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Parallel Preconditioning Methods for
Iterative Solvers in Multi-Core Era
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We are now in Post-Peta-Scale Era
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@Eﬂﬂ Projected Performance Development
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* PFLOPS: Peta (=10%°) Floating OPerations per Sec.
* Exa-FLOPS (=1018) will be attained in 2018 or 2019



Exa-Scale Systems

 Peta-scale -> Evolution, Exa-scale -> Revolution

o BRARIZTEMTRIRIRE = (451)
—>108 aAF7#EEDOIRT L DT #HEM (Fault Tolerance)

-ENHEE

s BIROZELINENGED AT L 2MW/PFLOPS (££2{8H)
F2,000/E M

* ExaFLOPS:2GW,

— AF®)—4+—)L[ERE
- 174K Byte/Flop rate (B/F) 0.40 -> 0.10, 0.02 ?

« NADRATLIEE

EEREE HERE

>20MWIZT 2T ENE

HonHHMAER
— H/W, S/W, Applications
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IESP: International Exascale
Software Project

 http://www.exascale.org/

* International Project

— A single country cannot do that ...

— 4 Workshops since 2009
« 5% is during October 18"-19% in Maui, HI, USA

» Current Status
— Discussions on Road-map




Key-Issues towards Appl./Algorithms

on Exa-Scale Systems
RNL/U. Tennessee) at SIAM/PP10
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Hybrid/Heterogeneous Architecture

— Multicore + GPU

— Multicore + Manycore (more intelligent)
Mixed Precision Computation
Auto-Tuning/Self-Adapting

Fault Tolerant

Communication Reducing Algorithms

=)



ACES2010

Heterogeneous Architecture by
(CPU+GPU) or (CPU+Manycore)
will be general in less than 5 years

NVIDIA Fermi Intel Knights Ferry




ACES2010

CPU+Accelerator (GPU, Manycore)
« BULVAEY—/N\KIF
« RIRDGPUIZIZHRALEIER
— 1818 :CPU-GPU/GPU-GPU
- JASS535 OAEHE: CUDA, OpenCLIFIKREZEZDDHHM
— BRBESNF-=TIT)r—3>DHTEIE [FZMFDM, BEM
« A=—27 (Manycores)

— Intel Many Integrated Core Architecture (MIC)
« GPUKYELV:EL\OS, v/ (IMMEZ S
— “Intel Knights Ferry” with 32 cores is available soon for use on
development of programming environment (very limited users)

— “Knights Corner” with >50 cores (22nm) in 2012 or 2013 ?
o« LV
— GPU&Manycore (MICHIZEERR T D) [ RE7ELTES
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 Message Passing
— MPI

* Multi Threading
— OpenMP
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Flat MPI vs. Hybrid
Flat-MPI: Each PE -> Independent

core

core

core
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s B
A &R

e T2KA—T 2R/ (EX)

. HFHIBE

5 ¥ Fi% (Multigrid) BiTAL:

IO

T SCGIE

- MGCG

 Flat MPI vs. Hybrid (OpenMP+MPI)

— Hybrid

- MPIOFOERFERSE B BIEA—/A—AYRHED
o AEYBICIZBEL RS B CEEATHIY L s S —
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T2K (R K) (1/2)

o T2KA—T 2 R/ 1#k

— http://www.open-supercomputer.org/

- FRK, BX, ®RX

e T2KA—T 2R/ (EXK)

University of Tokyo

— H |taCh| HASOOOOEZQDZ%A # nodes = 952 Rpeak = 14_1|0p5 Memory = 31TB

o
= =
R T —

— 20084%6AH ~
— 952/—F (15,23237),

141 TFLOPS peak
e Quad-core Opteron (Barcelona)

— TOP500 5313 (Jun 2010)

full-bisection interconnection f

128 nodes = 640GE/s

256nodes = 640GB/s
S6nodes = 140GB/s

full-bisection inf

terconnection
S512nodes = 2.56TB/s

i e

2010RIMS

storage
1PB; 15GB/s
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T2K (RK) (2/2)

e AMD Quad-core Opteron oMo emo
(Barcelona) 2.3GHz
_ T 1 e
4 SOCketS per nOde L1 L1 |t | <*= (L1 |L1]|Lr]L1
— 16 COreS/ nOde Core|Core|Core|Core Core|Core|Core|Core

e TJ)LFO7, RILFYV vk
e cc-NUMA (cache coherent

#
«
#
«

Noan_l Intfarm Maoamanryy

INULITUTIIUILTTT IVICTTIVUL Y Core|Core|Core|Core Core|Core|Core|Core
L1 (L1 | L1 | L1 L1 | L1 | L1 | L1
Access) —_—
- A—AILAE) EDT—H%ET -
AT ERT 5 S emo

