1)= x(i—l) + alp(l)

r(1)= r(i—l) _ alq(l)

check convergence |r]|
end
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CG Solver (6/6)

IC
IC + =
IC | {x}= {x} + ALPHA*{p} |
IC | {r}= {r} - ALPHA*{q} |
IC + :
! C===
do i=1, N
X(i) =X (i) + ALPHA * WW(i, P)
WW(i,R)= WW(i,R) — ALPHA * WW(i, Q)
enddo
! C===
DNRM20= 0. d0
do i=1, N
DNRM20= DNRM20 + WW (i, R) %*2
enddo
DNRM2= DNRM20
RESID= dsqrt (DNRM2/BNRM2)
if ( RESID.le.TOL ) exit
if ( ITER .eq. MAXIT ) ERROR= -300
RHO1 = RHO
enddo

Compute r®= b-[A]x©

for

end

Resid = \/DNormz = U = A=

=1, 2, ..
solve [M]z(-D= rG-D
ra-1n »(i-1)

Pi1=
1f 1=1
pW= z©
else
Bi-1= Pi-1/Pi2
p(M= zG-D + p. . pG-D
endif

qO= [A]pD®

o; = pi-1/PMIgd
x(D= xG-D + . p
rO= G- _ g.q®

check convergence |r|

== <Tol
BNorm2 |b|  |b]