— FEEATRTA R YF
e NUMA control



2010RIMS

lterations
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Weak Scaling: Proble
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Multigrid is scalable

Weak Scaling: Problem Size/Core Fixed
MGCGE D it &R IEIWeak Scaling ] Tl —5% =Scalable

3000 [ 400

| ®ICCG ° | @ICCG
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Flat MPI vs. Hybrid
Flat-MPI: Each PE -> Independent

core

core

core

=
S
S
©
S

_core_

core
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Flat MPI vs. Hybrid

o EREIERRGENTA—FDHA BN EICEOTRFESD

e N—kI7
— a7, CPUDT7—FTO0F7
- E—tgE
— AEYMBENURIE, LATIY)
— BEEMREU\VFE, LA4TY)
— ENLDINTURA
s 77V r—Lay
— #51% : memory bound, communication bound
- BEHY A X

2010RIMS



00000000

Flat MPI, Hybrid (4x4, 8x2, 16x1)

H| her Performance of HB16x1 is important

= m---

Hybrid
- SN |NNEE NEEE
0 1 2 3
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Domain Decomposition
Inter Domain: MPI-Block Jacobi
Intra Domain: OpenMP-Threads (re-ordering)
example: 6 nodes, 24 sockets, 96 cores

L]

HEEE [ OO
HEERE [ CEEC
HEERE [ [ CEEC
HERNE [ EEEC
(1| o
(1| o
1T
EERNC OO
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IJT 11 i ER— < )
« BIKFRBAEBAIZDHITHA=ZRITH T KRN
- K7V AEER
— BKFRHHIIMEHETERNFEIZE>TRE [(Deutsch & Journel,
1998]
e FRAITFELWNIHAERIEZILAYS 2 {FRAL-ARAEE
- BATMEZEEE

o FEHARTGA I E M 1283

g(ﬂ@}g(ﬁ}g(l@qu
ox\ ox) oy\ oy ) oz\ oz
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Groundwater Flow through
Heterogeneous Porous Media

Homogeneous

%

Uniform =7 %
Flow Field Y

w
Heterogeneous

Random
Flow Field
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815 JLIN—DIRE

IL

« HILIE{FECGIE
— Multigrid Hij4LIE

— |C(0) for Smoothing Operator (Smoother)
— Additive Schwartz Domain Decomposition

. M (HefATEHY) B E

= 1k

— BHRE8T R
— V-cycle

— PRI 7 EI 2 : Block-JacobifmArHT0EE, B /S tEis M@ (E
- RULHEVVEF@EFH=70tvyHH) [I1a7 TEE

21
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IC(0) as smoother of Multigrid

* 1C(0) is generally more robust than GS.

* |C(0) smoother with Additive Schwartz Domain
Decomposition (ASDD) provides robust convergence and
scalable performance of parallel computation, even for ill-
conditioned problems [KN 2002].

22



2010RIMS 23

Overlapped Additive Schwartz Domain

Decomposition Method
for Stabilizing Localized Preconditioning

Global Operation
Mz=r

| ocal Operation
Mozg =I’_Ql, |\/|_QZ_nQ =I’_Q Ql Qz

221 20

Global Nesting Correction

n n-1 -1 n-1 n-l
ZQ1 < ZQI +M Q, (r91 - M Q ZQ1 -M N Zrz—>1 ) Ql 4 Qz
] n-1 n-1

n-1 —1
zQe—%2+MQA5;mm%% - M

27 ,)
2 2 IRECE RE r2—>1 F-]_,z
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Hardware/Software

24

T2K/Tokyo
— up to 512 nodes (8,192 cores)
Prog ram fo?orfi?g;lriljg;(:j; ; {k<lndex(i) sl
— Hitachi FORTRAN90 + MPI | VL= YL A ThlekLitem(k]]:
}

— CRS matrix storage

— CM-RCM Reordering for OpenMP
|Ax-b|/|b|=10-12 for Convergence
B

— IRRE&/IMNEKFZFEDLE =107 (10-5~1079)
Multigrid Cycles

— 1 V-cyclel/iteration

— 2 smoothing iterations for restriction/prolongation at every level
— 1 ASDD iteration cycle for each resrtiction/prolongation
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AL IR (= 1B DSMP/Multicore T

OpenMPIZ & A5k

« DAXPY, SMVP, Dot Products

o BIALEE:ILURSE, RIERRRA
— KigiBI72 &R 77 1% (Global dependency)

\

iM% (Reordering) [2& 55

15 TED:

ti

* Multicolor Ordering (MC), Reverse-Cuthill-Mckee (RCM)
« RICBERNOERIEIMII=MF]{LATEE
— MRS T2 L—4 1 MEIT&E1E [KN 2002,2003]

o WHBRUNTLILIEERE

\

5|14 S <K EHCM-RCMZ R A

25
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Effect of Optimization

* 64 cores (4 nodes) of T2K/Tokyo

— 643 cells/core
— 16,777,216 cells

* Full Optimization
— NUMA Control
— First Touch Data Placement

— Further Reordering (with Contiguous/Sequential Memory
Access)
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PC:LLCy Command line switches

0 no command line switches

1 -—cpunodebind=$SOCKET
—-—interleave=all

5 —-—cpunodebind=$SOCKET
——interleave=$SOCKET

3 --cpunodebind=$SOCKET
—-membind=$SOCKET

4 —-—cpunodebind=$SOCKET
—-—-localalloc

5 —-localalloc

100.0

80.0

60.0

SecC.

40.0
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0.0

NUMA control
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L2

L2

L2

L2 | L2

L2 | L2

L1

Core

Core

Core

Core

H

Core|Core

Core|Core

Core

Core

Core

Core

1

!

Core|Core

Core|Core

L1

L1

L1

L1

L1 | L1

L1 | L1

H [nitial ENUMA control

O Full Optimization

Flat MPI

HB 4x4

/

HB 8x2

/

/

HB 16x1
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First Touch Data Placement
EEHDATE) - R— -
A ZtouchL-a7oO—Ah)LAEY EIZFER
HEEFELIES T

do lev= 1, LEVELtot
do 1c= 1, COLORtot(lev)
1Somp parallel do private(ip,i,j,isL,ielL,isU,iel)
do 1p= 1, PEsmpTOT
do 1 = STACKmc(ip,ic-1,lev)+1l, STACKmc(ip,ic,lev)
RHS(1)= 0.d0; X(i)= 0.d0; D(i)= 0.dO

iIsL= indexL(i-1)+1
1eL= 1ndexL(1)
do j= i1sL, 1ielL
itemL()= 0; AL()= 0.dO
enddo

iIsU= 1ndexU(i-1)+1
1eU= 1ndexU(1)
do j= 1sU, 1eU
itemu(@)= 0; AU(g)= 0.dO

enddo

enddo

enddo

1Somp omp end parallel do
enddo
enddo

29



Further Re-Ordering for Continuous
Memory Access: Sequential
5 colors, 8 threads

Initial Vector

\

Coloring color=1 color=2 color=3 color=4 color=5
(5 colors)
+QOrdering *
color=1 color=2 color=3 color=4 color=5
Coalesced
(Original) 1234567I 1/2]3/a|5|6| 7| |2/2[3[4|5|6|7 |8 |1|2|3]4/56|7[@ |1]2]3]4]5]6| 7|
SCUEAEIN |111/1/1]1] 12]2]2]2]2|[3]3]3]3|3] [4]4]4|4|4] [5]5|5]5]5) [6]6|6 6 ]6) |7|7|7|7| | EIEIEIEE




00000000

Flat MPI, Hybrid (4x4, 8x2, 16x1)

H| her Performance of HB16x1 is important

= m---

Hybrid
- SN |NNEE NEEE
0 1 2 3




Effect of F.T. + Sequential Data Access

16,777,216= 64x643 cells, 64 cores, CM-RCM(2)
Time for Linear Solvers

100.0

M [nitial @NUMA control O Full Optimization

80.0

60.0

SecC.

40.0 /

20.0

0.0

Flat MPI HB 4x4 HB 8x2 HB 16x1
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Effect of F.T. + Sequential Data Access

1283 tri-linear hexahedral elements, 6,291,456 DOF
|ICCG Solvers for 3D Linear-Elastic Eqn’s, 32 nodes of T2K (512 cores)
Time for Linear Solvers, HB 4x4 is the fastest

1.50

O Initial
" O SQEE; coalesced
[ | -
% 0 GASE-3 B coalesced + NUMA
S 1.00
5 - coalesced + NUMA +
Q
% i first touch
2 050 F |
© I
< sequential + NUMA +
first touch
0.00

Flat MPI HB 4x4 HB 8x2 HB 16x1
Parallel Programming Models






BHDNR (CM-RCM)
16,777,216= 64x643 cells, 64 cores
BHIIBEZ S LU ITHE, sTEERMIE
CM-RCM(2)h szt LY

lterations

lterations

70

65

60

55 |
50 |

45 L

® Flat MPI
O HB 4x4
~--A---HB 8x2
—/— HB 16x1

10
COLOR#
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—— T2K:HB 16x1
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100
COLOR#
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sec./iteration

0.60

0.50

o
~
o

BRHDONER (CM-RCM)

16,777,216= 64x643 cells, 64 cores
BEMNEZ HEUNEITAE, FTERREIE
CM-RCM2)h&bELY: RIEHT-YEtERMELY

® T2K:Flat MPI

O T2K:HB 4x4
-4k~ T2K:HB 8x2

—— T2K:HB 16x1

10

100

COLOR#

1000

SecC.

28.0

26.0
S 240
0

22.0

20.0

® T2K:Flat MPI
O T2K:HB 4x4
—&-T2K:HB 8x2

—— T2K:HB 16x1
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100

COLOR#

1000
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BRDIHR(CM-RC

RCM: B ERBRXARIZE *&1@75*"%67‘: ,ﬂw\y&l%fr*/
MBEAEIZCESNTLESHBEELH S

2922|1611 7 (4| 2 | 1 33| 1 61|29|62|30(63|31|64|32
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Weak Scaling
643cells/core, up to 8,192 cores (2.05 x 10° cells)

sec. lterations

100 200
(| @ Flat MPI init. [ | @ Flat MPI init.
g0 [ O HB 4x4 init. [ O HB 4x4 init. °
[ A HB 8x2init. ® 150 I 4 HB 8x2init. ®
G g0 [ 4 HB16xIinit ¢ 0 " A HB 16x1 init. ¢
5 : ® | g o _ e %
L E | .- %
) M - - M@W A
20 »@:QV >0 :
0 —— 0
10 100 1000 10000 10 100 1000 10000

CORE# CORE#
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Coarse Grid SolverOX B

. FEE#MMIEZ HERERE
HyiEnn (%F(ZFlat MPI)

« &t AL VEF (Coarse Grid
Solver)
— REIE1 Ay AT T=KEE
T1a7IZ&EHS
— IC(O)RL— U5 E—[EET
e Coarse Grid Solverth B
— ICO)RL—D T H#INE
(e=1012) £ THEYIRT : C1
— TILFJ 1)k (V-cycle) ZiE
FAL, Uk (e=10-12) £ THEY
R9(8,192=32x 16 X 16) :
C2

lterations

200

150

100
50

0

[ @ Flat MPI init.
[ | -O-HB 4x4 init.
[ | A HB 8x2init.
[ | A HB 16x1 init.

BASS

M@@@@M

10

100

1000
CORE#

10000
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Weak Scaling: Flat MPI
643cells/core, up to 8,192 cores (2.05 x 10° cells)

sec. lterations

100 200

| @ Flat MPI init. 73 [ @ Flat MPI init.
g0 k| —O— Flat MPI C1 [ O Flat MPI C1 °
" A FlatMPI C2 %’ 150 I A FlatMPI C2 .r
8 60 | 2 [
U') =~ O -
: ; S 100 | o® ®
40 | o® ® A Q : ®
[ AA [
- 50
20 -
0 il 0
10 100 1000 10000 10 100 1000 10000

CORE# CORE#
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Weak Scaling: Flat MPI

Coarse Grid
Solver

1.E+02

1.E+01

1.E+00

1.E-01

sec. (coarse grid solver)
P
m
o
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® Flat MPI init. PQQ
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°
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sa bl et
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® o0 . 9. %%
100 1000 10000
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lterations

643cells/core, up to 8,192 cores (2.05 x 10° cells)
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[ @ Flat MPI init.
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o
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40

35

SecC.

25 |
20 |

15 L
10

643cells/core, up to 8,192 cores (2.05 x 10° cells)

Weak Scaling: Flat MPI

SecC.

® Flat MPI init.
~-O— Flat MPI C1
A Flat MPIl C2

30 :

lterations

100

1000
CORE#

lterations

100

90

80 :

70 F

60

50 L
10 100 1000

43

L | @ Flat MPI init. ¢
[ O Flat MPI C1 o
A Flat MPI C2

°

CORE#

10000
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Weak Scaling

643cells/core, up to 8,192 cores (2.05 x 10° cells)
at 8,192 cores: Flat MPI(35.7sec), HB 4x4(28.4), 8x2(32.8), 16x1(34.4)

sec. lterations

100 200
|| @ Flat MPI C2 || @ Flat MPI C2
g0 L/ O HB 4x4C2 | O HB 4x4 C2
" A HB 8x2C2 150 ' A HB 8x2C2
S 60 A HB16x1C2 0 " A HB16x1C2
(7)) B o L
_ g w0f
40 |3 !
- 50
. ﬁwmw oo 0 Ronanen o 080
0 LiLil 0
10 100 1000 10000 10 100 1000 10000

CORE# CORE#






Stroi ng Scale: Parallel Performance

512x256x256= 33,554,432 cells
based on performance of Flat MPI with 16 cores
HB 4x4 at 1,024 cores: 73.7%

120

B FlatMPI BHB 4x4
OHB 8x2 ®HB16x1 |

[EEN
o
o

oe]
o

Up is good

o
o

Parallel Performance (%)
N
o

N
o

o

16 32 64 128 256 512 1024
CORE#
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A8 i R 20

IANIAZ I JUL

» OpenMP/MPI HybridZ i 51| £ E#& A2 E AL =61
VA4S AL TULYS : Sandia, LLNL

« Alison Baker (LLNL) et al., “On the Performance of an

Algebraic Multigrid Solver on Multicore Clusters”,
(VECPAR 2010)

— Hypre Library (BoomerAMG), weak scaling

— Hera Cluster(T2KE X EIFIZRIL 7 —F T F )
« ~216 nodes, 3,456 7 (¥xF TIEX>10,00007)

— MultiCore SUPport library (MCSup)
— HB 4 x4Vt EREMN RLY
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FED

o (BEHFE(MG)RTLIE+CGE)
- FYBESABEAP O =R TR, HREEE
— IC(0) smoother + ASDD, #{a[2HIMG

« OpenMP/MPI Hybrid #5709 5224 ET )L on T2K
(BRXK)

— NUMA Policy
— First Touch Data Placement + l2[2[2]l2 | — [12[L2]L2]L2
] ] L1 | L1 [ L1 [ L1 | <= {11 ]|L1]L1]LT
Sequentlal Reorderlng Core|Core|Core|Core Core|Core|Core|Core
— Coarse Grid Solvertf B N N
« HB 4x4 (a single MPI process per socket) S PO PO O PO P
AERLHEMARN: AEYEREPDEL (> [ ere|Core|Corelcor
TS, BIEEA—/\—~AYKRH /DALY 2[l2]l2]2| — [l2]l2] 2] L2

s RIERKIIEHTATSIVTETILIZES
TIFEAEZTELZLY
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SRDZRRR

- ~
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o FHLMEFLANILIZEITAaATED

— 2RO 7H, BEMNBEZLHEBEF—/N\—NYFHE
« HybridIZHITHMEBRALEREFZ

— CM-RCM

— HID

— WHHE - FERERRI AN D

« Communication Reducing Algorithms
— HEHIMG: EIZHhEIEZ LY




Further Re-Ordering for Continuous

5 colors, 8 threads

Initial Vector

Coloring (5 colors)+Ordering

\

Memory Access: Sequential

color=1 color=2 color=3 color=4 color=5
* Coalesced (Original)
color=1 color=2 color=3 color=4 color=5
2[314[5|6|7 |1|2]3]4]5]6| 7| |2/2[3[4]5|6|7 |8 |1|2|3]4/5]6| 7@ |1]2]3]4]5]6| 7|
Sequential
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